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BI-LIPSCHITZ PROPERTY AND DISTORTION THEOREMS
FOR PLANAR HARMONIC MAPPINGS WITH M-LINEARLY
CONNECTED HOLOMORPHIC PART

JIE HUANG AND JIAN-FENG ZHU

ABSTRACT. Let f = h + g be a harmonic mapping of the unit disk D
with the holomorphic part h satisfying that h is injective and h(D) is
an M-linearly connected domain. In this paper, we obtain the sufficient
and necessary conditions for f to be bi-Lipschitz, which is in particular,
quasiconformal. Moreover, some distortion theorems are also obtained.

1. Introduction

A complex-valued function f(z) of class C? is said to be a harmonic mapping,
if it satisfies f.; = 0. Assume that f(z) is a harmonic mapping defined in a
simply connected domain 2 C C. Then f(z) has the canonical decomposition
f(2) = h(2) 4+ g(2), where h(z) and g(z) are analytic in Q. For more details on
planar harmonic mappings we refer to ([6], [13]). Let D(a,r) = {z: |z—a| < r}
be the disk center at a with the radius r, D = {z : |2| < 1} be the unit disk,
and 0D = {z : |z| = 1} be the unit circle. Throughout this paper we consider
harmonic mappings f(z) in D.

For any z = re’® € D and « € [0, 7], the directional derivative of f is defined
by

flz+re') — f(2)

(1) 8af(z) = 7.1_1)%1_*_ r = eiafz(z) + e_iafi(z>'
Then, we have
2) e [0af ()] = As(2) = £ + 1:(2)
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and

3) min |9q f(2)] = As(2) = [[f2(2)] = [f=(2)]] -

0<a<2m
It is known from [9] that f(z) is locally univalent and sense-preserving in D
if and only if its Jacobian satisfies the following condition
Ji(2) = |f2(2)]? = |f2(2)]* > 0 for z € D.

For a sense-preserving harmonic mapping f(z) = h(z) 4+ ¢g(z) in D, let

_d(2)
(4) w(z) = e

be the (second) complex dilatation of f. Then w(z) is a holomorphic mapping
of D and

(5) [wlloo = sup [w(z)] < 1.
z€D

Throughout this paper we assume that f is sense-preserving.

Given K > 1 and assume that f(z) is a sense-preserving univalent harmonic
mapping of D. Then f(z) is called a harmonic K-quasiconformal mapping if
there exists a constant k£ such that

fz(2)
sup fz (z)

z€D

K-1
<k=——-:.
- K+1

A mapping f(z) defined in D is said to be co-Lipschitz (resp. Lipschitz) in
D if there exists a constant L such that the following inequality

© B2Zl g g e (5(@) - £ < L - )
holds for all 21, zo € D, where L > 1 is called the Lipschitz constant. f is said
to be bi-Lipschitz if f is co-Lipschitz and Lipschitz.

A sense-preserving harmonic bi-Lipschitz mapping is always quasiconformal,
while the converse is not true, in general (cf. [14]).

Denote by Sy the family of all sense-preserving univalent harmonic map-
pings defined in D which admit a canonical representation f = h + g, where

o) o0
(7) h(z) =z+ Z anz" and g(z) = Z bp 2"

n=2 n=1
are analytic in D. The class S% is the subclass of Sy with ¢’(0) = 0, see ([4])
for more details.

A domain 2 C C is said to be M-linearly connected if there exists a positive

constant M € [1,00) such that for any two points z,w € Q are joined by a path
~v C Q with

l(v) < M|z —wl|, where 1(7):/|dz|.
v

It is easy to see that a 1-linearly connected domain is convex. We remark
here that in this paper, we always assume such a path v mentioned above is
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rectifiable and bounded by M|z — w|. We refer to [10] for the definition of
rectifiably M -arcwise connected domain (see also properly M -arcwise connected
domain). For extensive discussions on this topic, see the references [1], [2] and
[12].

A function f € C*(D) is said to be M-linearly connected if f is injective and
f(D) is an M-linearly connected domain.

In what follows, the notation L°°(D) denotes the set of all complex-valued,
measurable functions which are essentially bounded in D.

In 2007, M. Chuaqui et al. proved the following theorem.

Theorem A ([3, Theorem 1]). Let h : D — C be a holomorphic univalent
map. Then there exists ¢ > 0 such that every harmonic mapping f = h+ g
with dilatation ||w||e < ¢ is univalent if and only if h(D) is a linearly connected
domain.

The proof of Theorem 1 shows that one can take ¢ = 1 when h is convex, an
important special case that they state separately as the following corollary.

Corollary 1 ([3, Corollary]). Let h be analytic and convex in D. Then every
harmonic mapping of the form f =h+ g with ||w|e < 1 is injective.

