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GRADIENT ESTIMATES AND HARNACK INEQUALITES OF
NONLINEAR HEAT EQUATIONS FOR THE V-LAPLACIAN

HA TUuAN DUNG

ABSTRACT. This note is motivated by gradient estimates of Li-Yau, Hami-
Iton, and Souplet-Zhang for heat equations. In this paper, our aim is
to investigate Yamabe equations and a non linear heat equation arising
from gradient Ricci soliton. We will apply Bochner technique and maxi-
mal principle to derive gradient estimates of the general non-linear heat
equation on Riemannian manifolds. As their consequence, we give sev-
eral applications to study heat equation and Yamabe equation such as
Harnack type inequalities, gradient estimates, Liouville type results.

1. Introduction

In the seminal paper [12] by Li and Yau thirty years ago, the authors intro-
duced gradient estimates of the following heat equation

(1.1) (A — gz t) — %)u(m,t) —0

on complete Riemannian manifolds, where the potential ¢(z, t) is assumed to be
C? in the first variable and C' in the second variables. As a application, they
proved an interesting Harnack inequality. Due to Li-Yau’s Harnack inequality,
we have known that the temperature at a given point in spacetime is controlled
from the above by the temperature at a later time.

Later, Hamilton (see [11]) and Souplet-Zhang (see [18]) introduced other
kinds of gradient estimates for heat equations of form

(1.2) %u(w, t) = Au(z,t)

on compact Riemannian manifolds. It is worth to notice that using Hamilton’s
gradient estimates we can compare the temperature of two different points at
the same time while using Souplet-Zhang’s gradient estimate, we can compare
temperature distribution instantaneously.
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Recently, gradient estimates of Li-Yau, Hamilton, and Souplet-Zhang are
generalized in many direction. For example, Ma [14] investigated the following
non linear equation

(1.3) Au+ aulogu + bu =0

on complete non-compact Riemannian manifolds where a < 0 and b are con-
stants. He emphasized that (1.3) has a closed relationship with the so called
gradient Ricci solitons. Here by saying a Riemannian manifold (M, g) to be a
gradient Ricci soliton, we mean that there is a smooth function f on M and a
constant A € R such that

Ric+Hess f = Ag.

On a gradient Ricci soliton, if we set u = e/, then by some direct computations,
one can show that u satisfies

Au+ 2 ulogu + (Ag+n\)u=0

for some constant Ag; see [14].
Motivated by gradient estimates of Li-Yau, Hamilton, and Souplet-Zhang,
it is very natural to look for gradient estimate of the nonlinear equation (1.3).
Moreover, an important generalization of the Laplacian is the following opera-
tor
Ay -=A+(V.V )

which can be considered as a special case of V-harmonic maps introduced
in [6]. Here V is a smooth vector field on M. Due to [6], V-harmonic maps
include Hermitian harmonic maps, Weyl harmonic maps, affine harmonic maps,
and Finsler maps from a Finsler manifold into a Riemannian manifold. In
[4], the authors introduced existence and uniqueness theorems for V-harmonic
maps from complete noncompact manifolds. They also obtained a Liouville
type theorem for V-harmonic maps. In particular, a V-Laplacian comparison
theorem was pointed out under the Bakry-Emery Ricci condition in [4]. Recall
that on a complete Riemannian manifold (M,g), we can define the Bakry-
Emery curvature by

1 1
Ricy = Ric — 5cvg, RicY = Ricy — NV YV,

where N > 0 is a natural number and Ly is the Lie derivative along the
direction V. Later, Chen and Qiu established gradient estimates of Li-Yau
type and Harnack inequalities of the following nonlinear parabolic equation for
the V-Laplacian

ur = Ayu + aulog u.

Considered the same heat equation, Li derived Cheng-Yau, Li-Yau, Hamilton
gradient estimates for Riemannian manifolds with Bakry-Emery Ricci curva-
ture bounded from below. He also estimated global and local upper bounds, in
terms of Bakry-Emery Ricci curvature for the Hessian of positive and bounded
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solutions of the linear heat equation. For further result related to V-Laplacian,
we refer the reader to [4,6-8,10,16,19] and the references therein.

