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ON CLASSICAL SOLUTIONS AND THE CLASSICAL LIMIT
OF THE VLASOV-DARWIN SYSTEM

XIUTING L1 AND JIAMU SUN

ABSTRACT. In this paper we study the initial value problem of the non-
relativistic Vlasov-Darwin system with generalized variables (VDG). We
first prove local existence and uniqueness of a nonnegative classical solu-
tion to VDG in three space variables, and establish the blow-up criterion.
Then we show that it converges to the well-known Vlasov-Poisson system
when the light velocity c tends to infinity in a pointwise sense.

1. Introduction

In this paper, we consider the collisionless single particle interacting by the
electromagnetic field, more precisely, the non-relativistic Vlasov-Darwin system
(VDS) in [17]. Let the function f = f(¢,z,v) denote phase space density of
particles, in which t € R,z € R3 and v € R? stand for time, position and
velocity respectively, then the system reads as:

(1.1) 8tf+v~me+%(EL+ET+v><B)~va:0,
1 .
(1.2) \Y% xB—c—zatEL = poqjs, V-B =0,
(1.3) V x BEr +8,B =0, V~EL:q€ﬁ7
0

where ¢ and m are electric charge and mass of particles in the plasma re-

spectively, the constants po and ey are the vacuum permittivity and mag-

netic permeability respectively, while ¢ = \/ﬁ is the light speed in vacuum.

The macroscopic density and current density corresponding to the f are de-
fined by ps(t,x) = [ps f(t,z,v)dv and jf(t,x) = [ps vf(t, x,v)dv respectively.
The longitudinal component Ej, and transversal component Ep come from the
Helmholtz decomposition of the electric field in classical Maxwell’s system and
the field equation (1.2)-(1.3) neglect the transversal component of the displace-
ment current in the Maxwell-Ampere equation. As an valid approximation of
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the classical Vlasov-Maxwell system (VMS) ([4,6,17]), we consider the well-
posedness problem for non-relativistic VDS.

For the classical Vlasov-Maxwell system and its relativistic version, the
global existence of classical solution remain unsolved up to now. A mass of lit-
eratures are contributed to the local existence, the global existence with certain
initial condition or in low dimension, continuation criteria, see [1,7,9-16, 33]
and the other references therein. Particularly, Glassey and Strauss in [15]
show that any classical solution exists globally if the momentum support of
the distribution function f remains bounded, where they explicitly establish
the representation formula of the electromagnetic field and its derivatives by
applying the theory of wave equation.

However, for the Darwin equation (1.2)-(1.3), it possesses the underlying el-
liptic structure. Generally speaking, it is convenient by introducing the scalar
and vector potential. Recently the relativistic Vlasov-Darwin system (RVDS)
when replacing v with ¢ in (1.1) have been studied in [5,24,30-32]. In [32],
without help of the energy conservation, Sospedra-Alfonso, Agueh and Illner
show that classical solutions to the relativistic Vlasov-Darwin system with gen-
eralized variables (RVDQG) exists globally for the small datum by introducing
the scalar potential and the generalized variables to obtain RVDG from RVDS
and establishing the equivalence between the two ones in the sense of classical
solutions. In the following, we set all physical constant except the light speed
¢ to 1. We will follow the method in [32] and define the electromagnetic field
(Er, ET, B) by the scalar and vector potential:

Er(t,x) = =V,®(t,2), Er(t,z)=—c '0;A(t,x), B(t,x) =V x A(t, ),

where (Er, ET, B) formally solves (1.2)-(1.3) (see [32, Page 837]) when choosing
the Coulomb or transverse gauge V - A = 0. Then for fixed (®,A) € C(I,
C?(R3); R x R?), the characteristic system of the Vlasov equations (1.1) is as
follows:

X(S7t7m, /l}) = V(S7 t7 x? v)’
V(s,t,x,0) = [-V®—c L0 A+c TV (s)(Vx A)(s,t, X (s, t,2,0), V(s,t,2,0)).

We define P(s) = V (s, t,x,v) +c L A(s, X (s,t,x,v)) and then v4(s) = P(s) —
c YA(s, X (s,t,z,v). Now the characteristic equation with the generalized vari-
ables (z,p) have

(1.4) X(s,t,x,p) = va(s,t,x p)
P(s,t,z,p) = [-V® + Zc WV A (s, X(s))

(1.5) = [-Vo+ c*1 LWV AY (s, X(5)).
Noting by the direct calculating that
Ve va+Vy (VO +c i VAY) =



ON CLASSICAL SOLUTIONS AND THE CLASSICAL LIMIT 1601

which shows that the field in (1.4)-(1.5) is an incompressible vector field. Hence
we obtain the equivalent representation of non-relativistic VDS: the three di-
mensional Vlasov-Darwin system with generalized variables (VDG):

(1.6) Of +va-Vof —[V® —c Wy VAV, f =0,
(L.7) 10,2,9) =f (x,p),
_ pf(t’y>
(1.8) O(t,x) = /RS g dy,
1 . ) d
(1.9) At,z) = % /R3 [id +w @ wlja, (t’y)ﬁv
(1.10) va=p—c LAt z).

