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WEIGHTED COMPOSITION OPERATORS ON NACHBIN
SPACES WITH OPERATOR-VALUED WEIGHTS

MOHAMMED KLILOU AND LAHBIB OUBBI

ABSTRACT. Let A be a normed space, B(A) the algebra of all bounded
operators on A, and V' a family of strongly upper semicontinuous func-
tions from a Hausdorff completely regular space X into B(A). In this
paper, we investigate some properties of the weighted spaces CV (X, A)
of all A-valued continuous functions f on X such that the mapping
z — v(x)(f(x)) is bounded on X, for every v € V, endowed with the
topology generated by the seminorms || f||» = sup{||v(z)(f(x))]|, = € X}.
Our main purpose is to characterize continuous, bounded, and locally
equicontinuous weighted composition operators between such spaces.

1. Introduction

The study of the weighted spaces CV (X)) of scalar-valued continuous func-
tions on X was initiated by L. Nachbin [20] in 1965. Since then a vari-
ety of problems related to different aspects of the general theory of Banach
spaces, Banach algebras, locally convex spaces, and locally convex algebras
have been investigated in CV (X) by several researchers, see [3-5,7,10,13, 21—
23,28-31]. Some authors have also investigated different questions in some
subspaces of the weighted space CV(X), such as CVy(X) := {f € CV(X) :
vf vanishes at infinity for every v € V} and, whenever X is an open subset
of CV for some positive integer N, the spaces hV(X) := {f € CV(X)
f is harmonic on X}, HV(X) := {f € CV(X) : f is holomorphic on X}, and
their corresponding subspaces hV(X) := AV (X) N CVp(X) and HVH(X) =
HV(X) N CVy(X), see [3,5,7-9,16,17,21,22,29].

The weighted spaces of vector-valued continuous functions and those of
vector-valued holomorphic functions have also been the subject matter of a
huge literature, see for instance [1,2,6,7,10,23-26,28] and the references therein.
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Several issues were considered in such spaces such as those related to approx-
imation [19, 20, 25, 30, 31], tensor products [1, 2], inductive limits and their
projective descriptions [3—7] and so on.

Different types of operators between weighted spaces, especially the multipli-
cation and the composition operators, have been investigated by many authors,
see [8,11,12,23,29] and the references therein. For weighted spaces CV (X, A)
with A non-locally convex, the weighted composition operators were studied
mainly in [13,15,18,23,28].

For all the aforementioned authors, the Nachbin family V' consists of non-
negative upper semicontinuous real-valued functions. Recently, C. Shekhar
and B. S. Komal introduced in [27] systems of weights with values in the set
of positive operators on a Hilbert space H and investigated the generalized
weighted spaces CV (X, H), consisting of all H-valued continuous functions f
defined on X, such that the mapping = — v(z)(f(x)) is bounded on X for
every v € V. Such spaces constitute a nice generalization of the classical
weighted spaces of Nachbin. The present authors gave in [14] necessary and
sufficient conditions for a multiplication operators on such weighted spaces to
be continuous, bounded below, invertible or to have a dense range.

In this note, we consider Nachbin families on X, consisting of weights with
values in the algebra B(A) of all continuous linear operators on an arbitrary
normed vector space (A, || ||). This yields an interesting general framework for
the study of the weighted spaces. We specially give conditions under which such
spaces are complete. However, our main purpose in this note is to investigate
the weighted composition operators between a subspace E of a weighted space
CV (X, A) into a weighted space CU(Y, A) or CUy(Y, A), where Y is a Hausdorff
completely regular space and V and U are (generalized) Nachbin families on
X and Y respectively. Such operators, denoted by 9C,, are associated with
a mapping ¢ : Y — X and another one ¢ : Y — B(A) in the following way:
YC,(f) ry = Yy(f(e(y))), y € Y and f € E. Note that the vast majority
of the authors assume that C'Vy(X, A) is essential in the sense of [24]. This
means that, for every x € X, there is some f € CVp(X, A) such that f(x) # 0.
Here, the subspaces E of CV (X, A) we are considering are not assumed to be
essential. Therefore our results apply to a wide class of subspaces of CV (X, A).

After the foregoing section, Section 2 presents basic definitions and notations
to be used throughout the paper. Section 3 is devoted to the completeness of
the spaces CV(X, A) and CVp(X, A). Section 4 deals with the continuity of
the weighted composition operators defined on a subspace F of CV (X, A) with
values in CU(Y, A) or CUy(Y, A). The last section focuses on the conditions
under which ¥C, is bounded or locally equicontinuous.

