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GORENSTEIN WEAK INJECTIVE MODULES WITH
RESPECT TO A SEMIDUALIZING BIMODULE

ZENGHUI GAO, XIN MA, AND TIWEI ZHAO

ABSTRACT. In this paper, we introduce the notion of C-Gorenstein weak
injective modules with respect to a semidualizing bimodule gCgr, where
R and S are arbitrary associative rings. We show that an iteration of the
procedure used to define Go-weak injective modules yields exactly the
G o-weak injective modules, and then give the Foxby equivalence in this
setting analogous to that of C-Gorenstein injective modules over commu-
tative Noetherian rings. Finally, some applications are given, including
weak co-Auslander-Buchweitz context, model structure and dual pair in-
duced by G¢-weak injective modules.

1. Introduction

Auslander and Bridger introduced [1] the G-dimension for finitely generated
modules over Noetherian rings. In [3], Enochs and Jenda introduced Goren-
stein projective modules for arbitrary modules over a general ring, which is a
generalization of finitely generated modules of G-dimension 0. As a dual of
Gorenstein projective modules, Gorenstein injective modules were also intro-
duced in [3]. Furthermore, Enochs, Jenda and Torrecillas in [5] introduced the
notion of Gorenstein flat modules. It is well known that Gorenstein projective,
injective and flat modules share many nice properties analogous to projective,
injective and flat modules, respectively, and the homological properties of some
generalized versions of these modules have been studied by many authors (e.g.
[9,18,23-25]). In particular, Holm and Jgrgensen in [13] introduced the no-
tions of C-Gorenstein projective, C-Gorenstein injective and C-Gorenstein flat
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modules (G¢-projective, Ge-injective and Go-flat respectively for short) with
respect to a semidualizing module C' over a commutative Noetherian ring R.

In [21], Sather-Wagstaff et al. further studied the properties of the category
of G¢-flat modules, where C' is a semidualizing module over a commutative
Noetherian ring R. They showed that the category of all Go-flat modules is
part of a weak AB-context in the terminology of Hashimoto. Also in [21],
they proved the stability of the category of G¢-flat modules. Let S and R
be rings and ¢Cr a semidualizing bimodule. Inspired by [21], Hu and Zhang
in [17] introduced and studied G¢-FP-injective left R-modules. It was proven
that the Go-FP-injective left R-modules have nice properties when S is a left
coherent ring and gCg a faithfully semidualizing bimodule, and the category
of Go-FP-injective left R-modules is part of a weak AB-context, which is dual
of weak AB-context in the terminology of Hashimoto.

More recently, Bravo, Gillespie and Hovey in [2] described how Gorenstein
homological algebra should work for general rings, and they introduced the no-
tions of FP .-injective (or absolutely clean) and level modules. Independently,
in [6,7], the FP-injective and level modules were also called weak injective
and weak flat modules respectively. Along the same lines, it seems natural to
investigate certain generalization of the G¢-(FP-)injective modules in a general
setting. The purpose of this paper is to study the homological theory of G-
weak injective modules with respect to a semidualizing bimodule gCgr, where
R and S are arbitrary associative rings, and to show that many parts of the ho-
mological theory on the Go-(FP-)injective modules can be generalized directly
to the similar theory on G¢-weak injective modules. The paper is organized
as follows.

In Section 2, we give some terminology and some preliminary results.

In Section 3, we introduce and study Gco-weak injective modules with re-
spect to a semidualizing bimodule sCr, where R and S are arbitrary associative
rings. It is proven that the class of Go-weak injective modules is closed under
extensions, cokernels of monomorphisms, direct summands and direct prod-
ucts. We also show that an iteration of the procedure used to define G¢-weak
injective modules yields exactly the Go-weak injective modules.

Theorem 1. The following are equivalent for a left R-module M:

(1) M is Ge-weak injective;
(2) There is a Homgr(Hc(W(R)), —)-exact exact sequence

G= - —-G —-Gy—G_1—=G_9g—---

with each G; € GeWI(R) such that M = Ker(G_1 — G_3);
(3) There is a Homg(GeWZI(R), —)-exact exact sequence

G= " —->G G —>G_1—>G_9g—---

with each G; € GeWI(R) such that M = Ker(G_1 — G_2).
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In Section 4, we mainly discuss the Foxby equivalence in this setting. Es-
pecially, we prove that the subcategory of Go-weak injective left R-modules in
the Auslander class Ac(R) and that of G-weak injective left S-modules in the
Bass class B¢ (S) are equivalent under Foxby equivalence.

Theorem 2. There are equivalences of categories

COr—
He(W(R)) ~ HW(S))

A Homg (C,—)

WIe(R) = WI(S)

') ')

Homs (C,—)

GoWI(R) N Ac(R) — == gw1(s) 1Bc(S)

M Homg(C,—)

C®r—
Ac(R) ~ Be(S).
Homg (C,—)

In Section 5, we give some applications of G¢-weak injective modules. Af-
ter introducing the notion of co-Auslander-Buchweitz context dual to that
of Auslander-Buchweitz context in [11, p. 34], we prove that every module

o —

in GcWZ(R) admits a special Ho(W(R))-precover and a special GeWZI(R)-
preenvelope, and that the triple

(GeWI(R). HoOV(R). He(W(R)))

satisfies the weak co-Auslander-Buchweitz context. In addition, we give a new
model structure in the category of left R-modules and a dual pair induced by
G¢-weak injective modules.

2. Preliminaries

In this section, we give some terminology and some preliminary results
needed in the sequel. For more details the reader can consult [4,7,10,13,15].

2.1. Throughout this paper, R and S are fixed associative rings with identity
elements, and all modules are unitary. We use Mod R or Mod S to stand for
the class of left R- or S-modules. Right R- or S-modules are identified with
left modules over the opposite rings R°P or S°P. The notation g Mg is used to
indicate that M is an (S, R)-bimodule, and the structures are compatible in
the sense that s(mr) = (sm)r for all s € S,r € R,m € M. For an R-module
M, M* = Homz(M,Q/Z).

2.2. Let X be a subcategory of Mod R. Denote by
LA = {M | Exty(M,X) =0 for all X € X and all i > 1}.
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In particular, we denote by 11X = {M | Extn(M,X) = 0 for all X € X}.
The notations X+ and X*! can be defined dually. Also, if X and Y are
subcategories of Mod R, we write X L Y if Exth(X,Y) = 0 for all X € X,
Y €Y andall i > 1.

Let M be a left R-module. An X-coresolution of M is an exact sequence

X=0-M->X">Xx' 5 X% ...
in Mod R with each X € X. The X-injective dimension of M is defined as
X-id(M) = inf{sup{n > 0| X™ # 0} | X is an X-coresolution of M}.

Dually, the X-resolution and X-projective dimension of M are defined.

Let H C X be subcategories of Mod R. We say that H is a generator for X
provided that for each X € X there is an exact sequence 0 - Q2 — H — X — 0
with H € H and Q € X; and moreover, H is a projective generator for X
provided that H is a generator for X and H L &.

2.3. An (S, R)-bimodule C' = sCg is semidualizing if
) sC admits a degreewise finite S-projective resolution.
(a2) Cr admits a degreewise finite R°P-projective resolution.
(b1) The homothety map sSg % Hompger (C,C) is an isomorphism.
) The homothety map rRg 25 Homg (C,C) is an isomorphism.
) Extg(C,C) =0 forall i > 1.
(c2) Exthopr(C,C) =0 for all i > 1.
A semidualizing bimodule gCp is faithfully semidualizing if it satisfies the
following conditions for all modules gN and Mpg:
(1) If Homg(C,N) =0, then N = 0.
(2) If Hompger (C, M) = 0, then M = 0.
We always assume that gCp is a faithfully semidualizing bimodule in this
sequel.

2.4. The Auslander class Ac(R) with respect to C' consists of all modules
M in Mod R satisfying:
(A1) Torf(C,M) =0 for all i > 1.
(A2) Ext(C,C ®p M) =0 for all i > 1.
(A3) The natural evaluation homomorphism y,, : M — Homg(C,C®r M)
is an isomorphism (of R-modules).