Here (x p) € R? x R3¢t > 0, id is the 3 x 3 identity matrix, w is the unit
vector |y ‘ , the symbol ® represents the tensor product, i.e., w®w is the 3 x 3
matrix with entries w'w’, where w = (w!,w? w3). pr(t, ) = [gs f(t, 2, p)dp
and ja,(t,7) = Jgs vaf(t,z,p)dp denote the macroscopic density and current
density respectively. As usual, the repeated indexes means summation, that
is, v4, VA = Z?Zl vy VA'. Hence, we can consider the Cauchy problem of
non-relativistic VDG such that the well-posedness problem for non-relativistic
VDS is also solved. We give the first result for the Cauchy problem of non-
relativistic VDG where we need to utilize the deduced new energy conservation
because we loss the virtue of the relativistic velocity being less than 1.

Before introducing the structure of our paper, we briefly recall the classi-
cal approximation of RVMS and VMS-the Vlasov-Poisson system (VPS). It
has been received a great deal of investigation, including global existence and
growth estimates of classical solutions ([2,3,18,19,22,25,27]; see also [26] and
the references therein) and global existence and uniqueness of weak solutions
([20], [23]). This paper is organized as follows. In the following section, we
give some invariants for non-relativistic VDG and present our main results. In
Section 3, the local existence of classical solution are proved by using some a
prior estimates and the blow-up criterion are presented. In Section 4, we prove
that in the pointwise sense the solutions to non-relativistic VDG converges to
the one of VPS with the same initial data as the light speed ¢ tends to infinity.

2. Main results

Firstly we fix some notation. The Holder space C*<(R";R™) consists of
compactly supported continuously differentiable vector valued functions whose
k-th order partial derivatives are locally Holder continuous in R™ with ex-
ponent @ € (0,1) (see, e.g., [8, Chapter 4]) and when m = 1, we write
Ck-2(R™) instead of C**(R";R). For p,q € [1,00], [ flla(zry denotes the

norm ( fpa | fgs | (2, y)|pdy\%d:c)% where ¢, p = oo is standard if no confusion is
possible. C(a) denotes a positive constant only depending on the parameter
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a and the constant M stands for generic constants whose values may change
from line to line, but not depending on the light speed c.

In the following, we assume that f(¢,z,p) is a classical solution to non-
relativistic VDG and then investigate its conservation properties. The mapping
R3 x R 3 (z,p) — (X¢(s,t,z,p), Pr(s,t, x,p)) € R® x R? defined by the
characteristic equations (1.4), (1.5) is a measure preserving C'*-diffeomorphism
and thus f is constant along the characteristics. In addition, for 1 < p < oo

1f@Ollze =1 F llze-

In particular, we have conservation of mass (p = 1) and conservation of non-
negativity. We also have the conservation law of charges

Qip + divyja, = 0.

For the derivation of these above properties, we refer the readers to [32, Lemma
2]. Now we present conservation of total energy for the non-relativistic VDG.
For this purpose we define local energy and local momentum respectively by

1
(t.0) = [ o= AP p)dp+ 5 (V.0 + [V,AP),
R3 27
m(t,z) = — RSK(t7$,p)f(t7x,p)dp+AB p*pf(t,z,p)dp
- C_l / pQA(tax)f(ta xap)dpv
RS
where K (t,z,p) = (p—c YAt z))[cp- A(t,z) + ¢ L(p—cLA(t, x)) - A(t, z)].
By complicated calculation, we can obtain
oe(t, z) + divp,m(t, z) = 0,

which by integrating over [0,#] x R? leads to the conservation of total en-
ergy £(t) = €(0), where the total energy £(t) at time ¢ is defined by &(t) =
Jgs e(t, x)dz, namely

() = / p— ¢ VA, 2)Pf (¢, z. p)dpd
R3 xR3

1
+7/ VL 02(t,7) + [V AR(t, 2)da.
27'(' R3

Now we state main results of this paper. The first one concerns existence
and uniqueness of a local classical solution to non-relativistic VDG and its
continuation criterion.

o
Theorem 2.1. For any nonnegative f€ CH*(R? x R?) there exists T* > 0

not depending on ¢ such that the non-relativistic VDG with initial datum f
has a unique classical and nonnegative solution f¢ € CY([0,T] x R3 x R3)
on any time interval [0,T] C [0,T*] for any ¢ > max{l,vVM*} with M* =
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%(%) P f ||L1 || f HLoc where the nondecreasing function P(t) : [0, T*[—
R is independent of the lzght speed ¢ and satisfies:

fe(t,,p) =0 for |p| = P(t),
and the induced potentials (®¢, A°) € CL([0, T*[,C*(R3 R x R3)). Moreover,
the mappings
[0, T*[> t — f(t) € CH*(R® x R?)
and
[0,T*[> t — (V04 V(A%)") € C; (R*;RY),

are well defined and uniformly bounded with respect to the Sobolev morm
| - Ily2.0e on compact subintervals of [0,T*[. In addition, if T > 0 is the
life span of f¢ (namely if [0,T] is the mazimal existing time interval of the

solution), then T is independent of ¢ and

P:=sup{lp|: 30<t<T zcR> such that f(t,x,p) # 0} < oo,

z,p

_ o 2 o 1
implies that for any ¢ > max{l,\/i(g)éﬂ flZ I fllZe } the solution is
x x,p
global in time, that is, T = co.
Based on the above statement, we are in the position to discuss the clas-
sical limit of the non-relativistic VDG and in the following we assume that

(fe(t,x,p), ®°(t,x), A°(t, x)) is the solution constructed in Theorem 2.1 in an
interval [0, T with 7' not depending on c.