2. Preliminaries

Throughout this paper we shall assume, unless stated otherwise, that X and
Y are Hausdorff completely regular spaces and that (A, || ||) is a normed vector
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space over the field K (= R or C). The algebra of all bounded operators from
A into itself will be denoted by B(A). An operator T € B(A) is called bounded
below if there exists M > 0 such that, for all a € A, ||a|]| < M||T(a)||. We will
denote by By (A) the set of all bounded below operators T' € B(A), while Bs(A)
(resp. B, (A)) will stand for the topological linear space obtained by equipping
B(A) with the strong (resp. the uniform) operator topology denoted by 3 (resp.
o).

For every a € A, §, will denote the normed evaluation at a. This is §,(T) :=
IT(a)| for every T € B(A). A B(A)-valued mapping v on X is said to be
strongly upper semicontinuous if, for every a € A, the real-valued map d, ov is
upper semicontinuous (u.s.c. in short) on X, i.e., the set {z € X : |jv(z)a|| < a}
is open for every a € R.

A mapping v : X — A is said to vanish at infinity on X if, for every € > 0,
there exists a compact subset K. of X such that ||v(z)|| < e for all z ¢ K.. If
the mapping x — ||v(z)|| is upper semicontinuous, then v vanishes at infinity
if and only if {x € X : ||lv(x)|| > €} is compact for every € > 0.

We will let C(X, A) (resp. Cp(X, A), Co(X, A), K(X,A)) denote the linear
space of all continuous (resp. continuous and bounded, continuous and van-
ishing at infinity, continuous with compact support) A-valued functions on X,
while F(X, A) will be that of all A-valued functions on X. Whenever A = K,
we will write C(X) (resp. Cp(X), Co(X), K(X), F(X)) instead of C(X, A)
(resp. Cp(X, A), Co(X, A), K(X,A), F(X,A)).

In [27] and subsequently in [14], it is introduced the notion of generalized
Nachbin families in the framework of Hilbert spaces. Such families consist
of positive operator-valued functions with some additional conditions. Here,
we extend the definition of generalized Nachbin families to the framework of
arbitrary normed vector spaces as follows:

Definition 1. An A-generalized Nachbin family on X is a collection V of
B(A)-valued functions on X such that:
i) Every v € V is strongly upper semicontinuous,
ii) Vo € X, N{kerv(z),v € V} = {0},
iii) V is directed upward in the following sense: for all vy,vs € V and all
A > 0, there exists v € V such that A||v;(x)a] < ||v(x)a| for all z € X,
alla € A, and i =1, 2.

Without loss of generality, we may assume that for every v € V and A > 0,
we also have Av € V. For every v € V and f € C(X,A), we will write
vf to designate the mapping = — v(x)(f(z)). Therefore v(z)f(x) will mean
v(x)(f(z)). With an A-generalized Nachbin family V' on X is associated the
so-called generalized weighted spaces:

CV(X,A):={feC(X,A): (vf)(X) is bounded in A, Yv € V}
and
CVo(X,A) :={f € CV(X,A) : vf vanishes at infinity on X, Vv € V'}.
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Unlike the scalar-valued weights case, it is not clear that the mappings = —
|lv(x) f(z)|| are bounded on compact subsets of X so that CVy(X, A) is au-
tomatically a subspace of CV (X, A). Here, we include this condition in the
definition of C'Vy(X, A). The two definitions coincide whenever, for example,
the mapping = — |Jv(z)g(z)|| happens to be u.s.c. on X for every v € V and
every g € C(X, A); in particular, whenever each v € V' is o-continuous on X.
Both spaces CV (X, A) and CVy(X, A), as well as all their subspaces, will
be endowed with the locally convex topology 7y defined by the seminorms:

”f”v = 5up{||v(m)f(m)H,a: € X}v veV.

This topology is Hausdorff by Definition 1(ii).

In all the following, we will drop the letter A from A-generalized Nachbin
family.

Now, we provide some examples of generalized Nachbin families.

Example 2.1. Let U be a usual Nachbin family (i.e., consisting of real-valued
u.s.c. non-negative functions) on X. Then, identifying v(x) with the operator
a — v(z)a, U is a generalized Nachbin family and the space CU(X, A) and
CUy(X, A) are exactly the classical weighted spaces.

Example 2.2. Let U be a usual Nachbin family, 7' € B(A) a non-zero con-
tinuous operator on A, and V := {uT : u € U}, with uT(x) = u(zx)T.
If T is injective, then V is a generalized Nachbin family on X. Moreover,
CU(X,A) C CV(X,A) and CUy(X,A) C CVy(X,A) hold with continuous
inclusions. In particular, if T'= I, we are in the situation of Example 2.1.