The Bass class Beo(S) with respect to C' consists of all modules N € Mod S
satisfying:
(B1) Ext(C,N) =0 for all i > 1.
(B2) TorZR(C', Homg(C,N)) =0 for all 4 > 1.
(B3) The natural evaluation homomorphism v, : C ® g Homg(C,N) — N
is an isomorphism (of S-modules).
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There are equivalences of categories ([15, Proposition 4.1]):

C®r—
Ac(R) ~ Be(S).
Homg (C,—)

2.5. Recall that a left R-module F is called super finitely presented [7] if
it admits a degreewise finite R-projective resolution, and a left R-module M
(resp. right R-module N) is called weak injective (resp. weak flat) if Ext p(F, M)
= 0 (resp. Torf'(N, F) = 0) for all super finitely presented left R-modules F'.
Moreover, we will say a left R-module M is weak projective if Exth(M, Q) = 0
for all weak injective left R-modules @). Denote by WZ(R) and WP(R) the
full subcategories of Mod R consisting of weak injective modules and weak
projective modules respectively. One can easily verify that WP(R) = *WZ(R)
by definition and basic homological methods.

From [4, Definition 7.1.2], it follows that WWP(R), WZ(R)) is a cotorsion
theory which is cogenerated by the representative set of all super finitely pre-
sented left R-modules. So, by [4, Theorem 7.4.1 and Definition 7.1.5], every
left R-module M has a special WZ(R)-preenvelope, that is, there is an exact
sequence 0 - M — W — L — 0 with W weak injective and L weak projec-
tive. Meanwhile, every left R-module M has a special WP(R)-precover, that
is, there is an exact sequence 0 - K — @ — M — 0 with @ weak projective
and K weak injective.

2.6. A module in Mod R is called C-weak injective [8] if it has the form
Homg(C, ) for some I € WZ(S). We denote all C-weak injective modules in
Mod R by WZI¢(R). It has been shown in [8, Proposition 3.1] that there are
equivalences of categories

CO®r—
WZIc(R) ~ WI(S).
Homg (C,—)

We denote the kernel of (WP(R), WI(R)) by H(W(R)) := WI(R) " WP(R).
Then this class of modules is not trivial. Indeed, we can take a nonzero weak
injective R-module M, then there is an exact sequence 0 - K - Q — M — 0
with @ weak projective and K weak injective. Since WZ(R) is closed un-
der extensions by [6, Proposition 2.6(1)], we have @ is also weak injective.
Therefore @ belongs to H(W(R)). We call the elements of H(W(R)) weak
injective-projective R-modules. Also we will say a module in Mod R is C-weak
injective-projective if it has the form Homg(C,I) for some I € H(W(S)).

In what follows, we use Ho(W(R)) to denote the subcategory of C-weak
injective-projective left R-modules. Moreover, let WP (R) = *WZIc(R), and
the modules in WP (R) are called C-weak projective.

2.7. Let R be a commutative ring, and C' a semidualizing module.
1. A module M € Mod R is called C-Gorenstein injective (G¢-injective for
short) [13] if
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(1) Exth(Hompg(C,I), M) =0 for all injective R-modules I and all i > 1;
(2) There exist injective R-modules I, I1,... together with an exact se-
quence

RN HQmR(C, Il) — HOmR(07 ]0) - M =0

such that it stays exact after applying the functor Hom g (Hompg(C, J),
—) for each injective R-module J.

2. A module M € Mod R is called C-Gorenstein flat (Gc-flat for short) [13]

if
(1) Torf(Hompg(C,I), M) = 0 for all injective R-modules I and all i > 1;
(2) There exist flat R-modules F°, F1 ... together with an exact sequence

0—=+M—=CorF’—>CogF'—---

such that it stays exact after applying the functor Homg(C,I) @ —
for each injective R-module I.

2.8. Let sCg be a semidualizing bimodule. A complete FLcZ-resolution is

a complex Y of left R-modules satisfying the following:

(1) Y is exact and HomR(]-"Ifg(R), —)-exact, and

(2) Y; is C-FP-injective when ¢ > 0 and Y; is injective when i < 0,
where FIpr(R) is the subcategory of left R-modules Homg(C, E) with E €
LFL(S) N FL(S).

A module M € Mod R is called G¢-FP-injective [17] if there exists a com-
plete FZcZ-resolution Y such that M = Ker(I® — I'). In this case, Y is
called a complete FZcZI-resolution of M. Denote by GoFZ(R) the class of
G¢-FP-injective left R-modules.

3. G¢-weak injective modules

In this section, we give a treatment of G¢-weak injective modules. It is
shown that the Go-weak injective modules share many nice properties of G-
(FP-)injective modules in [13,17].

We start with the following:

Lemma 3.1. The following are equivalent for a left R-module M:

(1) M € WPc(R).

(2) C@r M € WP(S) and Tor(C, M) =0 for anyi > 1.
In particular, if M € Ac(R), then M € WPc(R) < C ®r M € WP(S).
Proof. (1) = (2). Let M € WP¢(R). Firstly, suppose E is a faithfully injective
left S-module, then Homg(C, E) € WZc(R). So Extz(M,Homg(C,E)) =0

for any ¢« > 1 by definition. Moreover, from the isomorphism ([4, Theorem
3.2.1)):

Exth (M, Homg(C, E)) = Homg(Tor?(C, M), E) for any i > 1,
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it follows that Tor!(C, M) = 0 for any i > 1.

Let N € WIZ(S). Then N € B¢o(S) by [8, Theorem 2.2], and so N =
C®prHomg(C, N) by definition, and Homg(C, N) € Ac(R) by [15, Proposition
4.1]. Hence, by [15, Theorem 6.4(a)], we have

Ext$(C ®@r M, N) = Ext(C ®r M,C ®g Homg(C, N))
>~ Exty (M, Homg(C, N)).

Note that Homg(C, N) € WZ¢(R), we have Extg(C ®r M, N) = 0, and so
CorM e WP(S).

(2) = (1). Assume that C®p M € WP(S) and Tor/*(C, M) = 0 for any i >
1. For any C-weak injective left R-module IV, we have C ®r N is weak injective
over S by [8, Proposition 3.1]. It follows from the fact WP(S) = L WI(S) that
Ext% (M, N) = Ext5(C ®r M,C @g N) = 0 for any i > 1. Therefore, M is
C-weak projective, as desired. (I

Proposition 3.2. The following are equivalent for a left R-module M:
(1) M € He(W(R));
(2) M e WIcv(R) n Wpc(R);
(3) C®r M € H(W(S)).

Proof. (1) = (3). Let M € Hc(W(R)). Then there exists a module W €
HOW(S)) such that M = Homg(C,W). Since W is weak injective, we have
that W € Bc(S) by [8, Theorem 2.2]. In particular, W = C' ® g Homg(C, W).
Consequently, C®r M =2 C @ Homg(C,W) = W. Thus CQr M € H(W(S)).

(3) = (2). Assume that C ®@g M € H(W(S)). Then C @ g M € Bc(S) by
8, Theorem 2.2]. So M € Ac(R) by [8, Lemma 2.9], and thus Tor; (C, M) = 0
for any ¢ > 1. Since C g M € WP(S), we have M € WP¢(R) by Lemma
3.1. Moreover, from the isomorphism M = Homg(C,C ®r M), we get that
M € WIe(R). So (2) holds.

(2) = (1). Since M is C-weak injective, there exists a weak injective left
S-module W such that M = Homg(C,W). Let N be any weak injective left S-
module. Note that W, N € B¢ (S) by [8, Theorem 2.2]. Then, by [15, Theorem
6.4(b)], we have

Extg(W, N) = Extg(Homg(C, W), Homg(C, N)) = Exty (M, Homg(C, N)).

