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AN EXTRAPOLATED HIGHER ORDER CHARACTERISTIC
FINITE ELEMENT METHOD FOR NONLINEAR SOBOLEV
EQUATIONS

Mi RAy OHM AND JUN YONG SHIN®

ABSTRACT. In this paper, we introduce an extrapolated higher order char-
acteristic finite element method to approximate solutions of nonlinear
Sobolev equations with a convection term and we establish the higher or-
der of convergence in the temporal and the spatial directions with respect
to L2 norm.

1. Introduction

In this paper, we will consider the following nonlinear Sobolev equation with
a convection term:

c(w)ur + d(u) - Vu=V - (a(u)Vu) — V - (b(u)Vuy)

= f(z,t,u), in 2 x (0,71,
u(z,t) =0, on 99 x (0,17, (1.1)
u(x,0) = ug(x), in Q,

where 2 C R™, 1 < m < 3, is a bounded convex domain with boundary 92 and
¢,d,a,band f are known functions. For the theoretical results of the existence,
uniqueness, and regularity of Sobolev equations and their physical applications,
refer to [2, 3, 4, 23, 26] and the papers cited therein.

When Sobolev equations have no convection term, a lot of numerical tech-
niques such as classical finite element methods [1, 6, 10, 11, 12], least-squares
methods [9, 20, 22, 22, 28], mixed finite element methods [8], discontinuous finite
element methods [13, 14, 24, 25] are used to define their approximate solutions.
However, when there is a convection term to describe the convection dominated
diffusion, we generally use a characteristic method to consider both the time
derivative term and the convection term effectively. Especially, this technique
is very effective for convection dominated diffusion problems as shown in [5, 7].
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Gu in [7] and Shi et al [22] introduce a characteristic finite element method and
establish the higher order convergence in the spatial variable and the first order
convergence in the temporal variable for approximate solutions for a Sobolev
equation. However, the first order convergence in the temporal variable wors-
ens the higher order convergence in the spatial variable. So, Ohm and Shin in
[15, 17, 18] introduce a Crank-Nicolson or an extrapolated Crank-Nicolson char-
acteristic finite element method and a higher order characteristic finite element
method for a Sobolev equation to obtain the higher order of convergence in both
the spatial direction and the temporal direction in L? normed space when the
given functions ¢(-) and d(-) depend only on . And Ohm and Shin [16, 19]
introduce a Crank-Nicolson or an extrapolated Crank-Nicolson characteristic
finite element method for a nonlinear Sobolev equation with a convection term
to establish the higher order of convergence which extend their previous results
to the nonlinear Sobolev equation.

In this paper, we will introduce an extrapolated higher order characteristic
finite element method to construct approximate solutions of a nonlinear Sobolev
equation with a convection term and establish the higher order of convergence
in the temporal direction as well as in the spatial direction in L? normed space.
These results also extend our previous work in [18] to the nonlinear Sobolev
equation. The outline of our paper is organized as follows. We state some
smoothness assumptions for u(x,t), the conditions for the given functions, and
basic notations in Section 2. In Section 3, we introduce finite element spaces
with basic approximation properties and some elliptic projection. In Section
4, we construct an extrapolated higher order characteristic finite element ap-
proximation of u(zx,t) and obtain the higher order of convergence in L? and H!
normed spaces.

2. Assumptions and notations

Throughout this paper, let W*?(Q) denote the Sobolev space equipped with

its norm || - ||s for an s > 0 and 1 < p < co. For the sake of our convenience
and simplicity, instead of W*2(Q) and H°(f2), we use the notation H*(2) and
L?(9), respectively. Similarly, we use || - ||, || - ||oo, and || - ||, instead of || - ||o.2,

|- [l0.00, and || - || 5.2, respectively. Let H}(Q) = {w € H(Q) | w(z) = 0 on 90}
and H*(Q) = {w = (wi,wa,...,wy) | w; € H*(),1 < i < m} be the Sobolev

m
space equipped with its norm ||w]|? = Y |Jw;||? . For a given Banach space X
i=1

and t1,ty € [0,T], we introduce Sobolev spaces with the corresponding norms:

o8
W2 (b1t X) = {w(@.t) | 155 (. 0)lx € LP(t,82),0 < B < s,
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where