Example 2.3. Let U be a usual Nachbin family on X and let R : X — B(A) be
a continuous map, B(A) being endowed with the topology 8. If R(z) is injective
for every z € X, then V := {u(-)R(:) : w € U} is a generalized Nachbin family
on X. Furthermore, setting N,, := {z € X : u(z) > 0}, if R(V,) is a o-bounded
subset of B(A) for every u € U, then CU(X, A) and CUy(X, A) are subsets of
CV (X, A) and CVy(X, A) respectively and the inclusions are continuous.

Example 2.4. To every compact subset K of X, assign a non-zero opera-
tor Tx € B(A) so that, whenever K; and K» are two compact subsets of
X satistying Ky C Ko, then ||Tk,(a)|| < ||[Tk,(a)| for all a € A. Now, for
every such a compact K, set vg := 1xTk, where 1x denotes the charac-
teristic functional of K. Since K is compact, the mapping vk is strongly
upper semicontinuous. If, in addition, we assume that for every z € X, the
set ([{kerTx, K C X compact and z € K} is reduced to {0}, then K :=
{Mgk; K C X compact and A > 0} is a generalized Nachbin family on X
such that CK(X,A) = CKy(X,A) = C(X,A) algebraically. Furthermore,
whenever C(X, A) is endowed with the compact open topology, the inclusion
C(X,A) C CK(X, A) is continuous. The equality is a topological one whenever
Tk is bounded below for every compact K C X.
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Example 2.5. Let T C B(A) be a separating family such that
VI, To €T, AT €T : |Ti(a)] <||T(a)|, YVa € A,i=1,2.

If vy is the constant mapping defined on X by vp(z) = T, then Z := { vy : T €
T, > 0} is a generalized Nachbin family on X such that C,(X,A) C CZ(X, A)
and Cop(X,A) C CZy(X,A) with a continuous injection when Cp(X, A) and
Co(X, A) are equipped with the uniform norm topology.

Henceforth, U will stand for a generalized Nachbin family on Y, while V,
will designate the filter of neighborhoods of an element z of a topological space
Z.

With an arbitrary map ¢ : Y — X (resp. ¢ : X — B(A)) is associated the
composition (resp. the multiplication) operator C,, : f +— foy (resp. My, : f
1 f) defined from CV (X, A) into F(Y, A) (resp. into F(X, A)) by C,(f)(y) =
fle®), y €Y, and My (f)(x) := ¢(z)(f()), v € X.

In this note, we are interested in the linear mapping ¥C, defined from
CV(X,A) into F(Y, A) by vCo,(f)(y) = ¢y(f(¢(y))). This mapping is called
the weighted composition operator associated with 1 and ¢. Notice that,
whenever 1) is constant with value the identity of A, ¥C,, is nothing but the
composition operator C,, and, whenever X = Y and ¢ is the identity of X,
Y C,, is just the multiplication operator My : f — ¢ f.

In all the sequel, E will be a linear subspace of CV (X, A) and coz(E) its
cozero set. This is:

coz(E) :={zx € X : f(z) # 0 for some f € E}.
We will also consider the sets:
Yeo ={y €Y :p(y) € coz(E)} = coz(Cy(F)),

YE,p4 = coz(PCy(E)).

The set Yg ,, (resp. Y 4 ) is an open subset of Y, whenever C,(E) C C(Y, A)
(xesp. $C,(B) € C(Y, A)) [23].

If f € C(X) and a € A are given, we will denote by f ® a the function
defined on X by f ® a(z) := f(x)a, x € X.

In [23] the property “Va € A, Vf € E, ||f| ® a € E”, called (M), came in
force in the results there. Here we will consider the following weaker properties
the space E may or may not satisfy:

(P) Va € A, Vx € coz(E), 3f € E: f(z) = a,
(P) Va€ A, Vx € coz(E), 3ge C(X): g(z) #0and gQa € E,

(S) Yo e V, Vf € E, the mapping x — ||v(x)f(z)] is upper semicontinuous.

It is easily seen that, (M) implies (P’) and that (P’) implies (P). Moreover,
if X is locally compact such that £(X) ® A C E holds, then E satisfies (P’).
This is in particular the case if E = CV(X,A) or E = CVy(X, A) provided



1130 M. KLILOU AND L. OUBBI

the latter satisfies (S). Notice at this point that, whenever V C C(X, B,(A)),
every subset E of CV (X, A) satisfies (S).

The condition (P’) is satisfied in many situations. This is the case for ex-
ample whenever F = CU (X, A) in Example 2.1 or in Example 2.2. This is also
the case if E = K(X,A) NCU(X,A) in Example 2.3 and if £ = C(X,A) in
Example 2.4. Anyway, whenever every x € coz(CV (X, A)) possesses a neigh-
borhood €, such that v(£2,) is B-bounded for every v € V, then CV (X, A)
satisfies (P’). In particular, this is true if v(X) is 8-bounded for every v € V.