Since M is C-weak projective, Ext}{(M, Homg(C,N)) = 0. It follows that
Ext}g(VV, N) =0, and hence W is weak projective.
Consequently, M € Ho(W(S)), and so (1) holds. O

Remark 3.3. From the equivalence between (1) and (2) in Proposition 3.2, we
can see that the class of C-weak injective-projective left R-modules is just the
intersection of the class of C-weak injective left R-modules and that of C-weak
projective left R-modules. In particular, we have Ho(W(R)) L WZs(R) and
WPc(R) L He(W(R)).
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Definition 3.4. The C-weak injective-projective dimension of a module M €
Mod R is defined that Ho(W(R))-id(M) < n if and only if there is an exact

sequence
0 — M — Homg(C,W°) — Homg(C,W?') — --- — Homg(C,W™) — 0

in Mod R where each W is both weak injective and weak projective.
If no such n exists, set Ho(W(R))-id(M) = .

Next we give some characterization of the modules of finite C-weak injective-
projective dimension.

Lemma 3.5. The following are equivalent for a left R-module M:
(1) HecW(R))-id(M) < n.
(2) HW(S))-id(C ®@r M) < n.
(3) M =2 Homg(C, N) for some left S-module N with H(W(S))-id(N) <
n.
(4) M is C-weak projective and WIc(R)-id(M) < n.
(5) M is C-weak projective and WI(S)-id(C ®r M) < n.

Proof. (1) = (2). Assume that Ho(W(R))-id(M) < n, then there is an exact
sequence
0 — M — Homg(C, W°) — Homg(C,W?') = --- — Homg(C,W™) = 0

with each W? weak injective and weak projective. Since each W' is weak injec-
tive, we have W' € B¢ (S) by [8, Theorem 2.2]. Then W' = C®gHomg(C, W?)
by definition, and hence Homg (C, W*) € Ac(R). It follows from [15, Corollary
6.3] that M € Ac(R). Consider the following commutative diagram:

0—C ®r M — C ®g Homg(C,W°) — ... — C ®r Homg(C, W") —0

Tk :

0—=CQrM wo wn 0.

Since M and Homg(C, W?) are in Ac(R), it is easy to verify that the upper
row is exact, and so is the lower row. Hence H(W(S5))-id(C @ g M) < n.

(2) = (3). Assume H(W(S))-id(C ®r M) < n, that is, there is an exact
sequence

0—-CrM —-=W'—W! —-... =W"—0

with each Wi € H(W(S)). In particular, each W? is weak injective, and hence
Wi e Bo(S). So C ®r M € Ba(S) by [15, Corollary 6.3], and M € Ac(R).
It follows that M = Homg(C,C ®r M). Therefore, (3) holds by setting N =
C®Rr M.

(3) = (4). By the hypothesis, we have an exact sequence

0—N—-W'—-=W—... -~W"»—=0
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in Mod S with each W* € H(W(S)). In particular, each W* is weak projective.
By dimension shifting, we get that IV is weak projective. Moreover, since each
Wt is in Bo(S), then so is N by [15, Corollary 6.3]. From this, we can easily
get that the sequence

0 — M — Homg(C,W°) — Homg(C,W?') — --- — Homg(C,W") — 0

is exact, and M = Homg(C, N) € Ac(R) and each Homg(C,W*) € WZ(R).
Thus, WZ¢(R)-id(M) < n. Furthermore, since C® gpM = C® pHomg(C, N) &
N is weak projective, and Torf”(C, M) = 0 for any ¢ > 1, we have that M is
C-weak projective by Lemma 3.1.

(4) = (5). It follows from the fact WZ¢(R)-id(M) = WI(R)-id(C ®r M)
([8, Proposition 3.5]).

(5) = (1). Let M be C-weak projective. Then C' ®p M is weak projective
by Lemma 3.1. Note that (WP(S), WZ(S)) is a complete cotorsion pair, so
there is an exact sequence 0 - C @p M — W% = V! — 0 in Mod S with
WO weak injective and V! weak projective. Since V! is weak projective, we
have an exact sequence 0 — V! — W' — V2 — 0 in Mod S with W' weak
injective and V2 weak projective. Continuing this process, one can easily get
the following exact sequence

0—-CrM—->W? —-W! —... =W"—...

such that each W' is weak injective. Moreover, since C' ®z M and V! are
weak projective, it follows that W9 is weak projective. Similarly, we can get
that each W' is weak projective. By the hypothesis WZ(S)-id(C @r M) <
n, so V" = Ker(W" — W"*l) is weak injective, and hence V" € Bc(S).
This implies C ®g M € Bc(S), and thus M € Ac(R). By definition, M =
Homg(C,C ®r M). Now applying the functor Homg(C, —) to the above exact
sequence, we can get the following exact sequence

0 — M — Homg(C, W) — Homg(C,W') — --- — Homg(C, V™) — 0.
From the above argument, we have that W% and V" are weak injective and
weak projective. Thus (1) follows. O

Now we give our main definition of this paper as follows.

Definition 3.6. Let sCr be a semidualizing bimodule. A complete WZcZ-
resolution is an exact complex

Y = --~—>W1—>WO—>IO—>[1—>-~-

of left R-modules satisfying:
(1) Y is Homp(Hc(W(R)), —)-exact;
(2) Each W; is C-weak injective and each I’ is injective for any i > 0.
A module M € Mod R is called C-Gorenstein weak injective (or Gc-weak
injective for short) if there exists a complete WZcZ-resolution Y such that
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M = Ker(I® — I'). In this case, Y is called a complete WIcZ-resolution of
M. We denote by GeWZ(R) the class of Go-weak injective left R-modules.

Remark 3.7.

(1) Tt is clear that every C-weak injective module is G¢-weak injective by
definition and the fact that Ho(W(R)) L WZc(R). In particular, if
sCr = rRR, then we call Go-weak injective modules G-weak injective
modules, and in this case, every weak injective left R-module is G-weak
injective.

(2) One can easily check that a module M € Mod R is G¢-weak injective
if and only if M € Ho(W(R))" and there is a Homp(He (W(R)), —)-
exact exact sequence --- — W7y — Wy — M — 0 with each W, €
WZe(R).

Proposition 3.8. Given an exact sequence 0 - L — M — N — 0. We have

(1) If L € GeWI(R) and M € WIc(R), then N € GeWI(R).
(2) If L € WIc(R) and N € GeWI(R), then M € GeWI(R).

Proof. (1) Since L € GeWI(R), the sequence 0 — L — M — N — 0 is
Hompg(Hco(W(R)), —)-exact. Moreover, there is a Hompg(Ho(W(R)), —)-exact
exact sequence --- — W; — Wy — L — 0 with W; € WZ¢(R). So, by
assembling the two sequences, we get an exact sequence --- — W; — Wy —
M — N — 0. Thus one gets a Homg(Hc(W(R)), —)-exact exact sequence

= Wy - Wy - M — N — 0. Finally, from the fact Hoc(W(R)) L
WZc(R) and the exact sequence

Extly (W, M) — Extl(W, N) — Ext' (W, L) — Extiy (W, M),

it follows that Ext’ (W, N) = Ext'y'((W,L) = 0 for any i > 1 and any W €
Hce(W(R)). Thus N is Go-weak injective.

(2) Let N € GcWI(R). Then by definition there is an exact sequence
0= Ny - W — N — 0in Mod R with W € WZ¢(R) and N1 € GeWZ(R).
Consider the following pullback diagram:

0—L—

0—L—

|
!

o<—§<—©<—3<—o
o<—2%§<—3<—o
l
o
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Since L, W € WZ¢(R), we have Q € WI(R). Moreover, since N1 € GeWZI(R),
we have that M is G¢-weak injective by (1) and the middle column of the above
diagram. O

The following result gives some characterization of the G¢-weak injective
modules by replacing C-weak injective part in the sequence Y with C-weak
injective-projective modules.

Proposition 3.9. The following are equivalent for a left R-module M:

(1) M is Ge-weak injective,
(2) There is a Homg(Hco(W(R)), —)-exact exact sequence

Y = ---—>W1—>WO—>IO—>Il—>-~-

with W; € He(W(R)) and I' injective for any i > 0 such that M =
Ker(I® — I');

(3) M € fz’-[(;()/\/(R))l and there is o Homg(Hc(W(R)), —)-ezact exact
sequence

=W =W =M =0
with W; € Hoe(W(R)).