On the other hand, our noted is also motivated by works on Yamabe equa-
tion. For example, in [1], for some constants b < 0 and p > 1 the authors
considered the following Yamabe-type equation

Au+bu+uP =0

on compact manifolds. They showed that the above Yamabe-type equation
has only trivial solution provided that some conditions on the Ricci tensor, the
dimension constant, and the ranges of b, p are added. When the underlying
Riemannian manifold is complete, non-compact, Brandolini et al. [2] considered
the Yamabe-type equation

(1.4) Au+ a(x)u+ A(x)u? =0,

where a(z) and A(z) are continuous functions on M and p > 1. If A(z) < 0
everywhere, under some integrable conditions, the authors showed that (1.4)
has no positive bounded solution. For further discussion on Yamabe’s problem,
we refer the reader to [9,15] and the references therein.

Inspired by (1.3) and (1.4), in this paper, let (M, g) be a Riemannian man-
ifold and V' be a smooth vector field on M, we consider the following general
heat equation

(1.5) ur = Au+ (V, Vu) + au®log u + bu® + cu,

where a > 0 is a constant and a, b, ¢ are functions defined on M x [0, c0) which
are differentiable with respect to the first variable z € M. Our aim is to derive
some gradient estimates Souplet-Zhang type for positive bounded solutions of
(1.5). Suppose u is a positive solution to (1.5) and v < C for some positive
constant C. Let @ :=u/C then 0 <% <1 and u is a solution to

Uy = AU+ (V, V) + au® log u + bu® + ci,

where @ = aC*™ !, b = aCo! logC + b. Due to this resson, without loss of
generality, we may assume 0 < v < 1. Throughout this paper, the symbols ¢+
and ¢~ are denoted by

¢" = max{q,0};¢~ = min{g,0}.
Our main theorem is as follows.
Theorem 1.1. Let (M, g) be a complete noncompact n-dimensional Riemann-
ian manifold and V be a smooth vector field on M such that Ricy > —K for
some K >0 and |V| < L for some positive number L. Let a > 0 be a constant
and a, b, ¢ be functions defined on M X [0, 00), which are differentiable with re-

spect to x € M. Suppose that u is a positive solution to the following nonlinear
heat equation

(1.6) ur = Au+ (V, Vu) + au®log u + bu® + cu
with w <1 for all (x,t) € M x [0,00). Then
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1. If a > 1, we have

\Y% 1
M < (1 + sup \/ <K—|—H—|—mL +abt +ct + = (\V(L| + |V + \V(“|))
u t2  Mx[0,00)

+ sup  /|Val + |Vb| + |Vc|> (1 —logu).
M x[0,00)

2. If0 < a <1, and a,b,c are functions of constant sign on M x [0,0),
we have

v
[Vl <+ sup /2K + [ue=2|, (a+3la| + 3[b]) + ¢ + |c])
u tz M x[0,00)

\Va|2 Vbz) [Vel?
su u®—2 + 1—1logu),
s \/ o2l (g + 5 ) + ey ) @ - osw

|u] oo = sup |ul,
M

where

1
H=(a-1)]|a”| sup log-—.
M x[0,00) u
Remark 1.2. Note that if & = 1, (we may assume ¢ = 0 in this case), the
equation (1.6) becomes u; = Au+ (V, Vu) 4 aulog u+ bu which was considered
by Dung anh Khanh in [10]. By the first conclusion of Theorem 1.1 we obtain

v
| u'_ (t +  sup {\/2(K+a++b+)+Va+|Vb|+€/|Va|+Vb|}>
2

u M x[0,00)
x (1 —logu).
Since VaP [V
Va Vb
< 4 ).
|Val +|Vb| < ot T opr +(a” +0b")

The above gradient estimate is similar to the estimate in Theorem 2.1, in [10].
However, at any point where a,b are small and |Va|, |Vb| are large, it seems
that our estimate is better that in [10]. Moreover, if « = 1, |V| < L and
a,b,c = 0, the equation (1.6) reads as u; = Au + (V,Vu). Hence, for any
positive solution u to this equation u < 1, we have