1/p
<220f otﬂ (1 |pdt) ; 1<p<oo,
lwll wer (ty,02:x) =

mazosp<, eSSUPye(ry 1 | G ()l xs p = 00,

We will denote L”(X) and W**(X), instead of WO (0,T; X) and W**(0,T; X),
respectively.
Assume that c(p), d(p) = (di(p),d2(p), -- -, dn(p))", a(p), b(p) and f(z,t,p)
satisfy
(A1) There exist constants c.,c*,d*, a., a*, by, and b* such that 0 < ¢, <
c(p) < c¢*, 0<|d(p)| < d*, O < ax <a(p) <a*, 0<b, <b(p) <b*, for

all p € R, where |d(p)| = Z d?(p).

(A2) %a( ), C;;J b(p), for j = 1,2,37 i L ¢(p), and d%di(p) are bounded con-
tinuous functions.

(A3) f(x,t,p) is locally Lipschitz continuous in the third variable p, i.e. if
| p” —pléKthen |[f(@,t,p*) — f(z.t,p)| < K(p, K)| p* —p]|.

By following the idea in [5], let v = v(x,t) be the unit vector for a given (x,t)
such that 9% = Z((Z)) S+ wgu) - Vu, where ¢(u) = [¢(u)? + |d(u)|?]2. Then the
nonlinear Sobolev equation (1.1) can be rewritten as follows
0
()5 = V- (a(w)Vu) = V- (b(w)Vur) = f(e,tu), in Qx (0,71,
u(z,t) =0, on 092 x (0,71, (2.1)
u(x,0) = up(x), in Q.
2.

HL(Q) such that

(w(u)g—:j, 7)+ (a(uw)Vu, V1) + (b(u)Vug, V1)

= (fx.t,u),7),  vreHiQ), (22
u(x,0) = uo(x).

3. Finite element spaces and an elliptic projection

For h > 0, let {S7} be a family of finite dimensional subspaces of H}(f2)
satisfying the following approximation and inverse properties: for ¢ € H} ()N
W#P(Q), there exist a positive constant K, independent of h, ¢, and r, and a
sequence P, ¢ € S} such that for any 0 < g <sand 1 <p < oo

16 = Prolly < Kih"™1o]s,
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where ¢ = min(r +1, s) and also there exist a positive constant K» independent
of h and r, such that

el < Koh ™ol and [lplle < K2h™ % 0], Vi € S

For the sake of our error analysis, bilinear forms A and B are defined on
HY(Q) x HE(Q) for a given u as follows:

A(u:v,w) = (a(u)Vo,Vw), B(u:v,w) = (b(u)Vv, Vw). (3.1)

By following the idea in [10, 14] and the assumption (A1), there exists a differ-
entiable function @ : [0, 7] — S} satisfying

Alu:u—1a,x) + B(u:up — g, x) =0, Vx € Si,
(@(0),x) = (uo,x), V¥x € Sj.

Now letting n = u — 4, we obtain the following two lemmas whose proofs can
be found in [15, 17].

(3.2)

Lemma 3.1. Let ug € H*(Q), us, us,upe € H*(Q), and u, € L2(H*()).
Then there exists a constant K, independent of h, such that

@) [lnll + Rllnll < KR ([l 22 (as )) + luolls),

(i) el + Alimells < KR ([[we]| 2 e 0)) + lluolls + lJuells),

(i) fmeells < KR* (el e gme oy + luolls + luells + [Juells),

(i) [meeell < KR (luell 2 e o)) + lluolls + uells + llueells + s,

where = min(r + 1,s) and s > 2.

Lemma 3.2. Let ug € H*(Q), u,us, uy, uyy € L°(H*(2)) N L (WHe2(Q)),
and uy € L*(H*(Q)). If p > 1+ 5, then there exists a constant K, independent
of h, such that

max{|[nlloc, [[Valloc; Viilloo, IVnttlloo, IVnHstlloc} < K

where = min(r + 1, s).