Proof. (3) = (2) = (1) are trivial.

(1) = (3). Assume that M is a Go-weak injective left R-module. Then
by definition there is an exact sequence 0 — M; — W — M — 0 with
W € WIc(R) and My € GeWZI(R). So there exists a weak injective left
S-module Ey such that W = Homg(C, Ey). Note that the cotorsion pair
(WP(S), WI(S)) is complete, so there exists an exact sequence

(¢) 0—-E —-Wy— Ey—0

such that Wy — Ej is a weak projective precover and F; is weak injective.
Moreover, since the class of weak injective modules is closed under exten-
sions, so Wy is weak injective. This implies that Wy € H(W(S)) and hence
Homg(C,Wy) € He(W(R)). By applying the functor Homg(C, —) to the se-
quence (¢), we can get that the sequence

0— HomS(C, El) — HOIns(C, WO) W =0
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is exact. Now consider the following pullback diagram:

0 0
Homg(C, EY) Homg(C, E)
0 Q Homg(C,Wy) — M —=0
|
0 M, w M 0
: ;

Since Homg(C, E1) € WZc(R) and My € GeWZI(R), then Q € GeWI(R)
by Proposition 3.8(1). Thus Q € Hc(W(R))*, and hence the middle row
in the above diagram is Homg(He(W(R)), —)-exact. By repeating the above
argument to (), one easily gets an exact sequence

0 — T — Homg(C,W;) - Q — 0

with Wy € H(W(S)). Continuing this process, we may obtain an exact se-
quence

-+« = Homg(C,W5) — Homg(C, W;) — Homg(C,Wy) - M — 0

with each W; € H(W(S)), as desired. O

Proposition 3.10.
(1) The class GeWI(R) is closed under extensions, cokernels of monomor-
phisms, direct summands and direct products.
(2) Given an ezact sequence 0 — L — M — N — 0 with M,N €
GeWI(R). Then L € GeWI(R) if and only if Extp(W,L) = 0 for
any W € He(W(R)).

Proof. (1) Let 0 - L —- M — N — 0 be an exact sequence in Mod R. If
L,N € GcWI(R), then by Proposition 3.9, there are Homg(Hc(W(R)), —)-
exact exact sequences:

’ /

d dl

1" 11

0
e 1”—1>I/Vé/—>]\f—>07
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such that all W/ and W/ are in Ho(W(R)), and all kernels of d; and d} are in
GcWI(R). Consider the following diagram:

1
0—> W, i)wtg@w(g‘&wg%o

« g
L— o N

! !
0 0

Since L is Go-weak injective, Ext (W, L) = 0, and thus we have the following
exact sequence

0 — Hompr(W{,L) — Hompg(W{/, M) — Homr (W}, N) —0 .

So there exists o : W} — M such that djj = ga. For any (ef,ef) € W, & Wy,
we define dy : Wi @ W[ — M by do(ej, eq) = fdy(e) + aley). Then it is easy
to verify that dy makes the above diagram commute. By Snake Lemma, we
have the following commutative diagram:

0 0

O
-

— Wi W] —= W] —0

do idg

M N

i i
0

0

(o) ,i ,01)
!

Since Kerd)y and Kerd}] are Go-weak injective, Kerd)y, Kerd) € He(W(R))™,
and so Kerdy € H¢ (W(R))J‘ In particular, the exact sequence 0 — Kerdy —
Wi e W§ — M — 0 is Homg(Ho(W(R)), —)-exact. Repeating this process,
we may get a Homp(Hco(W(R)), —)-exact exact sequence

=W oW/ —-=WoW)/ —-=M—0,

where each W/ @& W/ is in Ha(W(R)). Moreover, since L, N € Ho(W(R))™,
we have M € HC(W(R))L. Therefore, M is in GoWZ(R) by Proposition 3.9.
Now assume L, M € GcWZ(R). Then there is a Homg(Hc(W(R)), —)-

exact exact sequence 0 — My — W — M — 0 with W € WZs(R) and
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My € GeWZI(R). Consider the following pullback diagram:

0 0
l
M, = M,
l

0 Q W N—=0

H

0 i M N—=0
l
0 0

From the previous argument and the second column in the above diagram, we
have that @ is G¢-weak injective. Moreover, by Proposition 3.8(2) and the
middle row in the above diagram, we have that N is in GeWZ(R).

The closure of direct products follows directly from the definition.

Finally, since the class GeWZ(R) is closed under cokernels of monomor-
phisms and direct products, then it is closed under direct summands from the
proof of [12, Proposition 1.4].

(2) “If 7 part is trivial.

“Only if ” part. Since N € GoWZ(R), there is an exact sequence 0 —
Ni =W = N = 0with W e Ho(W(R)) and N1 € GcWI(R) by definition.
Consider the following pullback diagram:

0

By the middle column in the above diagram and (1), we have Q € GeWZI(R).
Moreover, by assumption, Ext (W, L) = 0, that is, the middle row in the above
diagram is split. So L is in GeWZ(R) by (1). O

Now we give some equivalent descriptions of G¢-weak injective modules,
which shows that an iteration of the procedure used to describe the class of G-
weak injective modules yields exactly the class of Go-weak injective modules.
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Theorem 3.11. The following are equivalent for a left R-module M:

(1) M is Ge-weak injective,
(2) There is a Homgr(Hc(W(R)), —)-exact exact sequence

G= - —-G —-Gy—G_1—=G_9g—---

with each G; € GeWI(R) such that M = Ker(G_1 — G_2);
(3) There is a Homg(GeWZI(R), —)-exact exact sequence

G: ...%Glﬁ.GO%G_lﬁG_Qﬁ...

with each G; € GeWI(R) such that M = Ker(G_1 — G_2).

Proof. (1)= ()holdsbysettingG:--~‘>0‘>M£>M*>O‘>-~-
(3) = (2) is trivial.
(2) = (1). Given a Homg(Hc(W(R)), —)-exact exact sequence

G= - —>G =G —>G_1—>G_9g—---

with each G; € GcWZ(R) and M = Ker(G_1 — G_3). Since Hc(W(R)) L G,
then Ho(W(R)) L M by [21, Lemma 2.9]. Set M; = Ker(Gg — G_1). Then
we have a Hompg(Hco(W(R)), —)-exact exact sequence 0 — M; — Gog - M —
0 such that M; € Ho(W(R))™. Moreover, since Gy € GeWI(R), there is a
Homp(Hc(W(R)), —)-exact exact sequence 0 — G — Wy — Gy — 0 with
Wy € WZc(R) and Gy € GeWZ(R). Consider the following pullback diagram:

0 0
Gl — G
0 Q Wy —>M—=0
|
0—= M Go—= M —=0
b

Since G, My € Ho(W(R))™", we have Q € He(W(R))™. Thus the sequence
0—Q — Wy — M — 0is Homg(Hc(W(R)), —)-exact. Let My = Ker(G1 —
Go). Then we get a Hompg(Ho(W(R)), —)-exact exact sequence 0 — My —
Gy — My — 0 with My € Ho(W(R))". Now consider the following pullback
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diagram:
0 0
G, =G|,
0 M, G Q 0

0 My Gi M,y 0

Now that G§, G1 € GeWZ(R), we have G € GeWZ(R). Moreover, since My €
He(W(R))™, the sequence 0 — My — G — Q — 0 is Hompg(He(W(R)), —)-
exact. Hence we have a Hompg(Hco(W(R)), —)-exact exact sequence --- —
Gs — G2 - G — @ — 0. We repeat the argument by replacing M with @ to
get Wi € WIZc(R) and a Homp(Hco(W(R)), —)-exact exact sequence 0 — T’ —
Wy — @ — 0. Continuing this process, we may obtain a Homg(Hc(W(R)), —)-
exact exact sequence

=W W, =Wy - M =0,

where each W; is C-weak injective. This shows that M is G¢-weak injective,
which completes the proof. (]

4. Foxby equivalence of the modules with finite Go-weak injective
dimension

In this section, we investigate Foxby equivalence relative to the modules of
finite Go-weak injective dimension. Some known results in [19] are generalized.