194 < (1 /5 1 g
This inequality is exactly a main result in [19]. We also want to mention that
if V= V/f, where f is a smooth function on M, due to method we used in
this paper, we need to assume that |V f| < L. It turns out that our result is
not as good as that in [19]. This is because we do not have a good enough
V-Laplacian comparison for general smooth vector field V. Nevertheless, when
V = Vf, we can use a Brighton’s proof trick (see [19]) to devire the same result
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as in [19]. Tt is also worth to notice that when V' = V f, using the method given
is this paper, the same strategy of applying Brighton’s Laplacian comparison
as in [19], we still can obtain all results in this paper, without assuming that
V' is bounded.

The paper is organized as follows. In Section 2, we will introduce a technique
lemma. Then we will use it to give a proof of Theorem 1.1. Using similar
arguments as is the proof of Theorem 1.1, we show another gradient estimates
with assumption on Ricl. This result can be considered as a generalization
of Souplet-Zhang and Ruan’s gradient estimates (see [17,18]). In Section 3,
we derive several applications of gradient estimates given in Section 2. They
are Harnack type inequality, Liouville type theorem and gradient estimates for
nonlinear elliptic equations.

2. Gradient estimates for a nonlinear heat equation

To begin with, let us introduce some notations and a technique lemma.
Suppose that u is a positive solution of (1.5) with u < 1 for all (x,t) € M x
[0,00). Let

O=A+(V,V) =0, f=logu<O0.
By direct computation, we have

Of =Af+{V.Vf) = fi
Cu
=7
u
= —ael@ VI f _pele=DF _ ¢ |V f2
Now, we state the computational lemma.
Lemma 2.1. Let w = |Vlog(1 — f)|?, where f is as the above paragraph.
(i) If « > 1, then w satisfies
1
Ow > -2 {K—FH—#— at +abt 4+t + 3 (|Va| +|Vb| + Vc)} w

(2.1) — (|Va| + |Vb] + |Ve|) 4+ 2(1 — fHw? + 2f|Vw|w?.
(ii) If0 < a <1, then w satisfies
Ow > -2 (K + ’uo‘_le (a+3lal+3[b]) +c+ |c]) w

ez (el [9OF) (Ve
>\ 2lal 21| 2|c|
(2.2) +2(1 = Hw? +2f |Vw|w? .
Here

|uloo = sup [ul,
M
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_ 1
H=(a—1)|a"| sup log-.
M x[0,00) u
Proof. By V-Bochner-Weitzenbéck formular in [13,16], we have
1
§Av|Vu|2 > |V2ul* + Ricy (Vu, Vu) + (VAvyu, Vu) .
Using this inequality and the assumption Ricy > —K, we deduce that
Ow > 2|V log(1 — f)|* = 2K|Vlog(1 — )|
(2.3) + 2<VAV log(1 — f), Vlog(1l — f)> — wy.
We calculate directly that
“Avf w
1—f
“Uf-fi
1—f
ael VI fpbel=Df L et |Vf?2— f; B
1—f
ael®=Df f 4 pela=Df L ¢
1—f
(2.4) + (log(1 = f)), + (1 = flw —w.
Combining (2.3) and (2.4), we obtain
Cw > —2Kw+2 <v (“”ff"ff“’)* + (log(1—f)), — fw) ,Vlog(l—f)>—wt.
Observe that
2(V (log(1 — f)),, Vleg(1 — f)) = (|Vlog(1 - f)[?), = w,
\V4 {e(o‘_l)f(af +b) + c} = (a— 1)er(o‘_1)f(af +b)
+ eV (fVa +aVf 4 Vb) + Ve
= Vel a+ (a—1)(af +0)]
+ eV (fVa + Vb) + Ve.