Whenever E satisfies (P), the equality Yg , 4 = Y&, Ncoz(e) holds. More-
over, if E is a Cp(X)-module and satisfies (P’), then for all z € coz(E) and all
a € A, onecan find f € C(X) such that 0 < f <1, f(z)=1,and f®a € E.

3. Completeness of CV (X, A) and CVp(X, A)

In this section we will investigate the completeness of CV(X,A) and
CVy(X, A) for every generalized Nachbin family V on X. To this purpose,
let us consider, for every v € V and r > 0, the level set

N(v,r) :={x € X : ||v(x)a|| > r|al, Va € A}.

As in the scalar-valued weights case, CVy(X, A) is closed in CV (X, A) as
shows the following proposition. Before showing it, let us denote, for simplicity,
X :=coz(CVp(X, A)) and X; := coz(CV (X, A)).

Proposition 3.1. For every generalized Nachbin family V on X, CVy(X, A)
is a closed subspace of CV (X, A).

. —_CV(X,A)
Proof. Let f € CV(X,A) be in the closure CVy(X, A) of CVp(X, A).
Then for allv € V and € > 0, there exists g € C'Vy(X, A) such that || f—g|, < §.
Since g belongs to CVh (X, A), there exists a compact subset K of X such that
lo(x)g(x)|| < § for all x ¢ K. Therefore, for such an x, we have:

lo(@) f@)] < [o(@)(f(x) = g@)l + [o@)g(a@)| < 5 +5 =e.

This yields f € CVy(X, A) since v is arbitrary. O

In the scalar-valued weights case, K. D. Bierstedt introduced in [1] the notion
of Vr-spaces as being those completely regular Hausdorff spaces X such that
every real function on X whose restriction to each level set N(v,r) := {z €
X :wv(x) > r} is continuous, must be continuous on X, v running over V and
r > 0. In order to extend this definition to the operator-valued weights case,
we first give the following lemma which may be known. For the convenience of
the reader, we include a proof of it.

Lemma 3.2. Let Z be a Hausdorff completely reqular space, B a non-trivial
Hausdorff topological vector space over the field K (=R or C), and F a collec-
tion of subsets of Z. Then the following statements are equivalents:
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i) For every Hausdorff completely reqular space Y, a function f: Z =Y
is continuous provided its restriction f,. to every F' € F is.
i) A function f: Z — R is continuous provided its restriction to every
FelF s
iii) A function f : Z — B is continuous provided its restriction to every
FeF s

Proof. The implication i)=- ii) is obvious because R is a Hausdorff completely
regular space. For ii)=- iii), let f : Z — B be such that f}, is continuous for
every I' € F. For a continuous function g : B — R, (g o f). is continuous for
every F' € F. Therefore go f is continuous on X by ii). Since B is a Hausdorff
completely regular space, its topology is the initial one defined by C(B,R).
Therefore f is continuous on Z. Finally, for the implication iii)= i), assume
that f : Z — Y is a mapping such that f|, is continuous for every F' € F. For
an arbitrary a € B \ {0}, let i, be the homeomorphism from R into B defined
by iq(A) = Aa. For an arbitrary continuous function g : ¥ — R, the function
igogo f:Z — B is continuous on each F € F. Then it is continuous on Z by
iii). As g is arbitrary in C(Y") and i,(R) is homeomorphic to R, f is continuous
on Z. O

Definition 2. We will say that Z is an JFg-space if it satisfies one of the
assertions of Lemma 3.2. In particular, X will be said to be a Vg-space, if it is
an Fg-space for

F:={N(v,r), veV, r>0}.

Since N(v,r) = N(%v, 1) and %’u €V, X is a Vg-space, if and only if, it is
an Ng-space, where N := {N(v,1), v € V}.

In [14], the authors defined a Vy-space X as a Hausdorff completely regular
space such that every H-valued function defined on X is continuous provided
its restriction to the level set N(v,r) is continuous, for every v € V and r > 0.
According to Lemma 3.2, the V-spaces of [14] are nothing but the Vi-spaces.

Theorem 3.3. Let A be a Banach space and X be a Vg-space. If, for every
x € Xy (resp. x € Xy), there exists some v € V such that v(z) is bounded
below, then CV (X, A) (resp. CVy(X, A)) is complete.