Proposition 4.1. There are equivalences of categories

CQ®Rr—
He(W(R)) ~ HW(S)).
Homg(C,—)

Proof. We have that the functor Homg(C, —) maps H(W(S)) to Ho(W(R))
by definition, and the functor C ® g — maps Hc(W(R)) to H(W(S)) by Propo-
sition 3.2.  Since Hoc(W(R)) C Ac(R) and H(W(S)) C Bc(9), if M €
HecW(R)) and N € H(W(S)), then we have two natural isomorphisms:
M =~ Homg(C,C ®r M) and C ®p Homg(C,N) = N, which completes the
proof. O

Proposition 4.2. If M € Ac(R), then M is Go-weak injective if and only if
C ®r M is G-weak injective.
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Proof. Let M be G¢-weak injective. Then there exists a Hompg(Hco(W(R)), —)-
exact exact sequence

-++ = Homg(C,W;) — Homg(C,Wy) = M — 0

in Mod R with W; € H(W(S)). Since, in this sequence, each kernel and M are
in Ac(R), by applying the functor C ® g — to it, we will get an exact sequence
-+ = C ®g Homg(C,W;) — C @ Homg(C, Wy) — C g M — 0. Moreover,
since each W; is in B¢ (S), there is a natural isomorphism C'® g Homg (C, W;) &
W;, and hence there is an exact sequence --- — Wy — Wy = C ®r M — 0.
Now let W € H(W(S)), and consider the following commutative diagram

s(W, W) ———————> (W, Wo) ——> s(W,C ®r M) =0

l l l

o ‘>R(S(Cv W)75(07 Wl)) ‘>R(S(Cv W)75(07 WO)) 9R(S(Ov W)vM) -0,

where the symbols g(—, —) and s(—, —) stand for Hompg(—, —) and Homg(—, —).
By the hypothesis and the isomorphism

HomS(VV, Wl) = HomS(C’ QR HOIIls(C, W), Wz)
= Homp(Homg(C, W), Homg(C, W;)),

we have that the top row is exact, that is, the sequence --- — W; — Wy —
C®r M — 0is Homp(H(W(S)), —)-exact. In addition, since

Exts(W,C ®p M) = Exts(C ® g Homg(C,W),C ®@p M)
(1) >~ Extk(Homg(C, W), Homg(C,C ®p M))
>~ Ext’y(Homg(C, W), M)

for any i > 1, it follows that C®r M € H(W(S))+. This shows that C@r M €
GWZI(S).

Conversely, if C @ g M is G-weak injective, then there is a Homg(H(W(9)),
—)-exact exact sequence - - - — W1 — Wy — C®r M — 0 with W; € H(W(S)).
Since M € Ac(R), C ®r M € Bc(S). Moreover, since each W; is in Bo(S),
we can get that all kernels in the above sequence are in Bo(S). By applying
the functor Homg(C, —), we obtain the following exact sequence

e — HOms(C, Wl) — HOms(C, Wo) — HOms(C,C®R M) =M —0.
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Now we will prove that this sequence is also Hompg(Hc(W(R)), —)-exact. In-
deed, for any W € H(W(S)), consider the following commutative diagram

ce— (W, Wy) s (W, Wo) s(W,C®r M) —>0

|

-+ > r(C®r s(C,W),W1) > r(C®r s(C,W),Wy) > r(CRr s(C,W),C®@r M) >0

I

-+ > r(s(C, W), s(C,W1)) > r(s(C, W), s(C,Wo)) —— r(s(C, W), M) —>0

where the morphisms p, po and p; are isomorphisms since W € H(W(S)) C
Bc(S), and the morphisms v, vy and vy are also isomorphisms by [20, Theorem
2.76]. Since the top row is exact by hypothesis, this implies that the middle
row is exact, and hence the bottom row is also exact. Finally, it follows from
the isomorphism: Ext’(Homg(C, W), M) = Ext'(W,C @z M) given in (1)
that M is a G¢o-weak injective R-module. O

Proposition 4.3. There are equivalences of categories

C®r—
GeWI(R) N Ac(R) = GWI(S) N Be(S).
Homg (C,—)

Proof. By Proposition 4.2, we first have that the image of the functor C ®p —
under GeWI(R)NAc(R) is in GWI(S). Also M € Ac(R) implies C ®p M €
Bc(S). Therefore, if M € GeWI(R) N Ac(R), then C @r M € GWI(S)N
Bo(9).

We next show that the image of the functor Homg(C, —) under GWZ(S) N
Be(S) is in GeWI(R) N Ac(R). In fact, let M € GWI(S) N Bc(S). Then
M € HW(S))" and there is a Homg(H(W(S)), —)-exact exact sequence
e > Wy = Wy - M — 0 with W; € HOW(S)). By applying the func-
tor Homg(C, —) to it, since M and all kernels in this sequence are in B¢o(.S),
we get an exact sequence

-+ = Homg(C, W) = Homg(C, Wy) — Homg(C, M) — 0

and clearly Homg (C, W;) € He(W(R)) for any i > 0. Now let W € He(W(R)).
Then there exists W € H(W(S)) such that W = Homg(C,W). By applying
the functor Hompg(W, —), we can get the following commutative diagram:

<= r(W,5(C,W1)) —> r(W, 5(C, Wp)) —> r(W,s(C,M)) —>0

)

<> r(s(C, W), 5(C,W1)) > r(s(C, W), s(C,Wo)) > r(s(C,W),s(C,M)) >0

| | |

g (W, W) ———————> (W, W) —————— > (W, M) ——>0
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Since the bottom row is exact, it follows that the top one is also exact. More-

over, from the isomorphism
Extly (W, Homg(C, M)) = Ext’y(Homg(C, W), Homg (C, M)) = Exth (W, M),

we have Homg(C, M) € Ho(W(R))™. Therefore, Homg(C, M) € GeWI(R) N

Ac(R).
Finally, if M € GeWI(R) N Ac(R) and N € GWI(S) N Ba(S), then by

definition we have two natural isomorphisms: M = Homg(C,C ®r M) and
C ®r Homg(C, N) = N, which complete the proof. O

Following Propositions 4.1, 4.3 and the classical Foxby equivalence, we have:
Theorem 4.4. (Foxby Equivalence) There are equivalences of categories
C®Rr—

He(W(R)) ~ HOV(S))

M Homg(C,—) M

C®r—
WZIo(R) - WI(S)
M Homg (C,—) M

C®r—
GeWI(R) N Ac(R) = GWI(S) N Be(S)
Homg (C,—)

CRr—
Ac(R) ~ Ba(S).
Homg (C,—)

Let n be a positive integer. For convenience, we set some notations as
follows:
)<n = the subcategory of those M with H(W(S))-id(M) < n;
)<n = the subcategory of those M with Ho(W(R))-1d(M) < n;
GWI(S)<, = the subcategory of those M with GWZ(S)-id(M) < n;
) <n,
where GeWI(R)-id(M) < n means that there is an exact sequence

0-M-—-G" =G - = G" =0
in Mod R where each G* is G¢-weak injective.

Proposition 4.5. There are equivalences of categories

CR®r—
He(W(R))<n ~ HOV(S))<p.

- Homg (C,—)
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Proof. First,if M € He(W(R))<n, then C@gM € H(W(S))<y, by Proposition
3.5. Now let M € H(W(S))<n. By definition there is an exact sequence
0=>M—>Wy—= W, — -+ = W, — 0 with W; € H(W(S)). Since M and all
cokernels are in B¢ (S), we obtain that the following sequence

0 — Homg(C, M) — Homg(C, Wy) — - -+ — Homg(C,W,,) = 0

is exact. Moreover, Homg(C,Wy) € Ho(W(R)) shows that Homg(C, M) €
Ho(W(R))<n, as desired. O

Proposition 4.6. There are equivalences of categories

COr—
gCWI(R)Sn NAc(R) ~ gWI(S)Sn N Bc(9).
Homg (C,—)

Proof. Let M € GeWI(R)<, N Ac(R). We first claim that there is an exact
sequence (>): 0 - M — G - W! — ... 5 W" — 0 with G° € GeWZ(R)
and W' € Hc(W(R)). Indeed, since M € GeWI(R)<,, there is an exact
sequence

0-+M—-G" =G — .- =2G" =0

in Mod R where each G* is Gg-weak injective. Since G™ is G¢-weak in-
jective, there is an exact sequence 0 — N — W™ — G"™ — 0 such that
Wn € HecW(R)) and N € GecWI(R). Let Vi = Ker(G' — G*1) for
1 <i<n—1 and consider the following pullback diagram:

0 0
I
yn—1 — yn-1

Since N and G"~! are Gc-weak injective, so is H"~!. By assembling the
middle column in the above diagram and the exact sequence --- — G"~3 —
G2 5 V1 0, we get the following exact sequence

s GV S G S HY S W 0.