Aylog(l—f) =

Hence,
O > —2Kw +2 (v (L0005 ) Glog(1 - )
= —2Kw -2 <er(““’f[(th<]g—1><af+b>1 1 L Tar v v

e=DF (g f1b)+ec vf
L DAY ) — fw, Viog (1 —f)>

— 9Kw — 2¢@Df g — 2e(a’l)f(af+b)[(af—1)(1—f)+1}w
1—




GRADIENT ESTIMATE 1291

2 o
- _cfw+2<e< 1)f(f1vi[+vz))+Vc’Vl0g(1 _ f)>

(2.5) +2(1 — flw? — 2f (Vw, Viog(1 — f)).
By the Schwartz inequality, we have

(a=1)f b
e (Va+V)+Vc7v10g(1_f)
1—f
eV (fVa + Vb) + Ve
< & V4V 1910501 - 1)
1-f
(a=1)f(_
<€ ( f|Vla|J}|Vb|)+|VC|w;7

and
—(Vuw, Viog(1 — f)) < |Vuw|[Vlog(1 - f)| = [Vuw|w?.
Combining (2.5) and above two estimates, we obtain

2= Dgf[(a —1)(1 = f) + 1w

Ow > —2Kw — 2V g —

1—f
2e = DIp[(a — 1)(1 = f) + 1w 2¢
-7 =7
(e=Df (f|Va| — |VD|) — |V
(2.6) + 25 U 1“'_ f| D= 1Vel 3 +2(1 = flw? + 2f|Vw|w?.
Casel. Ifa > 1, then 0 < el Df <1, since 0 < ﬁ < 1, a simple calculation
shows
\Y
—21 f fw — 21| _C}wé > —2¢tw— 2|Vc|w%
> —2ctw — |Velw — |V,
(e=1)f|yp
> —|Vblw — |V|.
Similarly, since 0 < % <1, we have
(a=1)f
261‘];|vaw; > —2|Va|w%
> —|Va|w — |Va.

Hence, the inequality (2.6) implies
1
Ow > —2w |K +c¢™ + 3 (|Va| + |Vb| + |Ve])| — (|Va| + |Vb] + |Vel|)

2 Diafla— (a—1) flw
1-f

—9¢@=Df g —
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2e@=DIp[(a — 1)(1 = f) + 1w

(2.7) - 7 +2(1 - fuw® + 2f|Vw|w?.
Observe that

azminfe,0} =a7; 0= fff <L a—(a-1f>a>1
Hence,

2e@Vfafla— (@1 flo 26"V 0" fla = (a—1) flw

L=f - 1—f
(2.8) > 2e(a_1)fa_[a —(a—=1) flw.
Note that
1

0< T—f <1; b<max{bh0}=0b"; e“(a—2)<a,Vz<O0.
Hence,

26 DIp(a— 1)1 =+ 1w 26DV bla— (o= 1) flw

1—f N 1—f
+

(2.9) > —2lo‘f 7wz —2abTw.

Plugging inequalities (2.8), (2.9) into (2.7), we infer

Ow > —Qw{K + ele= DS ot +a” (a—1)(f —1)] +abt +c*

1
+ 5 (7l + 90+ ¥ |

— (|Va| + |Vb| + [Ve|) + 2(1 — HHw?® + 2f|Vw|w?.

Using the inequality 1 —logz < 1 vz € (0,1), we get

a” (a=1)(f-1)<(a=1)|a"[|f 1
< (a-— 1)|a“ (1 —logu)
< (a71)|a*| sup log% =H.

M x[0,00)
Since 0 < el®"Vf <1and at +a~ (a—1)(f —1) > a™ >0, we have
1
Ow > —2 K+H—|—a++ab++c++§(|Va|+|Vb|—HVC\) w
— (|Val| + |Vb] + |Ve|) + 2(1 — fuw® + 2f|Vw|w?.
Case 2. If a € (0,1), then e(® D/ > 1 and |a — 1] < 1, we obtain
(210) eV (af +b)[(a = 1)(1 = f) +1] < DI (= fla] + [b])(2 — ).



