Commun. Korean Math. Soc. 33 (2018), No. 4, pp. 1141-1158
https://doi.org/10.4134/CKMS.c170135
pISSN: 1225-1763 / eISSN: 2234-3024

STABILITY OF HAHN DIFFERENCE EQUATIONS IN
BANACH ALGEBRAS

MARWA M. ABDELKHALIQ AND ALAA E. HAMZA

ABsTrRACT. Hahn difference operator Dy, which is defined by

g(qt+w)—g(t) LA t£0 = lw

Dy,wg(t) = { /t(‘I*l)er . 1-g’
g'(9), if t=0

received a lot of interest from many researchers due to its applications
in constructing families of orthogonal polynomials and in some approx-
imation problems. In this paper, we investigate sufficient conditions for
stability of the abstract linear Hahn difference equations of the form

Dywa(t) = A@)z(t) + f(1), t €1,
and

D2 jx(t) + A(t)Dg,wz(t) + Rt)z(t) = f(t), t €1,

where A,R: I — X, and f : I — X. Here X is a Banach algebra with a
unit element ¢ and I is an interval of R containing 6.

1. Introduction and preliminaries

Hahn introduced his difference operator, which is defined by
flat+w)—f()
Dyuf(t) = tammwe o T1E0
7 1(0), if t=29,
where 0 < ¢ < 1 and w > 0 are fixed real numbers, § = w/(1 — q), see [11,12].
This operator unifies and generalizes two well-known difference operators. The
first is the Jackson g-difference operator defined by

flat) = f(t)
D,f(t) = —"—= t#0,
oS 1) t(g—1)
where ¢ is fixed. Here f is supposed to be defined on a g-geometric set A C R
for which gt € A whenever t € A, see [1,2,4,5,10,18-20]. The second operator
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is the forward difference operator

A~ S = )
w

see [6-9,21,22]. Fine mathematicians applied Hahn’s operator to construct
families of orthogonal polynomials and to investigate some approximation prob-
lems. For more details, see [24-26]. Hahn difference operator did not receive
any interest until M. H. Annaby, A. E. Hamza and K. A. Aldwoah studied this
operator with a different view to establish a calculus based on Hahn difference
operator. In [14], Hamza and Ahmed studied the theory of linear Hahn differ-
ence equations after proving the existence and uniqueness of solutions of Hahn
difference equations. A. E. Hamza and M. M. Abdelkhaliq, studied the theory
of Hahn difference equations in Banach algebras, see [13].

Recently, there has been an interest in studying the behavior of solutions of
Hahn difference equations associated with Hahn difference operator. In [17],
A. E. Hamza, A. S. Zaghrout and S. M. Ahmed, investigated characterizations
of stability of scalar first order Hahn difference equations. They established
many types of stability like (uniform, uniform exponential and 1-) stability.
Also, A. E. Hamza and S. D. Makharesh in [15] established the existence of
positive solutions of non-linear Hahn difference equations.

Throughout this paper, X is a Banach space, X is a Banach algebra with a
unit ¢ and a norm || ||, and I is an interval including 6.

In this paper we obtain sufficient conditions for many kinds of stability like
(uniform, uniform exponential and h-) stability of abstract first order Hahn
difference equations in Banach algebras of the from

Dy x(t) = A(t)z(t) + f(t), t € 1.

We use these results to establish the same kinds of stability for the abstract
second order Hahn difference equations of the form

D? x(t) + A(t)Dgwx(t) + R(t)z(t) = f(t), t € 1,

where AR : I — X, and f : I — X is continuous at §. Every choice of the
Banach algebra gives a wide family of Hahn difference equations. Therefore,
we study the stability of many types of Hahn difference equations according to
what Banach algebra we consider. For instance, this study allows us to consider
equations with solutions with values in the Banach algebra B(X), the Banach
space of all bounded linear operators from a Banach space X into itself. As
special cases, our study includes finite and infinite systems of Hahn difference
equations.

In our study we need the function u(t) = gt + w, which is normally taken to
be defined on the interval I. The sequence

P (t) = ¢t + wlk]g, t € 1,
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is the k-th order iteration of u(t), which uniformly converges to 6 on I, and
[k]q is defined by
k

l—gq
[k]q = 1 N
—q
Now, we will introduce some basic definitions and theorems that will be
needed in our study.