Throughout this paper, a generic positive constant K depends on the domain
Q, K, and u(z,t) but is independent of the discretization magnitudes of the
spatial and the temporal directions. So any K in the different places does have
different values.

4. The optimal L>°(L?) and L*>°(H') error estimates

Let N be a given positive integer, At = T/N a time step, and t" = nAt
discrete time for 0 < n < N. Denote v/ = u(z,t/), ui=2 = (w +uiTh),
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73 = Lt/ 4+ ¥/71), and d(-) = d(-)/c(-). From (2.2) and the definitions of
bilinear forms A and B, we have
1 Ou(t?) o
(vt == x) + Alult?) - u(t?),x) 1)
+ B(u(t?) : u(t?),x) = (f(z,t2,u(t?)),x), Vx €S},
ountt
n+1 A n+1 . n+1
(v Z—x) + A ) 42)
+ B uft ) = (fla T ), X)), Yy e Sy, n>1
and so, we get
1At -l 1 1
(etulth) = x) + Alw(t}) : uby)
i ut = (4.3)
+ Bt} + )
= (f(a:7t§7u(t§))7x> + Ql + QQ + Q3a VX S S}:a
3, n+1 _ 2,&n + l,&n—l
nt+1y 24 2 n+l . ntl
(ctu) < X) +A@T )
3, n+1 2™ 1, n—1 44)
ntl . 2Y U+ 5u (
_(f(mvtn+lvun+1)7x)+Pl+P27 VXGS;,v n>1
where @' = u(Z,t'), ©° = u(%,1°), & = z+ 3d(u(t?))At, & = z— Ld(u(t?))At,
1 :175{0 1 m % 1 1 1
Q= (c(u(t) EEE — () 24D x), Qs = A(u(rh) : ub —u(t)

%= a@—dwrtAL & = 2 — 2d(uh AL, Py = (c(untl) £ ga
1

w(unﬂ)%;ﬂ,x) , and P, = B(u"t! : %un+172§:+%un —u™ x). Notice
that (4.3) is obtained at ¢ = 2 by the Crank-Nicolson technique and (4.4) at
t = t"*! by the backward three point technique. Both techniques are usually
used to get the higher order convergence in the temporal direction.

To avoid the difficulty of solving the system of nonlinear equations, an ex-
trapolated higher order characteristic finite element scheme for (1.1) is given as

follows: Find a sequence {ul}_, in S} such that

3, n+1 ~n 1 ~n—1

su —2u} + su
(C(EUZ’)Q h A: 2 h ,X) —|—A(EUZIUZ+1,X)
Bt 2w + g

AL ;X)
:(f(m’tn+17EuZ)7X)7 vX€S£5 nzl,""N_17

+ B(Euy, :
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Rl g = up(#)

where Fup = 2u ,
& =z — 2d(Ful)At, @), = ul(2), @) = u)(%), Z = = +
-1 1
x — 3d(u?)At, and uf = 3(uj, + u). Notice that (4.5) and (4.6) are based on
the backward three point approximation and the Crank-Nicolson approximation
u(t) o ;
for ¥ (u(t))=5,~, respectively.

n__¢en—1
For our error analysis, we set {" = u} — 4" and 0,§" = § A‘ét . Fort=t!,

(4.6) is considered and the following theorem is given in [16].
Theorem 4.1. Let u and {u}} be solutions of (2.2) and (4.5)-(4.7), respec-

tively. In addition to the assumptions of Lemma 3.2, if p > 1+ %, u €
L>(H3(Q)), and At = O(h), then

IVE? + At(|a:€* + [IVOE?) < KAH R + (At)Y),

where p = min(r + 1, s).

For ¢ = t"™, we will try to prove the following theorem.

Theorem 4.2. Under the same assumptions of Theorem 4.1, we have

n n n o __ n o 2
Jma [l = up ||+ AV = u)]|| < Kb+ (AD2),

where p = min(r + 1, s).