Theorem 2.2. Let fe CH*(R? x R3) be nonnegative, and Let (f>°, E*) be
the unique global classical solution to the Cauchy problem of the Vilasov-Poisson
system (VPS)

hf+p-Vof +E-Vof =0,  f(0,2,p) =f (,p),
Ult,x) = =V () %5 ps(t,-), Vi(z) =—(Anlz])~!
E(t, :r) = -V, U(t,x),

pr(t,z) = [os f(t, 2, p)dp, t,x) = [ps pf(t, x, p)dp,

(
in the plasma physics case, then for any [0, _T
M > 0 depending on the initial datum and T

] € [0,T] there exists a constant
such that

9t 2 p) = 2 (b 2, p) |+ [V (8, ) — B (8, )|+ | A° (8, 2) |+ [V, A°(t, )] < M

forallz € R3 pe R3¢t € [0,T] and ¢ > max{1, \/— s P(T)| f HEIPH ! HZ;CP}

Remark 2.1. The existence and uniqueness of the classical solution (f*°, E*)
to the Cauchy problem of the VPS was proved in [25,28] (see also [26]).
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3. Proof of Theorem 2.1

In this section, we follow the same argument presented in [32, Theorem 1]
to prove local-in-time existence for non-relativistic VDG and establish contin-
uation criterion for enough large ¢ > 1.

For non-relativistic VDG, the different part of the proof mainly have two
points. On one hand, the current density ja,(t,2) = [gs|p — ¢ TA(t, 2)]
f(t,z, p)dp no longer meet the inequality |j4,| < |py| compared with the rela-
tivistic version (see [32] for details). Here we obtain the a prior bound for the
vector potential A(t, z) by means of the energy conservation, which is sufficient
to establish boundedness of the velocity support and j4(¢,2). On the other
hand, the well-posedness for integral equation (1.9) rely on the light speed. We
show that the integral equation (1.9) is well-posedness with the light speed ¢
enough large. Hence when carrying out the proof for Theorem 2.1 ; we mainly
discuss the boundness of velocity support and convergence of the approximate
solutions with the light speed ¢ enough large. For the discussion of the unique-
ness and regularity for the solution, it is similar to [32, Proof of Theorem 1:
Steps 5-8]. The difference point is that [32, Proof of Theorem 1: Steps 5-§]
gives the proof with the light speed ¢ = 1. We apply it by scaling property,
i.e., if f is a solution of non-relativistic VDG with ¢ # 1, then

flt,x) = f(c_%uc_%x,cp),
(3.1) O(t,z) = cfsz(c*%t,c*%x),
A(t,x) = c_QA(c_%t,c_%x),

is a solution of non-relativistic VDG with the speed of light normalized to unity.
So we omit its proof here.

Since the vector potential A(t,x) is implicitly defined by integral equation
(1.9), to proceed further we need to show existence and uniqueness of solutions
to this integral equation in suitable function spaces.

Lemma 3.1. Let f(t) € C1([0,T],CL*(R? xR?R)),0 < a < 1,T >0 and we
assume that there exists an non-decreasing continuous function R(t) : [0,T] —
[0, co[ such that fort € [0,T]

sup{lp| : (z,p) € suppf(t)} < R(t).
2 1
Then there exists constant M = %(g)%R(T)Hszw(LI JILflIZe >0 such that
t x,p t,x,p

if ¢ > VM the integral equation (1.9) has a unique solution A° € CL([0,T] x
RS, B)) 0 O ([0, 7], 000 (B BY)).

Proof. The operator 7 is defined by

7AWt =5 [ ] lid+wsulprit.n

ly — z|

1 , dpdy
- — d Alt t
57 |, [ i+ woslan sy P
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= g(t.2) — 5 H (At 2).

Thus the linear integral equation (1.9) can rewritten by A = J(A) and J
is an bounded linear operator from Cy([0, 7] x R3;R3) to C,([0,T] x R?; R3).
Indeed, the linearity is obvious. For any A(t,z) € Cy([0,T] x R3; R3), we have
by Proposition A.2 and the assumption that

. dpdy
HﬂwgSH/)/[m+w®w@ﬂLMM4444hﬂ
R3 JR3 |y — Jfl ’

dpdy
su/’/|muwmn WY ||
R3 JR3 |y x\
.1 2 1
<SG [ nsamlanlio il [ sl
3 7 2 1
(3.2) < OB sy IFE, < o0,
and
. dpdy
[ N Lge, <l [“H'W®W]A(t’y)f(t,y7p)m\h;ﬁ
dpd
<H//"Mtytym|pyn
ly — x|
éHAth/ /|f,, __|Mm
3 7 2 1
(3.3) < SRR I Al < oo

Further, for any y,z € R3,t € [0,T], by applying the estimate [31, estimate
(30)] and Lemma A.1, we have