Definition. Assume that f : I — X is a function and let a,b € I. The
q,w-integral of f from a to b is defined by

/ab f(t)dgut = /abf(t)dq,wt - /ea F(t)dgot,
where

/9 (gt = (21— )~ ) S ¢ Fuk(), zel,
k=0

provided that the series converges at © = a and x = b.

Definition. For certain z € C, the ¢, w-exponential functions e, (t) and F.,(t)
are defined by

s g W) L
M el)= ,;0 (@ 0)r I, (1= 2a*(t(1 — q) —w))’
and
co 1 1 k e’}
@ E@m=3 T C D) T e - g) - ).
= (4 9k s

The functions e, (t) and E,(t) are the solutions of the first order Hahn difference
equations

(3) Dgwy(t) = zy(t), y(0) =1,
and
(4) Dy oy(t) = —zy(gt +w),  y(0) =1,

respectively, see [3]. For the proofs of the equalities in (1) and (2), see [10,
Section 1.3] and [23]. Also these equalities were proved using the method
of successive approximation, in [13]. Here the ¢-shifted factorial (b;q), for a
complex number b and n € Ny is defined to be

(i) — ]_[;lzl(l—l)qj_l)7 if neN,
@ 1, if n=0.

By replacing the complex fixed number z by a complex function p(t) which is
continuous at 6 in (3) and (4), we obtain the exponential functions ey (t) and



1144 M. M. ABDELKHALIQ AND A. E. HAMZA
E,(t), defined by

ep(t) = !

TTico (1= p(pk(t) gk (t(1 — q) —w))’
Ey(t) = [ (1 +p(e* £)g" (1 — q) — w)),

k=0

whenever the two products are convergent to a nonzero number for every t €
I, see [14]. Tt is worth noting that the two products are convergent since

Yoreo Ip(@F(1)|g* (t(1 — ¢) — w) is convergent, see [27].

In [13], for a continuous operator A : I — X at #, the operator exponential
functions e4(t) and E4(t) are defined to be

(5) eatt) = [T] (e~ " - 0) At )] .
k=0
and
(6) Ea) = [] (e+ "t — @) =) A" 1)),
k=0

where the products in (5) and (6) are convergent and the first product has an
inverse.
The operator exponential function e4 (¢, 7) is defined to be

ea(t,m) = ea(t)ey (7).
The following lemma gives the ¢, w derivative of sum, product and quotients

of ¢, w differentiable functions, with values in X.

Lemma 1.1. Let A: I — X and B : I — X be q,w-differentiable at t € I.
Then:

(i) Dgu(A+ B)(t) = DgwA(t) + Dy B(t),

(i) Dg,w(AB)(t) = Dg.o(A())B(h(t)) + A(t) Dy B(t) = Dy, (A(1)) B(t) +
A(h(t))Dg . B(1),

(iii) for any constant € X (cA)( )=cD, w(A(t)),

(iv) Dgw(A~ = —(4" ) (DgwA(t))A™L(t) provided that for ev-

. erytel, ( (1) emsts

Dy (AB™Y)(t) = Dy A(t) (B~ (A(1)) — A(t) (B (h(t))) Dy B(t) (B~ (1))
provided that for every t € I, (B™1(t)) ewists.
The following theorem is important and will be used later.

Theorem 1.2 ([3]). Assume f : I — R is continuous at 8. Then the following
statements are true.

(1) {f((s¢*) +w[kly)}ken converges uniformly to f(0) on I.
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(ii) qu ’f(sqk +w[k]q)| is uniformly convergent on I and consequently
k=0
f is q,w-integrable over I.

(iii) Define

F(zx):= /: ft)dgut, ze€l.

Then F is continuous at 0. Furthermore, D, F(x) exists for every
xzcl and

Conwversely,

b
/ Dy wf(t)dguwt = f(b) — f(a) forall a,bel.

2. Basic concepts of stability

In this section we introduce the concepts of many types of stability. See for
instance [16]. Consider the Hahn difference equation of the form

(7) Dy wx(t) = F(t,z), o(t) =z, € X, t,7€l,

where F' is assumed to satisfy all conditions that imply Equation (7) to have a
unique solution.

Definition. Equation (7) is called stable if for every 7 € I and every e¢ > 0,
there exists 6 = d(e,7) > 0 such that for any two solutions z(t) = z(¢,7,2z,)
and Z(t) = &(t, 7, &,) of Equation (7), we have

lor — 2] <= ||x(t) —2(t)|| <eforallt >, t,7€l.