Now that H™ ! is G¢-weak injective, so there is an exact sequence 0 — N/ —
wnr=t — H"=! — 0 such that W"~! € He(W(R)) and N’ € GeWI(R).
Continuing this process, we may obtain the exact sequence (I>) as claimed.
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Since M and W* are in Ac(R) in the sequence (I>), it is easy to verify that
G° and all kernels are in Ac(R). Thus we obtain the following exact sequence

05CRrM—-CerG°—-CRrW!— ... 5 CQrW" = 0.

By Propositions 4.1 and 4.3, we have C ®r G° € GWZ(S) and C @ W' €
H(W(S)) € GWI(S), which induces that C @ g M € GWI(S)<,, N Bc(S).
Now let M € GWI(S)<,NBc(S). Then, as a special case for C = R, there is
an exact sequence 0 — M — G® — W — ... - W" — 0 with G° € GWI(R)
and W% € H(W(S)). Since M and W are in B¢ (9), it is easy to verify that G°
and all cokernels are in B¢ (S). Thus we obtain the following exact sequence

0 — Hom(C, M) — Hom(C, G°) — Hom(C, W) — --- — Hom(C,W") — 0.

By Propositions 4.1 and 4.3, Hom(C, G°) € GcWZ(R) and Hom(C,W?) €
He(W(R)) € GeWI(R), which induces Hom(C, M) € GeWI(R)<, N Ac(R).
(|

By Propositions 4.5 and 4.6, one can easily obtain the following result, which
is the counterpart of [19, Theorem 4.6] in the present context.

Theorem 4.7. There are equivalences of categories

COr—

N Homg(C,—) N
COr—

WIc(R)., ~ WI(S),

N Homg (C,—) N

COr—
GcWI(R) ., N Ac(R) ~ GWI(S).,, NBc(S)

T Homg (C,—) o

COr—
Ac(R) ~ Be(S).
Homg (C,—)

We end this section with some description of GWZ(S) N B (S), which is of
independent interest.

Definition 4.8. Let ¢Cr be a semidualizing bimodule. A complete Hom-
WZITI-resolution is an exact complex

Y = ~~4%>Mﬁ 49-W%4—>]04%>I14%>-~

of left S-modules satisfying:
(1) Y is both Homg(H(W(S)), —)-exact and Homg(C, —)-exact;
(2) Each W; is weak injective and each I' is injective for any i > 0.

We denote by QWIC(S) the modules M which arise in the following way:
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There exists a complete Hom-WZZ-resolution Y as above, such that
M = Ker(I° — I').

We note that, WIZ(S) € GWIY(S) € GWI(S); and if C = R, then
GWIC(S) = GWI(S).

Proposition 4.9. GWZ(S) N Bec(S) = GWIC(S).

Proof. Let M € GWZ(S) N Bc(S). Then there exists a Homg(H(W(S)), —)-
exact exact complex

Y = ~-~‘>W1‘>WO‘>IO‘>II‘>--~

in Mod S with each W; weak injective and each I’ injective such that M =
Ker(I° — I'). Note that M € Bc(S), and I' and W; belong to Bo(S) by
[8, Theorem 2.2], one can easily verify that the complex Y is Homg(C, —)-
exact. Thus M € GWI(S).

Conversely, if M € QWIC(S ), then by definition there exists a exact com-
plex

Y = ~~~‘>W1—>WO—>IO—>Il—>-~-

in Mod S with each W; weak injective and each I’ injective such that M =2
Ker(I° — I') and Y is both Homg(H(W(S)), —)-exact and Homg(C, —)-
exact. Clearly, Extfg(C, M) = 0 for any ¢ > 1. By definition, the sequence
Homg(C,Y):

-+ = Homg(C, W;) = Homg (C, Wy) - Homg(C, I°) = Homg(C, I*) = - -

is exact and Homg(C, M) = Ker(Homg(C,I°) — Homg(C,I')). Moreover,
since all W; and I* belong to Bc(S) by [8, Theorem 2.2], the natural eval-
uation homomorphisms vy, : C ®g Homg(C,W;) — W, and vy : C ®g
Homg(C, I') — I* are isomorphisms. Now consider the following commuta-
tive diagram:

- —>CQ®r s(C,W1) —>C®gr s(C,Wo) —> C®r s(C,I°) —> C®gr s(C,I") —> -+

ml”wl N\LVWO N\LVIO N\L’ﬁl

Wi Wo 1° It

Then the sequence C @ Homg(C,Y) is exact and that
C @ Homg(C, M) = Ker(C @ Homg(C, I°) — C @ g Homg(C, "))
=~ Ker(I® = I') = M.
Moreover, since all Homg(C, I*) and Homg(C, W) belong to Ac(R), we have
Torf(C, Homg(C, I*)) = 0 = Tor®(C, Homg(C, W) for any i > 1.
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By [21, Lemma 2.9(3)], we get that Tor?*(C, Homg(C, M)) = 0 for any i > 1.
Thus M € Bc(S), and so M € GWZ(S)NBc(S), which shows that GWZ(S)N
Bao(S) = GWIC(S). O

By Propositions 4.3 and 4.9, we immediately get the following result.
Corollary 4.10. There are equivalences of categories
CO®r—

GeWI(R) N Ac(R) < GWIC(S).
Homg (C,—)

5. Applications

In this section, we give some applications of G¢-weak injective modules. We

show that every module in QCVV?(R) admits a special ’Hc(/VWR))—precover and
a special GoWZI(R)-preenvelope, and that the triple

(GeWI(R). HoDVIR)). Ho(W(R))

satisfies weak co-Auslander-Buchweitz context. In addition, we give a new
model structure in Mod R and a dual pair induced by G ¢-weak injective mod-
ules.

5.1. Weak co-Auslander-Buchweitz context and approximations

In [11, p. 34], Hashimoto introduced the terminology of weak Auslander-
Buchweitz context (or weak AB-context for short). It is a triple (X, Y, w) of full
subcategories of an abelian category A which satisfies the following conditions:

(AB1) X is closed under extensions, epikernels and direct summands in A;

(AB2) Y is closed under monocokernels, extensions and direct summands in
A, and one has ) C X where X is the subcategory of left R-modules
with finite X'-projective dimension;

(AB3) w =X NY and w is an injective cogenerator of X.

If, moreover X = A, then (X,),w) is called Auslander-Buchweitz context
(or AB-context for short).
As a duality, we give the following definition.

Definition 5.1. A triple (X,),w) of full subcategories of an abelian cate-
gory A is called weak co-Auslander-Buchweitz context (weak co-AB-context for
short) if this triple satisfies the following conditions:

(coAB1) X is closed under extensions, monocokernels and direct summands in
A;

(coAB2) Y is closed under epikernels, extensions and direct summands in A,
and one has Y C X where X is the subcategory of left R-modules
with finite A'-injective dimension;

(coAB3) w =X NY and w is a projective generator of X.
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If, moreover X = A, then (X, Y, w) is called co-Auslander-Buchweitz context
(co-AB-context for short).

o —

Lemma 5.2. The subcategory WZc(R) of left R-modules with finite WIo(R)-
injective dimension is closed under kernels of epimorphisms, extensions and
summands.