T(A)(ty) - T (A, 2)|
<3w—zm/’/HW—c txﬂﬂffw(mmFMW

< 2Oy [ - A itz

-néywammumam@mf

. 772/3 1 2
< L8 (R + AW IO, 1Ol v

C(R(T), [ Allzg=)ly — =,
in addition, we have for t,7 € [0,7], for all R > 0,z € R?
|7 (A)(t,z) — T (A) (7, z)|

IN

dpdy

A(t
< 20\ o R3\ yy) — A(T, y)lf(Typ)‘y x||
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_ dpd
|/ L1t wp) = Fr o= < Al )
ly — x|
3w
< *IIA( AT )||Lg°§(§) HfIILoo(Ll IIfIILw(Lw)

_ dpd
| f(ty.p) — (. 0)llp — ¢ At y) ||
2¢ Jiy—z|<r Jr? ly — |
1 _ dpdy
— ft,y,p) — f(r.y.p)llp — ¢ Aty
5] . Rg\ (t,y,p) — f( )i ( )I|y $|\

1 3 7
< 5o lAM) = ATz 2<§) HfIILoo(Ll IIfIILooW)
21 R2

+ (R(T) + MA@ | ) R¥(T)

Sup{|f(tay,p) - f(73y7p)|7 |y - 1’| < R7p < R(T)}
1 _

(3.4) + E(R(T) AL fllge e ) R L

which implies by A € Cy([0, 7] xR?;R?) and f(t) € C*([0, T],CL*(R3 xR?; R))
that 7 (A)(t,z) — 7 (A)(r,r) uniformly on every compact set in R as t — 7
n [0,7]. Hence J(A)(t,z) € Cb([0,T] x R3*R3). Second, we prove that the
operator .7 is the contraction mapping. For any A;, Az € C,([0,T] x R3;R3),
we have

o3,
17(40) = T(Aa)lae, < 2SRRI a1y 141 = Azl

= C_QMHAl — AQHLtoOL
Since ¢ > M, there exists real number A = QM? < 1 such that
|7 (A1) = T (A2)||Lge, < AllA1 — Az|lLgs, s

which implies that the operator .7 is the contraction mapping. So there exists a
unique fixed point A¢ € Cy([0, T] x R3; R3) by the Banach fixed point theorem,
which satisfies
(3.5) AS(t, ) = i/ fid + w ® wljac (b y) —2—

’ 2c Ty =l

where the current density jae(2) = [s [p—c ™ AS(t, )| f (¢, 2, p)dp. If we define
the starting iteration A§(¢, x) by
1 dy
A§(t,x) = — id jae (0, y)dp——
s(t.0) = 52 [ fid+woaliaOp)ip
then by the above statement the iterative sequence {AS(¢,x)}n=01,2,. with
= T "(A8) converges to A€ in Cy([0, T]xR3; R3). In the following we further
discuss the regularity for A°. Noticing that the kernel K(z,y) := wll'y*'%fl“’ in
(3.5) satisfies:

K (z,y)| < Cly — 2|7, 0K (z,y)| < Cly — 2|7,
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we can apply the theory for regularity of solutions of Poisson’s equation to A°€.
Firstly, because of jac(0,2) € C.([0,T] x R3;R3), it is obvious by assumption
and [8, Lemma 4.1] that A§(t,z) € CL([0,T] x R3;R3). Now if we assume
that AS_,(t,z) € CL([0,T] x R3;R?), [21, Theorem 10.2(iii)] show that the
derivative about each variable exists for A¢ (¢, x) with

1 : , dy
Al (t,z) = — d e (t,y)d
o) = 5 [ fid+w 0 uliiag (L2,

1
— id iae (t. y)dp—2—
% /Rs[Z +w@wljac_ (ty) e ——
We can follow estimate (3.2)-(3.4) to obtain 9;AS (¢) € Cy([0,T] x R3;R3), and
Oz, AS(t) € Cp(R3;R3) for any t € [0,T]. Further by Proposition A.2, we have
for t,7 €[0,T), for all d, R > 0,2 € R3 with 0 < d < R,

|00, A o (8 ) — O3, Ay o (7, )|
< CIR™*||jn-1llzee(zry + dllOzjn—1llL2=(L1)
+ (1 +In(R/d)) sup{[jn-1(t,y) — jn-1(7,y)|.ly — =] < R}].

Under the assumption of function f(¢,z,p) € C1([0,T], CL*(R3 x R3;R)) and
AS_(t,z) € CH[0,T] x R%R3), we have j,—1(t,x) = jn_1(r,2) for t — 7
in [0, 7] uniformly on every compact set R, which implies that 9,, AS(t,z) €
Cp([0,T] x R%;R3) with i = 1,2,3. Hence A% (t,z) € C}([0,T] x R?R?) and
then by the completeness we have A°(t,xz) € C}([0,T] x R?R?). Further,
the obtained regularity on A¢ conclude that j4c € C1([0,T]; C}(R?;R?)) and
then jac € C([0,7]; C¥(R3;R?)). Thus it follows by [21, Theorem 10.3] that
A¢ € CH([0,T]; C**(R3;R?)). We compete the proof. O

O, A5 (t, ) = Oy . i=1,2,3.