Definition. Equation (7) is called uniformly stable if for every ¢ > 0, there
exists 6 = d(e) > 0 independent on 7 such that for any two solutions z(t) =
x(t,7,2,) and Z(t) = &(¢, 7, Z,) of Equation (7), we have

lor — 2] <= ||x(t) —2(t)|| < eforallt > T, t,7 € 1.

Definition. Equation (7) is called asymptotically stable if it is stable and
there exists v = v(7) > 0 such that for any two solutions z(t) = z(t, 7, z,) and
z(t) = &(t, 7,2, ) of Equation (7), we have

e, = &l < = Jim [lo(t) - (8] = 0.

Definition. Equation (7) is called uniformly asymptotically stable if it is uni-
formly stable and there exists v > 0 independent of 7 such that for any two
solutions z(t) = z(t, 7,2, ) and &(t) = (¢, 7, Z,) of Equation (7), we have

ey — ]| < 7= Jim [lz(t) - (1) = 0.
—00
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Definition. Equation (7) is called globally asymptotically stable if it is stable
and for any two solutions z(t) = x(¢, 7, 2z,) and Z(t) = (¢, 7, &,) of Equation
(7), we have

lim ||z(t) — Z(¢)|| = 0.

t—o0

Definition. Equation (7) is called exponentially stable if there exists a con-
stant a > 0 such that for any solution z(t) = x(t,7,2,) of Equation (7), we
have

lz@I < y(7 llz-[)e-alt,7) for all £ > 7, t,7 € I,
for some function v : I x RZ% — R+,

Definition. Equation (7) is called uniformly exponentially stable if v is inde-
pendent on 7 € I.

Definition. Let A : I — R be a positive bounded function. We say that
Equation (7) is h-stable if for any solution x(t) = x(¢, 7, x,) of Equation (7),
we have

lz@)| < ~(r, ||z ) h()R ™ (7) for all t > 7, t,7 € I,
for some function y : I x RZ% — R*. Here h~!(t) = ﬁ
Definition. Equation (7) is called h-uniformly stable if v > 0 is independent
onTel

3. Stability of first order Hahn difference equations

In this section, we obtain some characterizations of different types of stability
for linear Hahn difference equations of the form

CP(0): Dy x(t) =A)x(t), x(r)=z.€X, t>71, t, 7€,
and
CP(f): Dgwr(t) = A()x(t) + f(t), z(r) =z, X, t>7 t,7€l,

where A, f : I — X are continuous at 6. We suppose all conditions that imply
the existence of the exponential functions e (t,7) and E4(t, 7).
The initial value problems C'P(0) and C'P(f) have the unique solutions

x(t) =ealt,7)z,
and

2(t) = ealt, 7) (:cT n / t F(s)ealr, u(s))dws)

respectively.
For the proof of the following two theorems, see [17].

Theorem 3.1. The following statements are equivalent.
(i) CP(0) is stable.
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(ii) For every T € I and every € > 0, there exists 6 = (e, ) such that for
any solution x(t) = x(t,7,z,) of CP(0), we have

[zl <& = llz(®)] <e

(iil) CP(f) is stable.
(iv) For every T € I, {|lea(t,T)||}t>rer is bounded.
) For every T € I, there exists v(t) > 0 such that for any solution
z(t) = x(t,7,2,) of CP(0) (resp. CP(f)), we have
lz@ < v (1) ||z || for allt > T,t € I.

Theorem 3.2. The following statements are equivalent.
(i) CP(0) is uniformly stable.
(ii) For every e > 0, there exists § = d(e) such that for any solution x(t) =
x(t, 7, x,) of CP(0), we have
[z <0 = flz@®)] <e
(iii) CP(f) is uniformly stable.
(iv) {llea(t, )| : t,7 € I,t > 7} is bounded.
(v) There is v > 0 such that for any solution x(t) = x(t,7,2,) of CP(0)
(resp. CP(f)), we have
|z < A|lxr|| for allt > T, t € 1.

Now, we establish a necessary and sufficient condition for the global asymp-
totic stability of CP(0).

Theorem 3.3. The following statements are equivalent.
(i) CP(0) is asymptotically stable.
(ii) limi—yoo [ea(t, T)x|| = O for every x € X and every 7 € I.
(iii) CP(0) is globally asymptotically stable.