GRADIENT ESTIMATE 1293

Using the inequality logz > f”;l,Vx € (0,1), we conclude that

-1 1 2
2—f:2—10gu§2—u :u—i— < —.
U U U

Hence,

@D (—fla| +1Bl)(2 - f) < Ua_l%(—f\ﬂ +[b]) = 2¢1*7DI (= fla| + [b]).
The inequality (2.10) implies
D (af +b)[(a = 1)(1 = f) +1] < 272 (< fla] + []).
Plugging this inequality into (2.6), we have

qela=2)f(_ b 9
Ow > — 2Kw — 2e( "V g — c (=flal + [phw  2¢ w

1-f 1-f
7 4201 — flw?® + 2f|Vw|w?.

el VI (fIVal — |Vb]) — Vel ,
1-f

Since 0 < = f < 1, a simple calculation shows

(2.11)  +2

> 1if (—2011)— |Z|(;||2 - 2|c|w>
- |Z|Z||2 —2(c+|c))w
ele=f ||

i 6 |Vb‘
7271—f w? = — =7 2|b| v 2|blw
(a=1)f |Vb|?
e
> - -2
> T (i ~2ei)

2
(a=1)f _ﬂ _9
>e ( 20 |blw | .

Similarly, since 0 < J} <1, we have

26(a—l)ff|va|

=7 wéz_i__f}(al)fﬂ |m

2l
_ Val?
> % _f}e(a_l)f <—|2|Z|| — 2|a|w)

2
> eloVf _[vel® —2lalw | .
2|al
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Hence, the inequality (2.11) implies
del* =2 (—fla| + [b)w

Ow > —2Kw — 2 [e(a_l)f (a+la| + b)) +c+ |c|} w —

1-f
2 2 2
[ oa=nyg (IVal Vbl Vel 9(1 — Flw? + 2 1
[e ( 2al + o0 + 30l +2(1 - flHw* + 2f|Vw|w?z.
Observe that
o< c1 o< Tf g et cye
1_ f — b — 1 _ f b — b

therefore, the above inequality reduces to the following
Ow > —2Kw — 2 [e(afl)f(a +lal+ b)) +c+ |C|} w — 46D g — 4ee=DF p|
2 2 2
ey (1902 Va2 V] o o o
{e ( o0 + 2al + 2] +2(1 = flHw* + 2f|Vw|w?
> —2Kw — 2 [u*"*(a+3|a| + 3[b]) + ¢+ |c]] w

aa (IVal* [VB[*\ |V 3
"P 2<gm|*'mJ)*JmJ]+2a—me+2waw%

We obtain
Ow > -2 (K + ‘ua_Qloo (a+3lal+31b]) +c+ |c]) w

= juezy (el [VEEY | Vel
=\ 2l " 20 ) " 2]

where |u|_ = sup,, |u|. We complete the proof Lemma 2.1. O

+2(1 = fluw? +2f |Vl w?,

Proof of Theorem 1.1. Choose a smooth function n(r) such that 0 < n(r) <
Ln(r)=1ifr <1,n(r)=0if r > 2 and

"

0>n(r) inr) > —a, ()" >—c
for some c1,¢5 > 0. For a fixed point p € M, let p(x) = dist(p,z) and
Y=n (%) Therefore,

Vo vl 1 (n(n))’ ,_(—e)? &

Since |V| < L, the Laplacian comparison theorem in [4] implies

1
T

Ayp<y/(n—1K +
Hence,

() Vol n(r) Avp
AVU) - R2 R
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—es  (—c1) p nol
Zﬁ + R n (E)leR(P)\BR(P) [ (n o 1)K + P + L}

-1

R[n-DEK +~

R2
Following a Calabi’s argument in [3], let ¢ = t¢) and assume that pw obtains
its maximal value on B(p,2R) x [0,T] at some (z,t), we may assume that  is
not in the locus of p. At (x,t), we have
V(pw) =0,
A(pw) <0,
(pw)¢ > 0.

( ) +L:|Cl +02
2.12 > — .

Hence,
D(pw) = Alpw) + (V. V(pw)) — (pw): < 0.
Since O(pw) = eOw + wlp + 2 (Vw, V), this implies
(2.13) 0w + whe + 2 (Vw, Vo) <0.
Case 1. If o > 1, then combining (2.1), (2.13) and using the fact that
V(pw) = pVw +wVp =0,

we obtain

1
@{—2<K+H+a++ab++0++2(|Va|+Vb|+|Vc|))w

— (|Va| + |Vb| + |Ve)) w4+ 2(1 — fluw? + 2f|Vw|w§}

2
(2.14) + wlp — 2mw <0.
P

Using the inequality 2ab < a® + b2, we get

- i1 (~NIVelw
2f|Vel (1 f)¢{2 1- g }

<0 L)

1= f)%¢?
2 2
= ‘7;1|Y<§|);U + (1= fepw?.