Proof of Theorem 2.1. We construct an iterative sequence of solutions to

VDG as follows: Let fe CH*(R3 x R3) with f (z,p) = 0 for || > Ry or
|p| > Uy and for n = 0, we set

Assuming that f™(t,z,p) : [0,T] x R® x R? — [0, co[ is defined with any given
T > 0 and satisfies the assumed condition in [32, Lemma 3(a)] and Lemma 3.1.
we give the definition of (®"(¢,x), A, (t,x)) as follows:

w(ta)= [ o o = [

ly — z|

1 _ . d
At = 5 [ i+ i) 2

int.) = [ o= Al ).

By [32, Lemma 3(a)], the iterate ®"(¢, ) is well defined and satisfies ®" (¢, x) €
C1([0,T],C%%(R?)). Then by Lemma 3.1, there exists an enough large M > 0
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such that A, (¢, ) satisfying C1([0,7T], C?*(R3;R3)) is well defined for ¢ >
/M. Further denote by Z,(s,t,z) = (X, Pn)(s,t,z) the solution of the
characteristic system for the Vlasov equation (1.6)

(3.6) Xn(s,t,z) =va, (s, Xn(s,t,2), Py(s,t,2)),
(37) Pn(s7 t? Z) = _[V(Dn - C_lvi\n VA:L](‘S? t? Xn(sv ta Z)? P’I'L(S) t7 Z))7
Zn(t,t,2) = 2z .= (z,p).

We define the (n 4 1)-th iterate of the phase space density by

(3.8) P 2) =F (Za(0,1, 2)).

By [32, Lemma 2, Remark 1], the approximation sequence {f"(¢,x,p)} is well
defined and verifies the following regularity:

0 < f"(t,z,p) € C*([0,T],CH*(RY)).

If we further define the sequence of velocity support functions: for each t €
[0, TL ne N7

P"(t) = sup{|p| : there exist s € [0,#] and z € R® such that f™(s,x,p) # 0} +1.

It is easy to see that when n = 0, we have P°(t) = Uy and by (3.8) we also
have

(3.9)  P(t) = sup{|P""}(5,0,2,p)| : s € [0,4], (,p) € supp f} + 1
and

t
ftap) =0 for |p] = P(0) or Jal = R+ [ P"(s)ds
0

which implies that f™ satisfies the assumption in Lemma 3.1 for any n € N.

Step 1. Boundedness of velocity support. In order to uniformly bound the
sequence of velocity support functions, we firstly consider any time interval
[0,T] with T > 0 given. By the characteristic equation (3.7), we have

[P (s,0,2,p)| < [p| +/ (10:@™ (7)[[zge + = (IP" (7,0, 2,p)]
0
(3.10) + AR (T) |25 ) 102 A (7) | Lge )T

By Proposition A.2 and conservation of mass, we have
1 2
10:@" ()| Lge < Mllp" @)1 71 [lp™ ()| Lo

1 2
<MIFOIE, [ el
“PJ|p|<P(t)

o 1 o 2 "
< MIF IS, T U, (PR @)



ON CLASSICAL SOLUTIONS AND THE CLASSICAL LIMIT 1609

Because of the current density jn (¢, %) = [ps [p — ¢ An|f™ (¢, 2, p)dp, we need
to make the careful estimate for the vector potential. By Proposition A.2,
Proposition A.3, the energy conservation and noticing ¢ > 1, it follows that

[An@®)llze < MeT ljn ()25 lin (D]

< MeY(| f Iy, +€(0)

( (P"(t) + M An(®)][122)* P (1)
< M (| f Iz, +2(0)5 (P"(1))?
< M (| |1, +2(0)F (P (1))
CUHP" (1) + [ An(®)]1f 2 P" (1)),
by Young’s inequality with e = 23, we obtain that

40z < CHE™E) + (1O )% + 2P 1) Ee

who Y wl

< CHEM N + 2140z + 5 CHP O,

which implies that

wlw

A0 (8| Lo < 305?><P”<t>>% +V2(C(f)P" (1))
(3.11) < C(f)(P™(1)%.

Further, we estimate the first-order derivative for the potentials. Proposition
A.2 shows that

100 An ()]l < Me G015 13 (1)1
In the same way, using (3.11), we have
100 An(®)l e < M F llzs, +£(0)F [P (1) + [ Au(t) |22 (P™())?
< M| £ llzs, +2(0)3[P(8) + C(f)(P™(1))2]3 (P™(1))?

(3.12) < C(HP (1))

Now we return back to (3.10) and then by using (3.11)-(3.12), we obtain that

P (0,2, < Vo + C(F) [ (PR + (1P (r0,2.9)
+ (P™(r)%)(P"())dr.