Proof. Easy. O

Lemma 5.3. The subcategory ’Hc(/VWR)) is closed under kernels of epimor-

—

phisms, extensions and summands. Moreover, Ho(W(R)) C GeWZI(R).

—

Proof. Because HCWR)) =WZIc(R)NWPc(R) by Lemma 3.5, and WP (R)
is closed under kernels of epimorphisms, extensions and summands by defini-
tion. Thus the assertion follows from Lemma 5.2. (I

-

Lemma 5.4. HecW(R)) = GeWZ(R) Hc(W(R)) and Ho(W(R)) is a pro-
jective generator of GeWI(R).

o —

Proof. The containment He(W(R)) C GeWZ(R) (N Hco(W(R)) is trivial.
Now let M € GeWI(R)(\Hc(W(R)). Then there is an exact sequence

0-M-—->Q—>N-—->0

with Q € He(W(R)) and N € He(W(R)). Tt is easy to verify that Ext, (N, M)

=0 since M € GcWZI(R). So M € Hc(W(R)) and hence the equality holds.
Moreover, Ho(W(R)) is a projective generator of GeWZ(R) by Proposition

3.9. ]

-

Theorem 5.5. The triple (QCWI(R),’HC(W(R)),’H,C(W(R))> satisfies the

weak co-AB-context.

Proof. The assertion follows immediately from Proposition 3.10 and Lemmas
5.3, 5.4. 0

By Theorem 5.5 and a dual result of [11, Theorem 1.12.10], we get immedi-
ately the following result.

Corollary 5.6.

(1) He(W(R)) is a unique additive projective generator for GoWZI(R)
in the sense that if P is a projective generator for GeWI(R), then
add(P) = ”Hg(ﬂ(R))

(2) Let M € GeWI(R). Then

(i) there exists an exact sequence 0 — L — W — M — 0 with
W € HeOW(R)) and L € GeWI(R);
(i) there exists an eract sequence 0 — M — N — W — 0 with

W € He(W(R)) and N € GeWI(R).



GORENSTEIN WEAK INJECTIVE MODULES 1413

(3) Let M € QCVV?(R). Then the following are equivalent:
(i) M € GcWI(R);
(i) M € HoOM(R))
(i) M € HeW(R))
(iv) M € HeW(R))*.
(4) Let M € QCWI(R). Then the following are equivalent:
(i) M € HoW(R));
(i) M € “GoWI(R);
(iii) M € 11GoWI(R);
(iv) inf{n | Ext;"'(M,G) = 0 for any G € GcWI(R)} < oo and
M e LfHCO/V(R)).
(5) Let M € GeWI(R). Then we have the equalities
GcWI(R)-id(M) = inf{n | Ext%™ (W, M) = 0 for any W € Hc(W(R))}

= inf{n | Ext};" (W, M) = 0 for any W € HCWR))}.

€
L

(6) Let M € HoOM(R)). Then GeWI(R)-id(M) = Ho(W(R))-id(M).
(7) Given an exact sequence 0—>L—M-—N—=0. If any two ofL M

and N belong to QCWI( ), then the third also belongs to QCWI( ).

Remark 5.7.

(1) From the conditions (2)(i) and (3) of Corollary 5.6, we see that every
modules in QCVV-I\(R) admits a special Hc(/VWR))—precover in the sense
that: Given a class F of modules and a module M, a special F-precover
of M is an epimorphism F' — M such that F' € F and its kernel is in
F11 (see [10, Definition 5.12]).

(2) From the conditions (2)(i) and (4) of Corollary 5.6, we see that every
modules in QCVV-I\(R) admits a special GoWZ(R)-preenvelope in the
sense that: Given a class F of modules and a module M, a special
F-preenvelope of M is a monomorphism M — F' such that F' € F and
its cokernel is in 11 F (see [10, Definition 5.12]).

In fact, we can get a more refined version of Corollary 5.6(2) as follows.
Theorem 5.8. Let M be a left R-module and n a nonnegative integer. The
following are equivalent:

(1) M € GeWI(R),;

(2) There exists an exact sequence 0 — L — W — M — 0 with W €
HecW(R))<,, and L € GeWI(R);

(3) There exists an exact sequence 0 - M — N — W — 0 with W €
HeW(R))<,,—, and N € GeWI(R) (n > 1).

Proof. (1) = (2). We use induction on n. The case n = 0 holds by Proposition
3.9. Assume that it is true for the case n —1 (n > 1). Let M € GeWI(R),,
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Then there exists an exact sequence
0-M-G" -G —-...=-G"=0
such that each G* € GeWZI(R). Set U := Im(G" — G'). We get two exact

sequences
0-M—-G"-0—-0and0 -0 -G —»--- > G"—0,

that is, U € GeWI(R) <n—1- By induction hypothesis, there exists an exact
sequence 0 — L' — W' — U — 0 with W' € Hc(W(R)).,,_, and L’ €

GcWI(R).
Consider the following pullback diagram:
0 0

0 0

By the middle column and Proposition 3.10, we know that T € GoWZ(R).
Thus there is an exact sequence 0 — L — Wy — T — 0 with Wy € Ho(W(R))
and L € GeWZ(R) by Proposition 3.9. Consider the following pullback dia-
gram:

— W —0

— W' —0

]
l

o
D<—ﬂ<—§<—h<—©

By the middle row and the fact W’ € Ho(W(R)).,,_,, we have
W e HC(W(R))Sn'

Thus the second column shows that the result holds for the case n.
(2) = (1). Assume that there exists an exact sequence 0 - L - W — M —
0 with W € Ho(W(R))<,, and L € GeWI(R). Since W € He(W(R))<,,
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there is an exact sequence 0 = W — W% — W' — ... - W™ — 0 with each
Wie HoecW(R)). Set V :=Im(W" — W1). Then we have an exact sequence
0= W =W —V = 0with W’ € He(W(R)) and V € HcW(R)),,_;-
Consider the following pushout diagram: -

0 0

I
0—L—W-—M-—0

I
0—>L—W"—Q—0

Voo

V—7=V

P

0 0

By Proposition 3.2, W° € WZ(R), and hence by the middle row and Propo-
sition 3.8, we get Q@ € GeWI(R). Thus M € GeWI(R).,, by considering the
exact sequence 0 - M — Q — V — 0. -

(1) = (3) As a similar argument to the proof of (1) = (2), we have an
exact sequence 0 — M — G° — U — 0 with G* € GeWI(R) and U €
GcWI(R)_, _,- Applying (1) = (2) to U, we can get an exact sequence 0 —
L—W =0 —0with W e HcW(R))., , and L € GeWI(R). Consider
the following pullback diagram: -

0 0
l
L=—==1L
l
0 M T w 0
|
0 M G° (8} 0
|
0 0

By the middle column and Proposition 3.10, we know that T € GoWZ(R).
The middle row of this diagram is just our desired sequence.
(3) = (1) is trivial. O

5.2. Model structure

Proposition 5.9. If GWZI(R) = Mod R, that is, the triple
(9w (R), HOV(R)), HOV(R)))
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—

satisfies the co-AB-context, then (WP(R) N WI(R),GWI(R)) and (WP(R),

—

GWI(R)NWZI(R)) are complete cotorsion pairs.

—

Proof. By Lemma 3.5, WP(R)NWZI(R) = ’HW)) Moreover, by hypothesis

o

GWZI(R) = Mod R, and by Corollary 5.6, every left R-module has a special

’Hm))-precover and has a special GWZI(R)-preenvelope, and GWZ(R) =
— T — —
HW(R)) , HOW(R)) = “*GWI(R). Hence (WP(R) " WI(R),GWI(R)) is
a complete cotorsion pair.
Since every weak injective left R-module is G-weak injective by definition,

—

we have WZI(R) C GWI(R) N WZ(R). Next we will show that GWZI(R) N

— —

WI(R) C WZ(R) by induction, and thus GWZ(R) N WI(R) = WI(R). Now
let M € GWI(R)N VV/Z(T%) The case WI(R)-id(M) = 0 is trivial. Suppose
that WZ(R)-id(M) < n < co. Then there is an exact sequence 0 — M —
W — N — 0 with W weak injective and WZ(R)-id(N) < n — 1. It is easy to
see that N is G-weak injective by Proposition 3.8. Thus N is weak injective
by induction. Moreover, since (WP (R), WZ(R)) is a complete cotorsion pair,
there is an exact sequence 0 — L — @@ — N — 0 with L weak injective, and
@ weak injective-projective. Consider the following pullback diagram:

0
L:

0 M T

0 M w

O<—2Z2<—Q=<—tN=<—o0
o

0

Since L and W are injective, T is weak injective. Furthermore, since M is
G-weak injective and Q is weak injective, we have Exth(Q, M) = 0. There-
fore the middle row in the above diagram is split. Thus M is weak injective.