Proof. Let (fi)ier be a Cauchy net in CV (X, A) (resp. CVp(X,A)). By our
assumption, for every « € X; (resp. € Xj), the evaluation map 6, : f +— f(z)
is continuous from CV (X, A) (resp. CVp(X, A)) into A. Therefore (f;(x))ier is
a Cauchy net in A. Since A is complete, (f;(x));er converges to some f(x) € A.
Extend the so-defined function f over X by putting f = 0 identically on X \ X
(resp. X \ Xo). We claim that f belongs to CV (X, A) (resp. CVy(X, A)) and
that (f;)ier converges to f in CV (X, A) (resp. CVp(X, A)). Since X is a Vg-
space, in order to show that f is continuous on X, it suffices to show that its
restriction to each N (v, 1) is. Let then v € V and & € N(v, 1) be arbitrary. We
have:

1fa(t) = £ < [lo(@)(fi(t) = f;@], t € N(v,1).
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Whereby

1) = L1 < [1fi = fillo, t € N(v,1).
Since (f;)ier is Cauchy, for € > 0, there exists ig € I such that ||f; — f;ll, < 3
whenever 49 <4 and ig < j. Hence || f;,(t) — f;(t)|| < § for all t € N(v,1) and
all j with ig < j. Passing to the limit on j, we get

€
(1) 1Fi0(8) = FOIl < 5, VE € N(v, 1).
By the continuity of f;,, there exists Q2 € V,, such that
€
(2) 1£io () = fio (@) < 3, VE € Q.

For t € QN N(v,1), by (1) and (2), we have
£ (&) = f@)| < WF@) = fio O+ [1fio (8) = fio @) + [|.fio (2) — f ()]
S g + g + g =¢&.

Then ||f(t) — f(z)|| < € for every t € QN N(v,1). It follows that f, restricted
to N (v, 1), is continuous. Since CVp(X, A) is closed in CV (X, A), it is enough
to show that (f;):;er converges in CV (X, A) to f.

Let then v € V and & > 0 be arbitrary. Since (f;);er is Cauchy, there
exists 49 € I such that ||f; — fjllu < & whenever iy < i and iy < j, ie,
lu(®)(fi(t) — f;(E)|l < e. Since u(t) is continuous, passing to the limit on j, we
get |Ju(®)(fi(t) — f(1)]| <e, ¥t € X and ip < i. Whereby

Ifi = fllu < €,i0 <
Now, since f = (f — fi) + fi, [ belongs to CV (X, A). O
Throughout all the remainder, unless stated otherwise, we will assume that
E is a Cp(X)-module and satisfies the reasonable conditions (P) and (S). Our
purpose here is to study the relationship between the weights and some topo-

logical properties of the operator ¥)C,. We then assume that ¢»C, maps E into
C(X,A).

4. Continuous weighted composition operators

The following theorem characterizes the continuous operators ¢C, from a
subspace E of CV (X, A), satisfying (P) and (S), into CU(Y, A).
Theorem 4.1. The operator 1)Cy, maps continuously E into CU(Y, A) if, and
only if, the following condition holds:
(3) Vuel FveV:|uiyla)l < llvle(y)al, Vae Ay € Yr,.

Proof. Necessity: Since ¢C,, : E — CU(Y, A) is continuous, for every u € U,
there exists v € V' such that:

[9Co (Pllu < fllvs Vf € E.
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Then for every y € Y, one has:

(4) [u(y) iy (f (W) < sup{[lv(x) f(2)ll, » € X}.

Let yo in Yg,, and a in A be given. Then z¢ := ¢(yo) belongs to coz(E).
Therefore, since E satisfies the property (P), for every a € A, there is f € F
such that f(x¢) = a. For arbitrary integer n > 0, set

Un i={z € X :fjo() f(2)| < [lv(zo)all + %}-

Due to (S), U, is an open neighborhood of zy. Consider g, € Cp(X) whose
support is contained in U, such that g,(zg) = 1 and 0 < g, < 1. Then
hy = gnf belongs to E and by (4),

a0}y (@) < sup{[o(a)hn(a)]l, = € X}
1
< Jlo(zo)all + -

Letting n tend to infinity, we get ||u(yo)wy, (a)]] < [lv(p(yo))al as desired.
Sufficiency: Let f € E and u € U be given. By (3) there exists v € V such
that

[w(y)y (f (DI < [[v(e) e, Yy eY.

Therefore,

[9C (f)llu = sup{l[u(y)ty(
<sup{[|v(e(y) fe@)] 1y €Y}
<sup{[[v(z)f ()] : = € p(Y)}
<[ fllo < oo.
This shows at once that YC,(f) € CU(Y, A) and that ¢C,, is continuous. O

fle))l :yeY}

In case of multiplication operators (i.e., X =Y and ¢ is the identity of X),
we get:

Corollary 4.2. My maps continuously E into CU(X, A) if, and only if, the
following condition holds:
(5) VueUIveV:|u@)s(a)| < |lv@)a|, Ya € A,z € cozE).