Plugging this inequality into (2.14), we have
1
— 20w |K+H+a"+ab™ +c" + 3 (|Va| +|Vb| + |Vc|)]

QV 2
— o (|Val +|Vb| +|Ve|]) + p(1 — Hlw? — (fl_}p)lww + we
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2
(2.15) — QMU) <0.
¥
Note that
0<y <1 0< 1 <1 0<f72<1
svsb o Usrmysb Usaop st

multiplying both side of (2.15) by ﬁ, we infer

1
— 2pw {K +H+a" +ab +c"+ 3 (|Va| +|Vb| + |Vc)]

cf
R?
It is easy to see that wlly = w[AV(t¢) — (tw)t] = twAyvY — Yw. Hence, by
(2.12) and (2.16), we obtain

(2.16) — o (|Va| + |Vb] + |Ve|) + pw? — 3—swt + wlp < 0.

1
¢w2+w{2[K+H+a++ab++c++2(Va+|Vb|+|vc|)]go

(2.17) + t( —A— f) } — @ (|Va| +|Vb| + |Vc]) <0,

where
n

R[ n—DEK +

-1
7 +L]cl + g + 3c2
A= R .
Multiplying both side of (2.17) by ¢ = 1, we have at (z,t)

1
(pw)? — (@w)T{2 [K +H+at +abt 4+t + 3 (IVa| + |Vb] + |Vc|)} 1
¥
t
where we used 0 <1 < 1,0 <t <T. Hence,

+ A+ } — 02 (|Va| +|Vb| +|Ve|) <0,

1
(pw)?— (gow)T{Z [K+H+a+ +abt +ct+ 3 (|Val+|Vb|+ Vc)} )

1
(2.18) + A+ T} —T?(|Val| + |Vb| + |Ve|) < 0.

Before completing the proof, we recall a fact: if 22 < az + b for some b,z > 0
and a € R, then

a a\? a a
. <% b (Y <8 @ _ :
(2.19) TS+ b+(2> <gH+Vh+g=a+h

Applying (2.19) to the inequality (2.18), we get

1 1
cprT{Q [K+H—|—a++ab+—|—c+—|—2(|Va|+Vb—|—|Vc|)}1/J+A+T}

+T+/|Va| + V0| + |Vel.
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For any (z9,T) € B(p, R) x [0,T] we have at (zq,T)

w < sup {{K+H+a +abt 4+t 4 = (|Va|+Vb|+|Vc|)}
M x[0,00)

1
+vV/|Va| +|Vb| + V| } +A+

Let R tends to oo, we obtain at (zo,T)

Vu
| | < sup \/<K+H+a++ab++c++ (\Va|+|Vb\+\Vc|))
u Tz M x[0,00)

+ sup  V/|Val +|Vb| + Vc) (1—logu).
M x[0,00)

Since (xg,T) is arbitrary, the proof is complete.

Case 2. If 0 < a < 1, repeating the proof of Case 1 with estimate (2.2) line

by line, we arrive

\Y%
| u| <+ sup \/2 (K + [u~=2|  (a+ 3|a| + 3]b]) + ¢+ |c|)
u t2  Mx[0,00)

|V6L|2 V52> [Vef?
sup u®—2 + 1—logu).
T ¢ et (G + ) + ) 04 s

Here
|ulo = sup |ul,
M
_ 1
H=(a—1)|a"| sup log-.
M x[0,00) U
We complete the proof Theorem 1.1. O

Remark 2.2. We would like to notice that the assumption that V' is bounded
is used only for technique reasons. For example, as in [5] if we assume that
(V,Vp) < wv(p) for some non-decreasing function v(+), then a V-Laplacian com-
parison theorem still holds true, namely

(n—1)K +v(p).