Combining the definition (3.9) we have the inequality

P"TH(t) < Co + Cy /t(P"(T))gP”“(T)dT7
0
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o
where Cy := Uy + C(f). By induction we can show that there exists a non-

_u
negative, non-decreasing function P(t) € C([0,T*[;R) with T* = 2C; * not
depending on the light speed ¢ such that for all n € N

(3.13) Pr(t) < P(t), telo,T7,
and the function P(t) is the maximal solution of

P(t)=CoP2(t), P(0)=Cy,

which exists on the interval [0, 2Cy 1721[ Then in any time interval [0,7] C
[0, 7*[, we take M* = 3(Z)5 P(T)| ;’ ”%ipll ; ”%3";7 such that for all n € N,
t€[0,T7,

My < M*.
Since ¢ > max{1,v/M*}, for any n € N, A, (t, z) satisfying C*([0,T], C*(R?;
R?)) is well defined for ¢ > max{1,v/M*}. In addition we have

B.14) " (OllLge +lin @)l Lge +11022™ (1) e +110 An (B)[| Lge + 1 An ()| Lo
< C(T, f).
In addition, we also can obtain that for any ¢ € [0,T] and all n € N,
(3.15) [102p"™ (1)l Lge +1100n (8) ]| o= + 105" (1) | L= +1|03An (B) | e < C(T, f),
which have the similar proof with the estimate [32, (82)] when substituting

— — Pn( )_An( vXn( ))
va, = Pn(s) — An(s, Xn(s)) for vy, = \/1+|P:(s)—Aj(s,X:(s))|2 and we shall

neglect the proof.

Step 2. Convergence of the approrimation solutions. Although we can apply
the proof of [32, Theorem 1, step 4] to our case, the main difference still come
from the current density. So we only point out the error. When we prove that
f™ is Cauchy sequence on [0, 7] x R? x R3, we shall meet that

(3.16) [Tt @,p) — [ (t, 2, )|
< 0wy £ ez, (1Xn(0,t,2,p) = X1 (0, ,, )|
+ |Pn(0,t,2,p) — Pno—1(0,t, 2, p)|)
<M / (10:97() — 08" (7)1 + [0 An(r) — Do Anr (P
1 An(7) = Ana (7)1 ),

where we use ¢ > 1. Similarly, we need to establish a Gronwall’s inequality
for |fmt(t,x,p) — f*(t,x,p)|. Because the scalar potential is independent of
Jn, its proof is the same with [32, Theorem 1, step 4]. In the following we
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shall estimate the terms for the vector potential. According to (3.13), let
R = max{Ro + C()TP}(T), P(T)} and we have
suppf"(t) C Bg X Bg
for all n € N,t € [0, T]. By definition, it follows that
(3.17)  A,(t,x) — Ap—1(t,x)

1 _ _ dpdy
— d n(t o n—1 t B A
5% /R /Ra[z +w®@wl(va, "t y,p) —va, . f (,yyp))|y_x‘
1 . dpdy
= — A, —A "
2¢2 /]RS /1%3 [Zd+w®w]( n 1(t7y) n(tvy))f (t’y’p)|y—x|

1 . -1
+ 2 /R /Rz[zdw Bwl(p =" Ana(ty))

. et dpdy
(f"(ty.p) = [ (ty,p)) =]
= Ji(t,x) + Jo(t, ).

For Jq, by suppf™(t) C Bgr x Br, Lemma A.1 and Hélder inequality we have
that

M " 1
Bt < g5l [ 1A ta) - At o)l o)l i,
C Br x

2
|| B |An—1(t7m)_An(tax)|fn(tvxap)dp||z%(BR)
R

M 1 2
< 2CQ|/BR St @, p)dpl| s g, /BR [tz p)dpl f e 5y

[An-1(t) = An ()l L2(BR)

(318) < C(R7 f)HAnfl(t) - An(t)HL?C(BR)'
For Jy, by suppf™(t) C Br X Bg, (3.14) and Lemma A.1 we have

It z) < O(R. ) /B /B P p) — 7ty p)| P

ly — z|

° 2
<@ [ 15t - £ bl o,
R
,l
: || B |fn(t7xvp)_fn_l(tvxup”deEgC(BR)
R

(3.19) < C(RPIFE) - 9t 1,
Combining(3.17) with (3.18), (3.19), we have
(3:20) [ An(t) = Au1(8)] 1

< (R D[ Anar(t) = Aut)|22 (82 + C(R. I (1) " Ol
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In the following, we shall estimate the derivative of the vector potential. By

(3.21) Oz Ap(t,x) — 0z Ap—_1(t, )

dy
< — /R3 . lva, f™(t,y,p) —va, [ty ,P)|W
d
< — /B /B lp— ¢ At )| f" (ty, p) — f("’l)(ty,p)lﬁ
d
/B ,/B t y n 1(t7y)|fn_1(tayap)ﬁ
< C(R, f)||f"( — " )|,

F ORI [ 1Awalta) = Aulta)| 0 )l
R
: ” 5 ‘Anfl(tvx) - An(tvx)|fn(t’xvp)deggo(BR)
R

< CRPIF ) = £ )1, + CR DI An(t) = A ()] 2.