Similarly, in case of composition operators (i.e., 1 is the constant mapping
with value the identity of A), we get:

Corollary 4.3. C, maps continuously E into CU(Y, A) if, and only if, the
following condition holds:

(6) VueUJveV:|uyal < llvie(y))al, Yae A,y € Y ,.

Next, we will investigate the continuity of ¥C,, from E into CUy(Y, A). This
condition is of course much more constraining. To this aim, let us set as in [23]

Cst(E) :={K C X :Va€ A, 3f € F with f = a identically on K}.
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It is easily seen that every K € Cst(E) is contained in coz(F) and that every
v € V is B-bounded on every such a K. Therefore, if A happens to be barrelled,
a fortiori if it is Banach, then {v(x),x € K} will be also o-bounded.

Now, for v € V and f € E, put N(v, f) :={z € X : ||v(z)f(z)|| > 1} and
say that E satisfies the property (C) whenever N (v, f) belongs to Cst(E) for
every v € V and every f € E. The following lemma, extending Lemma 6 of
[23], gives examples where E satisfies (C).

Lemma 4.4. Assume that E satisfies (P’) (e.g. X is locally compact and
K(X)® A CE). If K C coxE) is a compact set and C C X is a closed
set such that K N C = 0, then, for every a € A, there exists f € E such that
f=aon K and f =0 on C.

Proof. For any f € C(X), let us denote by I'(f) the mapping assigning to
x e X, |f(x)]if |f(z) <1 and ﬁ otherwise. This is a continuous bounded
function on X. Now, for every a € A and = € K, due to (P’), there exists
g € C(X) such that g(z) =1 and g®a € E. If v := |g|*T(¢?), then vy ® a =
(gL' (9?))g®a belongs to E. Choose then g, € Cy(X) with g,(z) =1,0 < g, <1
and g, = 0 identically on C, and set h, = g,y. By a compactness argument,
there exist @1,22,...,Zn in X such that K C U {t € X : hy,(t) > 1}. Tt
follows that the function h := >, h,, satisfies h(t) > 1/2 for every t € K.
Hence, the function k& = (2I'(2h))h ® a belongs to E and enjoys the required
condition. d

Theorem 4.5. Assume that E satisfies (C). If ¥C, maps continuously E
into CUy(Y, A), then (3) holds and =" (K)N{y € Y : |[u(y)y(a)|| > 1} is
relatively compact, for all K € Cst(E), uw € U, and a € A. The converse holds
whenever, for allv € V and f € E, f(N(v, f)) is precompact and v(N (v, f))
is equicontinuous on A.

Proof. Assume that )C, maps continuously E into CUy(Y, A). Then (3) fol-
lows from Theorem 4.1. Now, fix K € Cst(E), u € U, and a € A, with
a # 0. Choose f € E such that f = a identically on K. As ¥ C,(f) belongs to
CUy(Y, A), the set

Si={y e Y : ul)vy(fle)) = 1}

is relatively compact and contains ¢~ (K)N{y € Y : [[u(y)yy(a)| > 1}. Hence
the latter is relatively compact.

For the converse, by Theorem 4.1, the condition (3) implies that ¥C, maps
continuously E into CU(Y, A). It remains to be shown the inclusion ¥ C,,(E) C
CUy(Y, A). For this, it is enough to show that, for all f € E and all u € U,
the set S defined above is relatively compact. Let f € E and u € U be given.
By (3), there is some v € V such that:

(7) lu(y)vy(a)ll < llv(e(y))all, Va € A,y € Yi,p.
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This yields ¢(S) C N(v, f), or S C ¢~ (N(v, f)). Since K := N(v, f) belongs
to Cst(FE), it suffices to show that S is contained in some union of finitely many
sets of the form C; := {y € Y : || 2u(y)yy(a;)|| > 1} for some a; € A\ {0}. But,
since the set v(K) is equicontinuous, one has:

(8) IM > 0: |jv(z)al| < Mla|, a € A, z € K.

Moreover, since f(K) is precompact, f(p(5)) is also precompact in A. There-
fore there are yi,...,y, € S such that:

CU{f —l——BA,z: 1,...,n},

where B4 denotes the unit ball of A. Thus, for y € S, there is some i €
{1,...,n} such that || f(e(y)) — f(ey))ll (8), we get:

1

(e (f () = Fle)ll < 5.