Therefore, when we consider a local estimate, the boundedness of V' can be
replaced by some suitable condition, saying (V, Vp) < v(p). Moreover, if v(p)
is of sub-linear growth, we still have a global estimate.

On the other hand, it is well-known that if Ric{}’ has a lower bound, a V-
Laplacian comparison theorem holds true without any additional condition on
V. Hence, similarly, we obtain the following theorem.

Theorem 2.3. Let (M, g) be a complete noncompact n-dimensional Riemann-
ian manifold and V' be a smooth vector field on M such that RicY > —K for
some K > 0. Let o > 0 be a constant and a,b,c be functions on M x [0,00),



1298 H. T. DUNG

which are differentiable with respect to x € M. Suppose that w is a positive
solution to the following nonlinear heat equation

= Au+ (V,Vu) + au®logu + bu® + cu
with w <1 for all (x,t) € M x [0,00). Then
1. If a > 1, we have

Vu
| | ( + sup \/2<K+H+a++ab++c++ (\Va|+|Vb\+\vc|)
u t2 M x[0,00)

+ sup \/|Va| + | Vb + |Vc|> (1—logu).
M x[0,00

2. If0<a<, and a,b, ¢ are functions of constant sign on M x [0,00),
we have

v
Ml <+ sup (/2 (K + [ue=2|, (a+3la] + 3[b]) + ¢ + |e])
u tz M x[0,00)

\Va|2 Vb2> [Ve|?
su u*—2 + 1—logu),
s \/ o2l (g + 3 ) + ey ) @ - osw

|ul o = sup |ul,
M

where

1
H:(a—l)}a_‘ sup log —.
M x[0,00) u

Proof of Theorem 2.3. Since ch > —K, the Laplacian comparison theorem
in [13] implies that

K -1
Ayp < (n—l)Kcoth(y/mp)S (n-1)K np'

Repeating arguments in the proof of Theorem 1.1, we have that in this case,
the right hand side of (2.12) does not depend on L. Hence, we have

A (n—14+/(n—1)KR)cy + ¢z + 3c3
— = .

The proof is complete. O

IfV =V¢, a =>b=0 and c is a negative function in Theorem 2.3 with
€ (0,1), then we recover Ruan’s main theorem in [17].

Corollary 2.4 ([17]). Let M be a complete noncompact Riemannian manifold
of dimension n and ¢ be a smooth function on M such that Ricg > —K for
some K > 0. Suppose that ¢ is a non positive function on M x [0,00) and ¢
is differentiable with respect to x. Assume that u is a positive solution of the
following heat equation

ur = Au+ (Vo, Vu) + cu
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and u <1 on M x [0,00). Then

|VU| ( V2K +  sup \V\/jc\%) (1 —logu).

u M x[0,00)
3. Applications

In this section, we will give several applications of gradient estimates given
in Theorems 1.1 and 2.3. The first one is the following Harnack inequality.

Corollary 3.1. Let (M, g) be a complete noncompact n-dimensional Riemann-
ian manifold and V be a smooth vector field on M such that va > —K for
some K > 0. Let o > 1 be a constant and a,b, c be functions of constant sign
on M x [0,00), which are differentiable with respect to x € M. Assume that
there exist Cq,Co > 0 satisfying

1 1 1
ClzmaX{H+a++2|Va|; ab++§|Vb\; C++2|Vc|}

and

C3 > max {v/[Val; v/[V8]; VIV el
If u is a positive solution to the general heat equation
ur = Au+ (V, Vu) + au®log u + bu® + cu
and u < 1 for all (x,t) € M x [0,00), then for any x1,x2 € M we have
u(zo,t) < ulzy,t)Pel =P,
where

1
H=(a—1)|a"| sup log-—,
M x[0,00) u

p = p(x1,x29) is the distance between x1,x9 and
Bexp( 2(K +3C1) + v/3C9) >

Proof. Let ~(s) be a geodesic of minimal length connecting z; and xa, 7 :
[0,1] = M, v(0) = x2, v(1) = x;. Let f =logwu. Using Theorem 2.3, we have

1= f(z1,t) _ [*dlog(1— f(y(s),1))
log 1 ff(x;t) _/ ds ds

—log u)
p

T ( 2(K +3C1) + /3C2)p.