Proof. (i)=(ii) Suppose that C P(0) is asymptotically stable. Then, there exists
v > 0 such that for any solution z(t) = x(¢,7,2,) of CP(0), with initial value
T, we have

]| < 7= Jim [lz(5)] = 0.

Let 0 # x € X. Put 2, = 57=. Then,

2]z ||

t
i A& D]
t=oo || 2zl

Consequently, lim; o ||ea(t, 7)z| = 0.

(ii)=-(iii) By condition (ii) and the Uniform Boundedness Theorem [28], we
insure the boundedness of {|lea(t,7)||}t>rter- Consequently, CP(0) is stable
(by Theorem 3.1). Thus by our assumption, CP(0) is globally asymptotically
stable.

(iii)=-(i) is clear. O
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For the proof of the next theorem, again see [17].

Theorem 3.4. Assume that
t
FO) = [ F(5)E-a(u(s))d, 0

is bounded for any T € I. Then, CP(0) is globally asymptotically stable if and
only if CP(f) is globally asymptotically stable.

We follow the proof of Theorem 2.5 in [17], to obtain the next two results.

Theorem 3.5. The following statements are equivalent.
(i) CP(0) is exponentially stable.
(ii) There exists a > 0 such that
llea(t,7)|| < B(T)e—u(t,T) for all t > T,
for some function B:1 — RY.
Proof. (1)=(ii) Let 2(t) be any nontrivial solution corresponding to the initial
value z, # 0. Then, we have ||z(t)]| < v(7, ||z+||)e—a(t, 7) for some function
v : I x RZ% — R*. Consequently, we have ||ea(t, 7))z, || < (7, ||z |)e_a(t,T)
for any initial value z, € X. This implies that for any non zero =, € X, we
have
leatt, ) < sup A, lesle_alty7):

|z ||=1
Then
lea(t, T)ll < B(T)e-alt, 7),
where 3(7) = sup|, =1 V(7. [lz+])-
(ii)=(i) Let |lea(t,7)|| < B(T)e—a(t, 7). Then, we have

(@) = llealt, )z |
< llea(t, 7|l
< B(1)e_a(t, )|z, || for all t > 7.
Hence, CP(0) is exponentially stable. O
Theorem 3.6. The following statements are equivalent.

(i) CP(0) is uniformly exponentially stable.
(ii) There exist o > 0 and § > 0 independent on T such that

lea(t, )|l < Be_alt,T) for all t > .

The following results concerning h-stability and h-unifom stability are more
general than Theorems 3.5 and 3.6.

Theorem 3.7. The following statements are equivalent.
(i) CP(0) is h-stable.
(ii) There exists a function B : I — RY such that

llea(t,7)|| < B(T)R(E)L™ (1) for all t > 7.
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Proof. (i)=(ii) Assume that CP(0) is h-stable. There exists v : I — R* such
that any solution z(t) = x(¢, 7, z,) CP(0) with an initial value z, € X, satisfies
lz@)ll = lea(t, )<l < ¥(7, [z [Dh(E)h™ (7) for all t > .

Consequently, we have

leat. Tl < sup (7, [l [h(E)h ™ (7).

llz-ll=1
Then
leat, 7|l < B(r)A(HRT (7),
where (1) = SUP||4, =1 ¥(7, |z-]))-
(ii)=-(i) Assume that ||ea(t,7)| < B(7)h(t)h=1(7) for some function 3 : I —
RT. Then, we have
@)l = llea(t, 7)a-|

< lleat, 7l

< B(T) ||z, |h(t)R (1) for t > T.
Hence, CP(0) is h-stable. O

We can prove the following theorem similarly, so the proof will be omitted.

Theorem 3.8. The following statements are equivalent.
(i) CP(0) is h-uniformly stable.
(ii) There exists v > 0 independent on T such that

lea(t,7)|| < vh(E)h™Y(7) for all t > 7.

Now, we study some different types of ¢, w- stability of the non-homogeneous
first order Hahn difference equations. As usual I denotes an interval which
contains §. For s € I, we define the class [s]y. by

[8]gw =: {17 (5) = s¢" + wlk], : k € Z} mIU{H}
It is well known that the following facts are true:

(1) For s > 6, we have u*(s) — 6 as k — oo and u~*(s) — oo.
(2) For s < 6, we have p*(s) — 6 as k — oo and u~*(s) — —o0.

See [3], [14].