Consequently, (WP(R),GWI(R)N VV/IEE)) = (WP(R),WLI(R)) is, of course,
a complete cotorsion pair. (I

Combining with a relation between model structures and cotorsion pairs
given by Hovey in [16, Theorem 2.2], we get directly the following result.

o —

Theorem 5.10. If GWZ(R) = Mod R, then there is a model structure in which
the cofibrant objects are the weak projective left R-modules, the fibrant objects
are the Gg-weak injective left R-modules and the trivial objects are the left
R-module with finite weak injective dimension.
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5.3. A dual pair induced by GcWZI

In what follows, we assume that R is commutative, and C' is a semidualizing
R-module.

In [14], Holm and Jggensen introduced the notion of a duality pair and
demonstrated how the left half of such a pair is covering and preenveloping.

Let R be aring. A duality pair over R is a pair (X,)), where X and ) are
two classes of R-modules, subject to the following conditions:

(1) For an R-module M, one has M € X if and only if M € Y.
(2) Y is closed under direct summands and finite direct sums.

A duality pair (X,)) is called (co)product-closed if the class X is closed
under (co)products in the category of all R-modules.

A duality pair (X,)) is called perfect if it is coproduct-closed, the class X
is closed under extensions and R belongs to X'.

Lemma 5.11 ([14, Theorem 3.1]). Let (X,Y) be a duality pair. Then X is
closed under pure submodules, pure quotients and pure extensions. Further-
more, the following hold:

(1) If (X,Y) is product-closed, then X is preenveloping.

(2) If (X,Y) is coproduct-closed, then X is covering.

(3) If (X,)) is perfect, then (X, X") is a perfect cotorsion pair.

Next we will construct a suitable dual pair induced by GoWZ. Before
that, we recall that the subcategory of C-weak flat R-modules is denoted by
WFe(R) ={C ®p F | F is a weak flat R-module} in [8, Definition 2.1]. Also
we give the following definition.

Definition 5.12. Let C be a semidualizing R-module. A complete FWF -
resolution is an exact complex

X= o —F —F—-=W0 W —...

of R-modules satisfying the following:
(1) X'is Hec(W(R)) ®r — exact;
(2) Each W' is C-weak flat and each Fj is flat for any i > 0.
An R-module M is called Gg-weak flat if there exists a complete FWF -
resolution X such that M = Ker(W° — W), in which X is called a complete
FWUF c-resolution of M.

We denote by GoWF(R) the subcategory consisting of Go-weak flat R-
modules.

Proposition 5.13. Let C be a faithfully semidualizing bimodule.

(1) M is a Go-weak flat R-module if and only if Tor® (M, Ho(W(R))) = 0
for any i > 1 and there exists a Hoc(W(R)) ®r — exact exact sequence
0—M— W% — W — ... with each W' € WFc(R).

(2) If M is a C-weak flat R-module, then M € GeWF(R).
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Proof. Easy. |
Proposition 5.14. The following statements are equivalent for an R-module
M:

(1) M is a Go-weak flat R-module;

(2) M is a Go-weak injective R-module.

Proof. (1) = (2). Let M be a Gg-weak flat R-module. Then, by Proposition
5.13 and [20, Theorem 11.54], we have

Exty(Ho(W(R)), M) = Tor{ (Ho(W(R)), M)* =0
for any ¢ > 1. Next it suffices to show that there exists a Homg(Ho(W(R)), —)-
exact WZ¢(R)-resolution of M by Remark 3.7. Since M is G¢-weak flat,
there exists an exact sequence
F=0—M —>C®prF’—>C®pF'— -

such that the complex Ho(W(R)) @g F is exact, where each F' is weak flat.
This implies that the complex

Ft=... - (C®r F))" — (Cor FO)T — Mt —0
is exact, and thus the complex
Ft =... — Homp(C, (F')") — Homg(C, (F)") — MT — 0

is exact with each (F%)T weak injective. Since Ho(W(R)) ®g F is exact, it
follows that the complex (Hc(W(R)) ®r F)T is exact. Moreover, we have

Hompg(He(W(R)), (C @r F')) = (HeW(R)) @r C @ F')*.
This implies that the complex Homg(Hc(W(R)),F*1) is exact. Therefore M
is Go-weak injective.

(2) = (1). Let M be a G¢o-weak injective R-module. To prove that M is a
Go-weak flat R-module, we will construct a Ho(W(R)) ® g — exact WF o (R)-
coresolution of M. Now if we can construct a short exact sequence
(1) 0—M-—F—1L'—0o,

where FY is C-weak flat and (L!)" is Go-weak injective, then the WF ¢ (R)-
coresolution of M can be constructed recursively. That is, we can conclude an
exact sequence

F= 0—M —F' —F' — ...
where each F™ is C-weak flat, and (L™)" is G¢-weak injective for each L™ =
Ker(F™ — F" ™). Let I € Ho(W(R)). Then

(Torf(L", I))" = Extly(I,(L™)") =0
for any i > 1. Tt follows that Torf*(L",I) = 0 for any i > 1. Therefore F is
HoW(R)) ®@g — exact and Tor*(M, Ho(W(R))) = 0 for any i > 1.
Next it suffices to construct the short exact sequence (). By assumption,
the module M™* is Gc-weak injective. So we have a short exact sequence
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0 — Z— E — MT™ — 0, where E is C-weak injective by definition. It
follows that the sequence 0 — M*+ — Et — Z+ — 0 is exact. Note
that M, being a pure submodule of M (see [22, Exercise 41, p. 48]), embeds
in a C-weak flat R-module (for E* is C-weak flat by [8, Proposition 2.6]).
Since every module admits a C-weak flat preenvelope by [8, Theorem 2.12(1)],
we assume that ¢ : M — FY is a C-weak flat preenvelope of M, then ¢ is
injective. Set L' = Cokery. Then we have an exact sequence

(1) 0—M—F°— L' —0.

Next we will prove that (L')T is Go-weak injective. From (1) we get a short
exact sequence
n
0— (LYt — (FO)T 25 Mt — 0,
where (F°)* is C-weak injective by [8, Proposition 2.6]. Since M+ is G-weak
injective by assumption, it is enough to show that Extk(J, (L*)*) = 0 for all
J € Ho(W(R)) by Proposition 3.10(2). But Exth(J, (L)) vanishes if and
only if the map
Hompg(J, ™)) : Homp(J, (F°)") — Hompg(J, M)

is surjective (where ExtkL(J, (F°)T) = 0 since (F°)* is C-weak injective), so
we consider the commutative diagram

Hompg(J,¢T)
- s

Hompg(J, (FO)*) Hompg(J, M)
J/ om + i
Homp(FO, J+) ) omp(M, JH).

The module J+ is C-weak flat, and ¢ is a C-weak flat preenvelope of M, so the
map Hompg(p, JT) is surjective, and hence so is Hompg(J, o). This completes
the proof. O

Now we are able to give the main result in this subsection.

Theorem 5.15. The pair (GeWF(R),GeWZ(R)) is a coproduct-closed duality
pair. In particular, GeWF(R) is covering.

Proof. By Propositions 5.14 and 3.10, we have (GeWF(R),GcWZ(R)) is a
duality pair. It is easy to check that the class GeWF(R) is closed under
coproducts, so (GeWF(R),GcWI(R)) is coproduct-closed. Thus the assertion
holds by Lemma 5.11. O
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