Let 8 = exp( tpl (\/2 K +3C) + /303 ) the above inequality implies
2

)
1—f({1,‘1,t) l
= flaat) = B
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Hence,
u(ze,t) < u(zy,t)Pet=P.
The proof is complete. O

The second application is a gradient estimate for a non linear heat equation
arising from gradient Ricci soliton.

Corollary 3.2. Let M be a complete noncompact Riemannian manifold of
dimension n and V be a smooth vector field on M such that Rivi > —K for
some K > 0. Suppose that a,b are real numbers and the positive solution u to
the heat equation
u = Au+ (V,Vu) + aulog u + bu

satisfying u < 1. Then

|Vul 1
(3.1) —o< (t—+ 2(K +a*+b)) (1~ logu).
Proof. By the assumption on a, b, we have Va = 0, Vb = 0. Note that if « = 1,
then H = 0, using Theorem 2.3, we obtain

v 1
% < (F+ 2(K+a++b+)) (1—logu).
2
We are done. (|
The third application is a Liouville type result.

Corollary 3.3. Let M be a complete noncompact Riemannian manifold and
V' be a smooth vector field on M such that Ricg > 0. Suppose that a,b are
nonpositive real numbers. If u is a positive solution to following general elliptic
equation

(3.2) Au+ (V,Vu) + aulogu + bu =0

b

and u < C, then u= e~

Proof. Suppose that u is a positive solution of (3.2) with u < C. Since u does
not depend on ¢, we have & := u/C < 1 is a positive solution to the following
parabolic equations

Uy = At + (V, Vi) + aulog i + bi,

where b = b + alogC. Since a < 0,b < 0, we have
at =max{a,0} = 0,b" = max{b,0} = 0.
Using the inequality (3.1), we obtain
Vu 1 ~
(3.3) %S (251+V2K> (1 —logu).
2
Hence, let ¢ tends to oo and K =0 in (3.3), we get
Vil o,
u



GRADIENT ESTIMATE 1301

b
a

This implies © must be a constant. Therefore u = e~ . Il

Motivated by studying of Yamabe equation, we show the forth application
as follows.

Corollary 3.4. Let M be a complete noncompact Riemannian manifold and
V' be a smooth vector field on M such that Ric{}f > —K for some K > 0.
Suppose that o, b, ¢ are real numbers with o > 1 and the positive solution u to
the equations

wy = Au~+ (V, Vu) + bu® + cu

satisfying u < 1. Then

Vul _

(3.4) (t% +V2(K +ab* +¢)) (1 - logu).

u

Proof. If b, ¢ are real numbers, then Vb = 0, Ve = 0. Note that if a = 0, then
H =0, using Theorem 2.3, we obtain

[Vl
U

1
< (F + 2 (K + abt + c+)> (1 —1logu).
2
The proof is complete. ]

We would like to mention that by the scaling argument, all results given
in Corollaries 3.3, 3.4, and 3.5 still hold true if w is bounded and positive.
However, in this case, our gradient estimates are depended on a upper bound
of u.

Finally, we prove a non existence result for Yamabe equation.

Corollary 3.5. Let M be a complete noncompact Riemannian manifold and
V' be a smooth vector field on M such that Ric{\/f > 0. Suppose that o, b, ¢ are
real numbers with o > 1, b <0, ¢ < 0. Then Yamabe-type equation

(3.5) Au+bu* +cu=0
has no bounded and positive solution.

Proof. Suppose that u is a positive solution of (3.5) with u < C. Since u does
not depend on ¢, we have & := u/C < 1 is a positive solution to the following
parabolic equations

Uy = AU+ (V, V) + bi® + ¢t
where b = bC®~L. Since b < 0, ¢ < 0, we have
bt = max{b,0} = 0,c¢" = max{c,0} = 0.
Using the inequality (3.4), we obtain

(3.6) vl (tl + Jﬁ) (1—logi).

P =
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Hence, let ¢ tends to oo and K =0 in (3.6), we get
Vil o,

u

This implies & must be a constant. Consequently, u®~!1 = —4. This gives a

contradiction. We are done. O
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