Definition. We say that Equation (7) is ¢, w-exponentially stable if there exists
a constant o > 0 such that for any s € I, for any 7 € [s],,., and for any solution
x(t) = z(t, 7, z,) of Equation (7) with initial value x,, we have

@)l < y(7, |z )e-alt, 7) for all t > 7, t € [s]g.,
for some function v : I x RZ% — R+,

Definition. Equation (7) is called ¢, w-uniformly exponentially stable if v is
independent on 7 € I.
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Definition. Let A : I — R be a positive bounded function. We say that
Equation (7) is q,w-h-stable if for any s € I, for any 7 € [s],. and for any
solution z(t) = x(t, T, x,) of Equation (7), we have

lz@)l < (7, la- D)™ (1) for all t > 7, t € [s]g,

for some function v : I x RZ% — R*. Here h~1(t) = %

Definition. Equation (7) is called ¢, w-h-uniformly stable if ~ is independent

ontel.

The proofs of the following results concerning the g, w-exponentially stability
and g, w-h-stability are similar to the proofs of Theorems 3.5-3.8. So they will
be omitted.

Theorem 3.9. The following statements are equivalent.
(i) CP(0) is q,w-exponentially stable.
(ii) There exists c > 0 such that for any s € I, T € [s]q.., we have
leat, )l < B(r)e—a(t, ) for allt =7, t € [s]q,
for some function B:1 — RY.

Theorem 3.10. The following statements are equivalent.
(i) CP(0) is q,w-uniformly exponentially stable.
(ii) There exists a > 0 such that for any s € I, we have
lea(t,7)|| < Be_a(t,T) forallt >, t,7 € [s]qw,

for some constant § > 0.

Theorem 3.11. The following statements are equivalent.
(i) CP(0) is q,w-h-stable.
(ii) There exists a function 3 : I — R such that for any s € I, T
we have

lea(t, 7)) < B()h(t)h™ (T) for allt > 7.t € [8]q,w-

m

[8]g5

Theorem 3.12. The following statements are equivalent.
(i) CP(0) is q,w-uniformly h-stable.
(ii) There exists a constant B > 0 such that for any s € I, 7 € [s]qw, we
have

lea(t,7)|| < Bh()L™(T) for allt > T, t € (8] .-

Theorem 3.13. Assume that there exists a constant o > 0, and there are
functions v : I — R* which is continuous at 0, and 8 : I — R* such that for
any s € I and for any T € [s]q.w,the following conditions hold

(i)

lea(t, )| < v(T)e—a(t,T) for allt > 7, t € [s]g.u-
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(i
t
[ A alr DI dys < B, €27, t€ [s)
i

Then CP(f) is q,w-exponentially stable and every solution xz(t) with an initial
value x. satisfies the following inequality

2@l < (1) (le- | + B(r))e—alt, T), t.7 € [s]guw,
for every s € I.

Proof. Let x(t) be a solution of CP(f) with an initial value z,. Then, we have
¢
Jo®l < leatt (Il + [ 17 leatr. u(s)lds)

<smecalter) ool + [ 176 e (r.uls)dyos]

< () (lzr | + B(7))e—a(t, 7). 1,7 € [s]g,0-
Therefore, Equation CP(f) is ¢, w-exponentially stable. O
Theorem 3.14. Assume that there exists o > 0, and there are constants

v, B >0, such that for any s € I and for any T € [s]qw, the following conditions
hold

(i)
llea(t, 7)|| < ve—ult,T) forallt > T, t € [s]q’w.
(i) t
/ e a(r HENIF()[dgws < B, 27, t € [s]ge

Then CP(f) is q,w-uniformly exponentially stable and every solution x(t) with
an initial value x satisfies the following inequality

@Il < y(lzrll + B)e-alt,T), 7.t € [s]gw,
for every s € I.

Proof. The proof is similar to the proof of Theorem 3.13 and will be omitted.
O

The following results concerning h-stability and h-unifom stability are more
general than Theorems 3.13 and 3.14.

Theorem 3.15. Assume that there exists v : I — R continuous at 0 and
B : I = RY such that for any s € I and for any T € [s]qw,the following
conditions hold

(i)

llea(t, )| < "}/(T)h(t)hil(’r) forallt > 7, t € [s]gw-
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/ V()R () f () |dgeos < B(T), t € [slgw, t > 7.

Then CP(f) is q,w-h-stable and every solution x(t) with an initial value x,
satisfies the following inequality

lz@l < y(7) (2=l + BO)RORTH(T), t.7 € []gu,
for every s € I.