We point out that f = h 4 g is univalent in I doesn’t imply that h is
univalent in . Also, f is quasiconformal in D then f doesn’t need to be co-
Lipschitz or Lipschitz in D. It is related to the domain f(D). One can refer to
[8] and [11] for the discussion of how can a sense-preserving harmonic mapping
f in D be quasiconformal and bi-Lipschitz, with the image domain f(D) is
a bounded convex domain. Based on these facts and motivated by Theorem
1, in this paper assume that f = h 4+ g is a harmonic mapping in D such
that its holomorphic part h is M-linearly connected. Then we prove that f
is bi-Lipschitz in D if and only if there exists a constant 0 < ¢ < 1 such that
lw]leo < ¢ and log|h'| € L*°(D). See Theorem 1 and Remark 1. Moreover,
some distortion theorems are also considered in Section 3.

We will first prove some lemmas which are elementally but useful in the
section 2 and then give the main results and their proofs in Section 3.

2. Auxiliary results
The following lemmas are useful and will be used in proving our main results.

Lemma 1. Given M > 1, let f € C*(D) be M-linearly connected. Then f(z)
is co-Lipschitz if and only if there exists c1 > 0 such that A\(z) > ¢1 holds for
all z € D.

Proof. We first prove the only if part. Since f(z) is co-Lipschitz, then there
exists L > 0 such that
|21 — 22|

Fe) = ) = P
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for all 21, 2o € . For 25 = z € D, let r small enough such that z; = z+7re*? € D.
Then we have '
f(z+1e?) = £(2)

rett

>

|

By letting » — 0, we obtain

. iy |£C 47 = 1)

r—0

= e’ f.(2) + e f(2)] 2

Thus )
A — . 10 —i0 ¢ >

£(2) = min [ef.(2) + e f=(2) 2 7

Now we prove the if part. Assume that there exists ¢; > 0 such that Af(z) > ¢;
holds for all z € D. Take 21,22 € D, with 21 # 2. Since Q = f(D) is an M-
linearly connected domain, we see that there exists a rectifiable path + in

connecting the points ; = f(z1) and (s = f(22) such that
(9) Uv) < M[f(z1) — f(22)]-

Since f(z) € C'(D) is an injective function of D with Af(z) > ¢; > 0, we see
that J¢(z) > 0 for every z € D. Therefore, f is a C'-diffeomorphism of D
onto . Let g = f~1 : Q — D be the inverse function of f. Then g(¢) is a
C'-diffeomorphism of  onto D such that the following inequality

19(Q1) — 9(2)] < / dg(0)] < / Ag()ldC]

g(v)

holds for all (1, (2 € 2. Elementary calculations lead to g = 5:; and gz = —J=

Jr
This shows that Agy(¢) = % < é By using (9), we have

1 M
19(¢1) — 9(G)| < —I(v) < —[G — (-
C1 C1
Therefore,
c
[F(22) = f(z2)] 2 5121 = z2l.
This shows that f(z) is co-Lipschitz. O

Lemma 2. Let f € C(D). Then f(z) is Lipschitz if and only if there exists a
constant cg > 0 such that Ay(z) < co holds for all z € D.

Proof. We first prove the only if part. According to the assumption, we know
that f is Lipschitz. Therefore there exists L > 0 such that

|f(21) = f(22)| < L|z1 — 22|

holds for all z1,20 € D. Let z5 = z € D for r small enough such that z; =
2z +re'? € D. Then '
fz+re®) = £(2)

rett

< L.
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Letting » — 0, we obtain

fz+re) — f(2)

ret

(10) lim = e f.(2) + e P fx(2)| < L.

r—0

Ths Ay () = mae [ef.(2) + e f(2)] < L.

)

Now we prove the if part. Assume that there exists co > 0 such that Af(z) < ¢y
holds for all z € D. Take 21,20 € D, let C : z = 2(t) = 21 + t(22 — 21) be the
segment line which joining z; and 25, and v = f(C). Then

£G1) = Flel < [ 17 (2)
- /C (1) + Fo(2(t))e i |dz(2)]

1
<|z — 22|/ Aypdt
0
< e2lz1 — 22,
where o = arg(z; — 22). This implies that f(z) is Lipschitz. O

Lemma 3. Given M > 1, let f = h+7 be a harmonic mapping of D such that
h is M-linearly connected. Then the inequality

(11) h(z1) = h(22)| = M[wllcolg(21) — 9(22)]
holds for all z1, z; € D. If additionally M||w||c < 1, then f is univalent in D.
Proof. Let Q = k(D). For any two points (1, (s € 2, since 2 is an M-linearly
connected domain, we see that there exists a path T' : [0,1] — Q connecting
the points ¢; = T'(0) and {3 = I'(1) such that I(T") < M| — (ol

Consider the holomorphic mapping ¢(¢) = g o h=1(¢), where ¢ = h(z) € Q
and z € D. Then we have

(12) " ()] =

/

J'(2)
W (z)

< ol
Therefore we have

P(G) — $(G)| = ’/Fchp’