Then we shall apply the crucial tools in [32, Lemma 8] to (3.20) such that we
have

14n(t) = Ancr () < CRPIFE) — £ (1)1,

Indeed, if we define hy = Af™ + (1 — X)f"~ 1 for 0 < X\ < 1. It is easy to see
that hy > 0 has compact support and dyhy = f* — f*~!. By [32, Lemma 3]
we define the Darwin vector potential Ay induced by hy by

1 1 dpd
Mta) =~ [ oamiltapdp -2V [ [ 9 )t P
Br B

ly — 2|

)

and V- Ay, = 0, where we have dropped a numerical factor. Notice that A,, (or
A, 1) solves the above equation when A =1 (or A = 0). Then by the Jensen’s
inequality, we have

1
|An(t,x)—An_1(t,x)|2dx:/ \/ O\ Ax(t, 2)dA2d
R3 R3 0

1
g/ / |0\ A (t, ) Pdzd\
o Jrs
< sup / |OxAN(t, ) Pda.
R3

So we need to estimate [|O\Ax(t)z2s) for all 0 < X < 1 and t € [0,7].
Here we give some notations. We denote by Af\ the component of the vector
potential Ay. From the equation satisfied by Ay, we can obtain that

, 1 , 1 dpd
ayto) = [ wmeapd—zon [ [ eamtan P
R R

ly — x|
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Differentiating the equation with respect to the variable A, we obtain that

) 1 .
MDA () = — = ; Oz (v, ha)(t, z,p)dp
R
1 dpdy
—783%./ V- Ox(va,ha)(t,y,p .

Then multiplying 9y A* on both sides, it follows by integration by parts that
/ 10,00 AL 2(t, ) da
RS

= / 8,\A§\(t,x)@,\(vfhh,\)(t,w,p)dpda:
Br Y Bgr

dydx

(3.22) — / OOy, AL (t, )V - ('h/ va, ha(t,y,p)dp ,
R3 JBp Br ly — =

where 8)\A§\8A(vf4AhA) only represents the product of the two terms. Now the

sum with respect to i =1,2,3 in (3.22) gives

/ 10,05 A [2(t, ) dz
RS

1

= f/ ONAN(t, 2)0x(va, ha)(t, x, p)dpdx
C JBr JBg

1

dydx
! / D10 A (,2)V - Oy / vayha(t, y, p)dp-—2
R3 JBRr Br

ly — |

c

1
= */ / h)\(a)\A)\(t,:C) ~8)\UA>\)dpd$
€ JBr JBr

1
+ */ / (ONAN(t, ) - v4, )Oxhrdpdx
¢ JBr JBr

1 dyd
(3.23) - 7/ 8,\V~A,\(t7x)V~8A/ v, ha(t,y, p)dp—2LE
R3 JBg Y-

c Br ly — x|

Using V - Ay = 0 and observing dyva, = —0\A, we obtain

1
/ 10,08 A2 (1, 2)dr + / / ha(t, 2, p) [0 A 2 (1, 2)dpda
R3 CJBr JBR

(324) = 1/ / (8,\A,\(t,x) ~’L)A>\)8)\h,\dpd$.
€ JBrJBR

Comparing with RVDG, (3.24) have the easier form. In addition, it is easy to
see that

1
/|8m8,\A,\|2(t,:v)dx+f/ / h,\\aAAAdedx
R3 C JBr JBgr

1 1
(3.25) :\|araAAA<t>||%g+;||</B Pt 7, p)dp) O A2 (-
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By the Holder inequality and ¢ > 1, we can deduce that
1
- / / (8)\A)\(t, .T) . UAA)a)\h)\dpdl‘
€ JBr JBr
(3.26) < C(R, oA 2 (Br) 1O3PA®) |22 -
The estimates (3.24), (3.25) and (3.26) imply that

1820 Ax[172 < C(R, NIOAAND| L2 B 177 () = f* 7 ()22,
which implies by Poincaré inequality (see [8]) that

1OA\AXD 172 (5,) < C(R, F)|0:03ANB)II72

< O(R, I AArB)ll 2 1) = 77 (B)ll1z .

So we have

103 AN 122 () < CCR IS E) = £ Oz,
(3.27) < CR NI Ol
which implies by (3.14) that
(328) [ Au(t) ~ Auca ()2 < CRDIW) — £ (013,

Up to now, we have closed the Gronwall inequality by (3.16), (3.20), (3.21)
and (3.28), which leads that the sequence {f™} are Cauchy sequences in the
C° norm and it converge uniformly f¢ € C°([0,T] x R? x R?). We complete
the proof of Theorem 2.1. O

4. Proof of Theorem 2.2

In this section, we follow the argument in [29] and discuss the classical limit
of the non-relativistic VDG.

Proof of Theorem 2.2. By the vlassov equation for non-relativistic VDG
and VPS, we have

On(fC— ) +vac - Val(f© = ) = [VO° — ¢y V(A)] - V(£ = )
= 0 f— O f™ +vac - VufS —vac Vi f® — [VO© — ¢ 4. V(A9 - V, f€
+ [VO° — ¢ 1}y V(A -V, f>°
= — O f® —vac - Vof© + VO — ¢ 10y V(A9)] -V, f
=p-VofC+E® V™ —vae - Vo f + [VO — ¢ 0}y V(A9)] - V, [
= AV f® H [E® 4 VO© — ¢ Wi V(A%)T] -V, f.
For all t € [0,T] C [0, T[, V£, V,f* are bounded on [0,7] and we define
d(t) = sup{|f°(s,z,p) — f*(s,z,p)| : * € R3,p € R3, and s € [0,1]}.
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In the following, we estimate the vector potential A¢ and then by Young’s
inequality with € = 23,