Proof. First, we will prove, by mathematical induction, that there exist 0 <
h <1 and 0 < At < 1 such that

IVE™|I? + At(|0:" 1 + Vo™ |1?) < K (h* + (At)*) (4.8)

forany 0 < h < h, 0 < At < At and n =1,2,...,N. We define Eu? =0 for
our simplicity and convenience. By Theorem 4.1, (4.8) holds for n = 1. Now we
assume that (4.8) holds for n <1 — 1. Notice that ||£"]|ec < K, 0<n <[—1.
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Using (4.4) and (4.5) with 1 <n <1 —1 and x = 0,£"*!, we get
Suntl —upth) — 200" —ap) + (@ —ap )
ny 2 h h) T3 h n+1
(C(Euh) A7 , O )
+ A(Buy s u™ — ot 9,6t
3(unt! — u”“) —2(u" —up) + L(ur Tt —ulh
B E TL: 2 h h 2 h n+1
+ ( Up, At ’8t§ )
n+1 Q:n lﬁn—l
_ ny _ (,n+l 2“ u+qu n+1 (4.9)
- ((c(Eu ) — (")) N s
+ ((a(Bup) - aw1) v+t Vo)
SVurtl —2vun + Ivyn?
((b n+1)) 2 N 2 ’Vatgn—i-l)
+ (f(=, th u" ) — f(&, " Bup), 08" + P+ P
And so, we get
3en+1 Fn 1én—1
(c(Bup)2 A ) + A(Buj, ;€08
3 n+172 n+l n—1
+ B(Euy, : 2¢ Agt A , 0"
,]771+1 _ 277n + nn 1 .
=(c(Bup)? Ar )
"t -1
— ety D )
1An—1_ sn—1
+ (C(Euh)QT 0§ H) + A(Buy :n H,atf H) (4.10)
3, n+1 —92 + 1, n—1
+ BB : 2! Zt 21 gt
. . n+1 2,&71 + l&n—l .
— ((elmag) = et 2 o )
~ ((a(Bug) = a(u")vurt!, Vo)
" " vyt —ovu + vyt "
— (b(BuR) = b ))2 Vi
- (f(wathrla EU;LL) - f(matn+1a un+1)’ até-nJrl) - Pl - PQ-
Notice that
3 s 12,z 3 n n 1 n n—
ST 2N ST = (@ =) =5 =T
(4.11)

_ %(é-n—l _ én—l) _ 2(5—71 _ £n>7
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3 et Lo
_¢n _2 n —¢n
g —agh 4 ¢

. (4.12)

T DR (D T )
Therefore, from (4.10), (4.11), and (4.12), we obtain

)
3(¢n _¢ny 1 n—
(C(EUZ)2(§ + ¢ )Atg(f =€ 1) at£n+l>

+ A(Buy - €71 9,6

- ) + e - g - (€ — 6
At

+ B(Euj, :

n—1 _ fn—1 ' em
:%(C(EUZ)%,atgn%—l) _‘_Q(C(Euz)%’atgnﬂ)
3(pon+l _ ,mn\y _ 1/ n __ ,n—1
+ (e(Bup 20 )Aﬁ(" 0 )

st =amh +20" =) L,
)5 At g H)

B an) n+1
At ) 8t£ )

) at£n+1)

(,&nfl _ ﬁnfl)

(Bup) o i) (4.13)
(Eup, Ulians 3155”“) - A(“”“ : 7ln+175’t§n+1)
st =2 !
' At
(Bup : i, 0,671 — B(U”+1 0,6t

- 77?+1a 8t£n+l)

+ o+
wom ol

+ o+

§ _ lﬁ_
Su 24" + su”

— ((e(Bug) = e ™)) N ")
( (E’LL ) ( n+1))vun+17vat§n+1)

%Vu"'“ —2Vu™ + %Vu"_l
At

/N N N

— ((b(Bu}) — b(u"th)) , VO£

_ (f(:B,tn+17E’U,Z) _ f(w7t”+1 n+1) B §n+1 ZR

Now denoting three terms of the left-hand side of (4.13) by Lj, Ly and Ls, re-
spectively, the lower bounds of Lq, Ls and L3 are given as follows:

1 Thyg.en
Ly > e 0" + S (I e(Bup) o™ = 1/ e(Bup™)aig™ )

1 n— n n n
+ 7 e(Buy D)0 7 = [ly/ e(Bup)ag™|I?),
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1 n n— n
£ Iy ol BRI Ve 2 = [l fa(Bu Ve )

+ 5 (W a(Ba e — | fa(Ba) ver ),
Ly 2 0[O + (1 /o(Eu) VO 2 ~ |y foBu ) vaen )
1 UoEaGvae | ~ |\ o) vas ),
By applying these lower bounds of Ly ~ L3 to (4.13), we get
U 4+, VO

+ 10N e Ba)aE™ 2 = Iy e(Bu o™ )
mt(ll a(Buf)VE T = [y a(Bup =) VE?)
LB Vo | fo(Eu ) voe ) (414)
i(ll c(Bup)og"|[* = I/ e(Buy ™) o™ |?)
+3 At(ll a(Bup) VE|* = |/ a(Buy ™) VE" %)
17
+1<|| D(Bup)VOL" |2 = [\ o(Buy = )VOE" *) + ) Ri.
i=1
By using the assumption on (4.8) and At = O(h), we get
1B = Buy oo
= [|B(uj, — ") = Bup™" —a" 1) + Ba" = Bl
(4.15)

< A9 oo + 10" ) + KA
< KAt.

Hence, by the assumption (A2) and (4.15), (4.14) can be estimated as follows:
By the assumption (A1) and Cauchy-Schwartz inequality, we can estimate Ry ~
R5 as follows: for an € > 0

Ry < €|, "1 + K| Ve 2,
Ry < €| 0,81 + K[|V |7,
3 n n n 1 n n n
R3 = i(C(EUh)aﬂ? 10y H) - §(C(Euh)3t77 , 06 H)
< el 0P + K(10en™ 12 + 10" (7).

Since
gt =T = 208V (&1, 7Y) - d(Euj)
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and
0" =i = AtVn(zs,t") - d(Euy)

for some &, € (&, ) and &5 € (&, z), by integration by parts, we have

Ry = (n(@1, 4"~ d(Bup), V(e(Bup) 9™ )
+ (@1, 67V - d(Bu), e(Bup) o)
= 2(n(@2, ") d(Bu), V(e(Bup) o™ +))
= 2(0(@2, ")V - A(Bu), o( Eup) ™)
< e VAP + el dg™ P + Kl |1F + Kl
By Taylor expansion, we have

200" — ™) + %(

=2u(x — d(Eu}) At t") — 2u(x — d(u" )AL, ")

I?Ln—l _ an—l)

+ %u(w —2d(u"TH AL ") — %u(:}: — 2d(Bu})At, t" 1)
=(d(u"tY) — d(Bu}))At Vu™ + (A1) (d(u™ ) — d(Eul))Vul

B0 @) viun @) + B @) v @)
3 ~
= 2O G () — (AP (@)Y ()
3~ ~
- A;) (") V() — <o (A Pu(@ — 28 )AL )
3 ~
+ 280 )V (@) + (AP @BV ()
(At)g~ n n (s n
+ 5 d(Eu}) Vul,(Zs) + 12(At) wpe (€ — 2d(Bul) At, )

where t7,t2 € (t""1 "), &y, &3, &4, @5 € (T, ), and &o, Tg, B7, &g € (&, ).
Notice that
d(u") — d(Eu})
c(u")[d(u™!) — d(EBup)] — d(u")[e(u" ") — c(Bup)]
N c(unt)e(Eu})

and

Junt = Bupll < )+ KA+ 206 + e (416)
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So we have

(,&n _ ,an) (ﬁnfl _ ,&nfl)

1
N ") n+1 - ny\®» ~—% ) n+1

i ) +5 (C(Euh) N LOp¢ )
< €l " THP 4+ K™ TP+ (A (1€ + 1€

Rs + Rg = —2(<:(Eu;;)