Proof. Let x(t) be a solution of CP(f) with initial value z,, 7 € [s]4,. Then,
we have

@) < lleatt. (-l + [ 17 leatr,u(s)ldy.0s)

<A el + [ I )RR (5))d ]

< () (Jlar |+ B) ) AORH(T), tE [slge
Therefore, Equation CP(f) is ¢, w-h-stable. O

Theorem 3.16. Assume that the following conditions hold.
(i) There exists a constant vy > 0, such that
lea(t, 7l < yh()h ™ (7).
(ii) There exists a constant B > 0, such that

t
/ 17 ()| A () (T)dgus < B for all ¢ > 7.
Then CP(f) is uniform q,w-h-stable and every solution x(t) with initial value
x, satisfies the following inequality
21 < y(llz- || + B) )R~ (7).

Proof. The proof is similar to the proof of Theorem 3.15 and will be omitted.
O

4. Second order Hahn difference equations

In this section, we study the stability of the second order Hahn difference
equations of the form

(8) D2 x(t) + A(t)Dgwx(t) + R(t)a(t) =0, t € I
and

(9) D? x(t) + A(t)Dgx(t) + R(t)a(t) = f(t), t € 1
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with initial conditions Dy ,z(7) = z1, and z(7) = %o, where A, R, f : I — X
are continuous at 6. Let z : I — X be a particular solution of the corresponding
Riccati equation

(10) Dy wz(t) — F(t)z(t) = R(t), t € I,

where F(t) = z(u(t)) — A(t).

We need the following lemma. The proof is simple and will be omitted.

Lemma 4.1. If z is a solution of Equation (9) or (8), then g(t) = Dy ,x(t) +
z(t)x(t) is a solution of

(11) Dygwg(t) — F(t)g(t) — f(t) =0
(12) Dyg.wg(t) = F(t)g(t) =0
respectively.

Now we study the different kinds of stability for Equation (9), and the results
can be applied on Equation (8) by replacing f(t) with zero.

Theorem 4.2. If the functions |lex(t,7)||, |le—-(¢, 7)||, and f: lle—z(t, 1(s))||dg,ws
are bounded for every T € I, then Equation (9) is stable.

Proof. We denote by L=sup,, le—.(t,7)|, K =sup;>, [ [le— (¢, i(s))lldg 5,
and M = sup,;s, |lex(t,7)||. From Theorem 3.1, D, g — Fg — f = 0 is stable,
since {|lex(t,7)|| : t > 7} is bounded. Then for every € > 0, there is 6, (e,7) > 0
such that for any two solutions g(t) = g(t,7,¢9,) and §(t) = §(t,7,§,) with
initial values g, and g, respectively, we have

lgr = grll < 61 = lg() = GO < 57

Choose ¢ > 0 such that

. 01 €
3 < min (Y 25

Let x(t) = x(t, 7, xor, x1,) and &(t) = &(¢t, T, a:oT,xlT) be two solutions of Equa-
tion (9) with initial values X (7) = (zor,z1,) and X (7) = (&or,21,) such that

IX(r) = X(7)|| < 6.
Hence,
g(t) = Dgwax(t) +z(t)x(t) and  §(t) = Dgui(t) + 2(t)2(¢)

are solutions of Equation (11) corresponding respectively to the initial condi-
tions

9r = Dy (1) + 2(1)z(r) and  §r = Dgo&(T) + 2(7)2(7).
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We see that ||gr — g-|| < d1. Consequently, |lg(t) — §(t)|| < 5%, Vt > 7,t € I.
The solutions z(t) and Z(t) of Equation (9) are given by
t

mw:eﬁumme+/lung$m@mW@

T

and
t

f?(t> = efz(th) ('%O‘r + / e,Z(T,M(S))g(S)quS)

T

This implies that ||z(t) — Z(t)|| < e. Therefore, Equation (9) is stable. O
Similarly, we can prove the following theorem.

Theorem 4.3. If the functions |lex(t,7)||, |le—:(¢,7)|| and f: lle—-(t, 1(s))||dgws
are uniformly bounded with respect to T € I, then Equation (9) is uniformly
stable.

Now, we establish the characterizations of the ¢, w-exponential stability and
the uniform ¢, w-exponential stability.