1 . 2
1Al < Me™|jac (O3 liae (D13,
< Mce™H(1 4 ¢ YA || 1o )55 (0)
1
< Mc™' 4 Mce™5[|A°(1)]|3

(M)

3

wjw

(
1 2 4
L g(MC—§)

2 2
< M7+ 1Al + %(Mc‘%

1
< Mc™ 4+ 2(1AO3)%" +

e

)2,
which leads to
[A“(t)[| L < Mc™ b+ Mc2 < Mc™'.
In the same way, we have
10:A4°(®) 1 < M e Niae O, < M.
By the definition of £ and ®¢, we have
E>(t,z) + VO°(t,x)

// 3f°°typdydp // 5.[(t, ¥, p)dydp
R3 JR3 |33—y| R3 JR3 |33—y|

/Rs /]Rs I:r:—yl3 (f= @, y,p) — f4(t, y, p))dydp.

By means of Lemma A.1, it follows that
|E>(t,x) + VO(t, x)]

<u) [ 1<) = a1 - el

< MPY(T)(Uo + TP(T))5||f(t) = f(t)l|res, < Md(t),

Thus for any = € R3, p € R? and ¢ € [0,T], by directly computing we have

L0 = )5, Xp(5), Pr(s)
= |0u(f = f7°) +vae - Vo (f© = )

— [V — VAN Ty (7 — )] (s, Xpe(s), Pre(s)
< Mc '+ Md(s),

where s € [0,7] and X<(s), Ps-(s) are defined by (3.6), (3.7). Noting that

(0, X 2(0), Pe(0)) = £(0, Xe(0), Pye(0)) =F (2,p)— f (2,p) = 0
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Hence integrating from 0 to ¢, we have for all ¢ € [0, 7]
t
o0 C d o0 C
12 (t) = Fotan) = | [ 0 = £ X (o), P

t t
< M/ (¢! +d(s))ds < Mc™ + M/ d(s)ds,
0 0
which by definition of d(s) leads to
t
d(s) < Mc '+ M/ d(s)ds.
0
Then by Gronwall’s inequality
d(s) < McteMt < Mcet.
So it follows that for all z € R3,p € R3¢ > 1 and t € [0, T].
[t @, p) = [t 2, p)| + [EX(t,x) + VOO (L, 2)| + [A%(t, @)| + [0, A°(E, )|
< d(t)+ Md(t)+ Mc' < Mc™.
Now we complete the proof of Theorem 2.2. O
A. Appendix

In this appendix, we collect some well known facts which have been used in
the above discussion. We also provide details for the proof of some auxiliary
results in Section 3 and Section 4.

Lemma A.1. Forany 1 <p<3,rg = % and r <rg <s,

v(y) P
dyllre < C(p,r, s)|||3-2 0% .,
1] 2l < Ol )Wl I
where 6 = 11__://20 and the positive constant C(p,r,s) depends only on p,r and
s, in particular, C(p,1,00) = 3(47r/p)p/3/(3 —p).

Proof. See [24, Lemma, 2.7]. O

Proposition A.2. Let p € C'([0,T],CL(R®)) and the vector j € C*([0,T],
CH(R3;R3)). Then the following hold:

2 1

[()llzee < CllpO)l 71 IO Zee

1 2
(A-1) V@)L < Cllp)lI 22 P Lo -
Moreover, the second order derivative satisfies, for any 0 < d < R,
(A-2) [[D3@(t)] L= <CIR™[lp(t)llr +d[| 02 p(t)]| Lg= +(1+In(R/d)) || p(t)]| L]
The Darwin vector potential

A(t,z) = %/}R3[id+w®w}j(t,y) il

ly — x|’
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admits the same estimates as (A-1) and (A-2), but with p(t) replaced by j(t).
In addition, we have

IDZA®) |z < CIRT* (51l 2s + dllOwi ()]l + (1 + In(R/d))
sup{lj(t, ), [y — | < R}].

Proof. For the proof, we refer the readers to [26, Lemma P1] and [32, Lemma 6].
For the last inequality, we only check in the process in proving estimate(A-2)
such that we can replace [|j(t)| r= with sup{|j(t,y)|, |y — x| < R}. O

Proposition A.3. For anyp € [1,2], t € [0,T], ja(t) € LE(R?) and

f @y, +e@))-

DN =

5 1 .
1a@Il 5 < e OIfOllze, Nia@)lles <

4
x

Proof. By the definition, we have
iatta) = [ Ip— ¢ LAt )| (£, 7, p)dp
|[p—c=rA(t,xz)|<R
+f Ip— ¢ LAt ) (¢, 2, p)dp
[p—c=1A(t,x)|>R
< RUS@I=+ R [ I = At a) Sl

< (/]Rs lp— c_lA(t7x)|2f(t,$,p)dp)%||f(t)||§w7

then we have

(A-3) a5 = / [p— ¢ At @) £t 2, p)dpda) | £ (1)

R3 xR3

In addition, we have

a1 = / Ip— LAt 2)[2f (¢, 2, p)dpda:
R3 xR3

1
(A-1) <5 [l A ) ), p)dpda.
2 R3xR3
Now we complete the proof. O
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