1
2M

Using (7), we obtain [[u(y)ib, (F(2(y)) — F((s)] < 3. Therefore
1< ey (feo))
< July)by (£ () = M)+ )y (o)
< 3 + )P

Then |2u(y)y(f(¢(yi)))|| > 1. Consequently

s c Uty e Y :ll2u(y)y(ai)] = 13,

i=1
with a; = f(p(y;)). Since oM (K)N{y € Y : ||2u(y)y(a;)|| > 1} is relatively
compact for each i, so is S. (|

In case of multiplication operators, we get:

Corollary 4.6. If E satisfies (C), f(N(v, f)) is precompact, and v(N (v, f)) is
equicontinuous on A, for allv € V and all f € E, then My, maps continuously
E into CUy(X, A) if, and only if (5) holds and KN{y € Y : |Ju(y)yy(a)| > 1}
is relatively compact, for all K € Cst(E), u € U, and a € A.

Similarly, in case of composition operators, we get:

Corollary 4.7. Under the same conditions as in Corollary 4.6, Cy, maps con-
tinuously E into CUy(X, A) if, and only if (6) holds and o~ (K)N{x € X :
lu(z)al| > 1} is relatively compact, for all K € Cst(E), u € U, and a € A.

If E enjoys (P’) and the weights v € V are all continuous, the converse
of Theorem 4.5 holds with compact subset K of coz(E) instead of all the
members of Cst(E). At this point, let us mention that, if E contains the
constant functions, then X itself is in Cst(F) but need not be compact.
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Theorem 4.8. Assume that V C C(X,B,(A)) and that E C CVy(X, A) sat-
isfies (P’). Then ¢C,, maps continuously E into CUy(Y, A) if, and only if, (3)
holds and o= (K)N{y € Y : ||[u(y)yy(a)|| > 1} is relatively compact, for every
compact K C coz(E), u € U, and a € A.

Notice that if F satisfies (C) and if A happens to be barrelled, then v(N (v, f))
is automatically equicontinuous, for it is S-bounded. Furthermore, if £ C
CVo(X, A), then f(N(v,f)) is also automatically precompact, since N (v, f)
is compact, due to (S), and f is continuous. We thus get as a corollary, the
following result:

Theorem 4.9. Assume that A is barrelled and that E C CVy(X, A) satisfies
(C). Then ¢C, maps continuously E into CUy(Y, A) if, and only if, (3) holds
and o L (K)N{y € Y : |[u(y)y(a)|| > 1} is relatively compact, for all K €
Cst(E), we U, and a € A.

5. Bounded weighted composition operators

Recall that a linear map 6 is said to be bounded if it maps some 0-neighbor-
hood into a bounded set. Whenever 6 has range in a space of continuous
functions on some topological space Z, it is said to be locally Zp-equicontinuous,
if & maps every bounded set into a set which is equicontinuous on Zy C Z.

We obtain the following characterization of bounded weighted composition
operators:

Theorem 5.1. The operator C, is bounded from E into CU(Y,A) if, and
only if, there exists some v € V such that:
9 VuelU IA>0:[lu@)dy(a)] < Alo(e(y))all, Vae Ay Ve,
Proof. Necessity: Since ¢C,, is bounded from E into CU(Y, A), there exists
v € V such that, for every u € U, there exists some A > 0 so that

[WCo (Al < Al fllo, f € E.

Then for every y € Y, one has

(10) [u(y) ey (f () < Asup{[lo(z)f ()], z € X}

Let yo € Yg,, and a € A be given, and put zo := ¢(yo). As in the proof of
Theorem 4.1, consider a function f € E such that f(z¢) = a. For any integer
n > 0, set

Un 1= {z € X : [o() /()] < Jo(zo)all + ).

Due to (S), U, is an open neighborhood of zy. Choose g,, € Cp(X) vanishing
outside of U, such that g,(zp) =1 and 0 < g, < 1. Then h,, := g, f belongs
to E and by (10),

[u(yo) ¢y, (@) < Asup{flv(@)hn ()], = € X}

< AJo(ao)all + 7).
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Letting n tend to infinity, we get:

[u(yo)tyo (@)l < Allo(e(yo))all-

Sufficiency: Assume that, there exists v € V so that (9) holds. Let u € U be
given. Then, for f € F and y € Y, we have

[u(y)y (Fle@DI < Alv(e@) f (W), v € Y.

In particular, for f € B, we get

u()iby (f(eWNI <A, y €Y,
giving chsﬂ(f)‘lu <A f€B,. t
In case of multiplication operators, we obtain:

Corollary 5.2. The multiplication operator My 1is bounded from E into
CU(X, A) if, and only if, there exists v € V such that:

VueU; IA>0: ||lu(@)(a)] < Mv(x)all, Vae A x€ coxE).
Similarly, in case of composition operators, we obtain:

Corollary 5.3. The composition operator Cy, is bounded from E into CU(Y, A)
if, and only if, there exists v € V' such that:

VucU; 3A>0:[lu(y)all < Mlo(e(y))all, Vac A, ycVp,.