Theorem 4.4. Assume there exist constants o > 0 and o1 > 0, and there are
functions v : I — RT which is continuous at 0, and $,L : I — R* such that
for any s € I and for any T € [s]qw, the following conditions hold

(i)
lex(t T < v(T)e—alt, T)
and

lle—z(t, )| < ¥(T)e—a, (t,7), t € [s]qw for allt > T.
(i)
/ V(i(s))e—alT, () f(s)l|dgws < B(7), t € [slgw, t27;

and

t
/ Y(p(s))e—a, (T 1(s))e—a(s, T)dgws < L(1), t € [s]guw, t =T
Then Equation (9) is q,w-exponentially stable.

Proof. From Theorem 3.13, D, g — Fg — f = 0 is ¢, w-exponentially stable.
Then any solution ¢(t) = g(¢, 7, g-) with initial value g,, satisfies

lg®)ll < 3()e—alt,7) gl + B(r)| for all £ = 7, ¢ € 5]y
Set
n(r,r) =) [Irl + B(7)-

This gives
9@ < (7 llgrl)e-a(t, 7).
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Let x(t) be a solution of Equation (9) with initial value X (1) = (zor, x1+)-
Then ¢(t) = Dy x(t) + z(t)z(t) is a solution of Equation (11) with initial value
g(7) = x1 + 2(7)xo,. The solution z(t) is given by
t

x(t) = e_,(t,7) [xoT —l—/ e_Z(T,u(s))g(s)dqws}.

T

Hence
Je @ < Are—a, (&) [1X (D]
[ A (6005 5,7
< A(r)e—ay () IX DI+ Laa (7, lg- )]
Therefore, Equation (9) is ¢, w-exponentially stable. O

Theorem 4.5. Assume there exist positive numbers «, ai, v, B and L such
that for any s € I and for any T € [s]q ., the following conditions hold

(i)
lex (6.7 < Ae—alt.7)
and
lle—z(t, T)|| < ve—a, (t,7) forallt> T, t € [s]gw.
(i)
t
/ e aT () [dgws < B, 1€ [slgws £ 7

and
¢
/ ve_a, (T, p(8))e—a(s,7)dgws < L, t € [s]guw, t>T.

Then Equation (9) is q,w-uniformly exponentially stable.
Proof. The proof is similar to the proof of Theorem 4.4, and will be omitted. [
Theorem 4.6. Assume that there exist two positive bounded functions h, hy :

I — R, and there are functions v,3,L : I — RT such that v is continuous at
6. If for any s € I and for any T € [s]q.w, the following conditions

(i)
llex(t, )| <A (7))~ (7)
and

le—=(t, )l < Y ()ha (DR (1) for all t > 7, t € [s]g-
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/ V()RR (D F () [dgrws < BT), T € (sl
and
/ Y (u(5)ha (1) () (5)h M () dg 5 < L(7), t € [slge

hold, then Equation (9) is q,w-h-stable.

Proof. The equation D, g — Fg— f =0 is q,w-h-stable, by Theorem 3.15 and
any solution ¢(t) = g(t, 7, g-) with initial value g,, satisfies

lo()l < v(OROR D) lgoll + B(r)] for all ¢ = 7, ¢ € [s]
Set
n(r,7) =210 [Irl + B
This gives
lg@®1 < (7, lg- DR )R (7).

Let x(t) be a solution of Equation (9) with initial value X (7) = (zor, x1+)-
Then g(t) = Dg ,x(t) +2(t)z(t) is a solution of Equation (11) with initial value
g(7) = 1 + 2(7)xo,. The solution z(t) is given by

2(t) = e_,(t,7) [mOT n / t e (T, M(s))g(s)dq,ws}.

Hence
()] < ()1 (t)hy (7) [IIX(T)II

[ A T ) (7 g Db (]

< A O @) IX 0]+ LT g D]
Therefore, Equation (9) is ¢, w-h-stable. O

Theorem 4.7. Assume there exist positive bounded functions h,hy : I — R
and there are positive constants =y, 8 and L such that for any s € I and for any
T € [s]gw. the following conditions hold

()
ezt < YAOR(7) and fle—a(6. )] < A Ok (7). 1€ [l
(i

[ AR DI Ndys < B 1€ [shy

and

/ Y (P () h(5)h (7)o < Lyt € [s]g
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Then Equation (9) is uniform q,w-h-stable.

Proof. The proof is similar to the proof of Theorem 4.6 and will be omitted. [
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