And we obtain the bound for R; + Rg as follows:
Rr + Rs = ((a(Bup) — a(u"*1) V"™, V")
< el VO TP+ K (" T+ €7 1P + 1€ + (An)?).
Since
é [gn”“ — 2" + %n”‘l -t =0((Ar)?),
we get

Ry < €| VO TP + K (At)*.
And for Ry + Ri1, by (4.17) and Lemma 3.2, we have
Rip + Rux = ((b(Bup) — b(u"*1)) V™, VO,
< el[VaE P+ K ("2 + €712 + € HIP + (An)).
Since

-1

gunﬂ —2i"+ 24" = O(Ab),

| —

we get
Rug < ell@™ 2+ K (" P+ 1M1 + €711 + (An)?).
Similarly, the bounds for Ry3 ~ R1; are obtained as follows:
Riz < €[ VAL + K (|l 11 + 167117 + (1€ I” + (An)h),
Rug < €[ VAL + K(|In" 12+ 11€7117 + 1€ 1P + (An)®),
Ris < ell0 ™12+ K (" + €71 + 11677112 + (An?).

Notice that by Taylor expansion

3, n+1 _ n 1, n—1 n+1
" u 2u™ + su a1y OU
S E— L L L e )
%unJrl — "+ %unfl

N —ut ~ O((A)?).

Therefore, we get
Rig < €]|0:£" T2 + K (At
Ri7 < €| VO£ T2 + K(At)™.
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Now, using the estimates for Ry ~ R17, we obtain from (4.16)

e [0 + bu[| VO™

1
+ U eBu)ae 2 = |y e(Bu o)
1
+ o (I a(Bup) V€2 = |1y a(Bup~ ) Ver )
4.17
+ (/B Va2 ~ Il fo(Bu Vo) e

< K" + g™ 1% + [IVE™1* + e %]
+ K07 + [IVO£™ 7] + Te VoL | + 8ef| 0™ |1
K" 117+ ™ P+ 100" 12+ 100r™ TP + (A1)

Hence, by using Poincare’s inequality and Lemma 3.1, (4.18) can be estimated
as follows:

al| @™ HI? + BIIVOE™
1 - n
+ U/ e(Bup) o™ 1* = 1y e(Buy ™)™ |1*)

1
+ 5 (I a(Bup) V&2 — | fa(Bup 1) v ?) (4.18)
1 — n
+ 701 /o(Bag) Va2 - I o(Bu ) Vo )
< KIVE? + V€ + A€ | + [VOE"?) + % + (Ar)Y].

for sufficiently small e. Now, we add both sides of (4.19) fromn =1to ! —1 to
get

-1
ALY [alla™ P + BIVOL™ 2] + [y a(Buy ) VE?
n=1
+ Aty e(Buy o | + [\ o(Buy ) Vo |?]
-1

SKALY [IVE |+ IVE 2 + At(|0.L"1 + VL P) + h* + (At)Y],

n=1
which yields
IVEN? + At{]|0:")? + [V}
-1 -1

<K At S {IVENP + At(lag" 2 + O} + KAr S (h* + (A,
n=1

n=1

for sufficiently small At. Using Gronwall’s inequality, we get
IVE + At{|0:.L17 + IVE'|} < K[p?* + (At)],
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and so, we complete the proof of the statement (4.8). Using the Poincare’s
inequality and the triangle inequality, it can be easily proved that ||u! — ul || <
K(h* + (At)?) and ||[V(u! —ub)|| < K(h*~1 4 (At)?). Thus the result of this
theorem holds. (]

Remark 4.1. The result of Theorem 4.2 is the same as one in [16, 19]. Even
though two techniques give us the same result, the backward three point tech-
nique is quite different from the Crank-Nicolson technique. Both techniques are
widely used to obtain higher order of convergence in the time direction or in the
characteristic direction. And an extrapolation technique can be used to avoid
the difficulties of solving a system of nonlinear equations.
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