Combining conveniently Theorem 4.8 and Theorem 5.1, we obtain the fol-
lowing result.

Theorem 5.4. Assume that V C C(X,B,(A)) and that E C CVy(X, A) sat-
isfies (P?). Then C, is bounded from E into CUy(Y, A) if, and only if, (9)
holds and o= (K)N{y € Y : ||[u(y)yy(a)|| > 1} is relatively compact, for every
compact K C coz(E), w € U, and a € A.

We now examine the local equicontinuity of ¥C,. Notice that, in scalar-
valued weights case, every x € X admits a neighborhood ) such that every
v € V is bounded on 2. We will say that X is locally V-o-bounding if:

VeeX, 30, €V, {vt), t € Qy} is bounded in £,(A), Yv € V.

Theorem 5.5. Assume that X is locally V -o-bounding and that, for all x € X,
V(z) N By(A) # 0. Then ¢C,, is locally Yi, o -equicontinuous, if, and only if,
the following conditions hold:

1. ¢ is locally constant on Yg 4.

2. 9 is continuous from Yg o into L, (A).

Proof. Necessity: Assume that ¢C,, is locally Y& . 4-equicontinuous and sup-
pose that, for some yo € Yg, .4, ¢ is constant on no neighborhood of 5. Choose
fo € E with ¢y, (fo(e(y0))) # 0. Then every Q € V,, contains some yqo with
©(yo) # p(ya). Consider fo € Cp(X) such that 0 < fo < 1, fa(p(ya)) =0,
and fo(e(yo)) = 1, and put go := fofo. Then the set C := {ga, Q@ € V,,} is
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bounded in E and then ¢C,(C) is equicontinuous at yo. Therefore, for every
e > 0, there exists {29 € V,, such that:

1y (90(2(y))) = by (g(P(yo)))l < &, y € Qo, Q€ Vy,.

Hence, for every @ C Qy and y = ya, we get [[¥y, (fo(e(yo)))|| < e. Since
e > 0 is arbitrary, ¥, (fo(¢(yo))) = 0, which is a contradiction, whereby 1 is
satisfied.

2. Let yo be arbitrary in Yg , . and € > 0 be given. By 1, there exists a
neighborhood Qg of yg on which ¢ is constant with some value zy. Since X is
locally V-o-bounding, there exists ., € V,, such that, for every v € V, there
exists some M, > 0 with ||v(¢)|| < M,, t € Q,,. For arbitrary b € A with
Ib]l = 1, choose a function f;, € E such that fy(xg) = b. This is possible due
to (P). Then the set U := {z € X : £ < | f,(2)[| < 2} is open and contains .
Choose gp € Cp(X) such that gp(zg) =1, 0 < g, <1, and supp gp C U N Qy,.
We claim that the set K := {gpfs,]|b]] = 1} is bounded in E. Indeed, for every
v € V, we have:

llgs follv = sup{gs(z)[v(z) fo(2)[| : 2 € X}
< sup{|lv(z) fo(z)l : v € UN Qo }
<2,
-2
Therefore ¢C,,(K) is equicontinuous at yo. Hence there is some yo-neighbor-
hood Q contained in g such that:

12y (95(2(¥)) fo(e())) — Wy, (96(2(y0)) fole(wo))) | < &, y € Q, [|b]| = 1.

Whence ||y, — ¢y, || < € for all y € Q, showing that v is o-continuous at yo.
Since gy is arbitrary in Yg o 4, 9 is o-continuous on Yg , 4.

Sufficiency: Given a bounded set B C E, yo € Yg,,,4, and € > 0. By
assumption, there is some neighborhood 4 of yg so that ¢ is constant on
Qo with some value xg. Choose v € V with v(xg) bounded below. Then
there exists r > 0 such that rlla|| < ||v(zo)a)|l, @ € A. Therefore the set
B :={f(xg), f € B} is bounded in A. Then ||f(xo)|| < M for every f € B and
some M > 0. Since % is o-continuous at g, there is some other neighborhood
Q of yo such that Q C Qg and |[¢y, — ¥y, || <€, y € Q. Hence

[thy (f (z0)) — Yy (f (@0))|| < Me, y €Q, f€B.
Therefore

[VCo(f)(y) —¥vCu(f)(yo)ll < Me, y€Q, feB,

whereby ¥ C,(B) is equicontinuous at yo and then on Yz , 4 since yo was arbi-
trary. O

A trivial consequence of Theorem 5.5 is the following:

Corollary 5.6. Assume that E satisfies the conditions of Theorem 5.5. If ¢
is not constant on any open set (in particular, if X has no isolated point and
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is one to one), then Cy, is locally Yg , ¢ -equicontinuous from E into C(Y, A)
if, and only if, it is identically zero.
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