< / lde] < ]l / 1d¢|
T T

< lwllooM[¢ = G-
This shows that

©(C1) — p(Ca)

(13) sup e

C1,62€0

< M|wl|oo-
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Thus
lgoh™ (&) —goh ()]
IC1 — G2l

< M|jwlloo-

Using 2z = h™1(¢), then

(14) l9(21) = 9(22)| < Mjwllco|h(21) — h(22)].
If additionally M |[w[[oc <1, then we have

[f(z1) = f(22)] = |h(z1) — h(z2)] — [9(21) — g(22)]
> (1= M|wlloo)h(z1) — h(z2)| > 0
hold for all z1, zo € D. This shows that f is univalent in D. O

3. Main results

Theorem 1. For M > 1, let f = h+ g be a harmonic mapping in D. If h is
M -linearly connected, then the following statements hold.
(@) If |lwllew < 77 and log|h'| € L>®(D), then f is a bi-Lipschitz mapping
in D and its Lipschitz constant L is related to M and ||w||oo-
(IT) Let f be a bi-Lipschitz mapping of D with its Lipschitz constant L > 1.

Then
2

L7 -1

Furthermore, we have f(D) is an M;-linearly connected domain with My =
ML2 1+ ||lwlloo

I—[lwlfeo *

Proof. (I) Since log|h/| € L*°(D), this shows that there exist constants 0 <
1 < cg < +oo such that ¢; < |B/(2)] < ¢2 hold for all z € D. For any
21,29 € D, with z1 # 29, let (1 = h(21) and (2 = h(z2). Since h is an injective,
analytic function in D (and therefore h € C1(D)), with |h/| > ¢; and h(D) is
an M-linearly connected domain, it follows from the proof of the “if” part in
Lemma 1 that
c1lz — 2
h(an) — h(z)| > AL
Applying (11), we have
C1 1— M|w

£ = F(z2)] = (1= Mlwll)lh(z1) — hz)| > T Do)
This shows that f(z) is co-Lipschitz.

On the other hand, assume that C : z = 2(t) = 21 + t(22 — 21), 0 < t < 1,
be the line segment which joining z; and 2. Let I' = f(C'). Then

—22|.

£ (21) = f(z2)] S/Fldf(Z)l =/CIfz(z(t))dZ(t)+fz(Z(t))dz(t)|

— a1 = sl [ ILGO) + f0)e
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<l =zl [ 1000 (14 D) o

1
<l|z *Zzl/ |7/ (2(£)] (1 + [[wlloc) dt

21— 21+ [wll) / W (= (2)) |t
< Jo1 — 221+ w]loo)es

where o = arg(z; — 22). Let L = max{(1 + ||w| 0 )c2, m}, then

‘f f(22) <L
Z1 — 29
hold for all zq, 2o € D.
(IT) According to the assumption we have
f f(z2) <7
21— 22

hold for all z1, z; € D, where L > 1. By using (8) and (10), we have
Ap(2) = max e f.(2) + e f(2)| < L
0€(0,7]

and

0 —10 1
Af(2) —Qg[lér;r]le f(2) e R =2 £

hold true for all z € . This implies that

9'(2)
As(z) _ W@+ LT e <2
- /! / - , .

Ar(z) W) =g ()] 1= 2t

Hence fll,(i) °—1 holds for all z € D. Therefore, we obtain that
/(Z) L2 _
lw]|so = sup W <757 < 1.

Furthermore, since

L>Ar(2) > A(z) = | IR LA B

> Ap(2) =2 Ap(2) = [P (2)] W) > [W(2)|(1 = [|wloo)

and

Lexne 2= e (1422 < e + i)

L= = W)~ >
we have

, L

(15) |n ()| <

‘_ - -
1= [Jwlloo
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and

(16) B[ —
T L1+ [lwllso)

hold true. This shows that

(17) log |h'| € L= (D)

as desired. Now we prove f(D) is an M;-linearly connected domain. For any
wi,wg € f(D), let T' be arbitrary curve in f(ID) which joining wy and ws. [ =
f7Y(T) is the curve in D with the end points z; = f~!(wy) and 2o = £~ (wo).
5 = h(l) is the curve in h(D) with the end points (; = h(z1) and (o = h(z2).
Note that h(D) is an M-linearly connected domain, then

r) = / df (=) = / () + Fo(=(t))e | dz(t)
f((1))
< [ironl (14| ZEB jas00)
< (1+ [[wlloo) /Ih’ Dlld=(0)
= (14 wllo)ls
<M+ ||lwlloo)|C1 — ¢l

where 8 = argdz(t) for | : z = 2(t).

Let C: z = 2(t) = z1 +t(22 — z1) be the line segment which joining z; and 2o,
v = h(C) is the curve in hA(D) with the end points ¢ = h(z1) and (2 = h(z2).
Then (15) yields that

IC1 — Cof < / |dh(z)

/|h Dlidz()]
|21—22|/ B (2(1))]dt

< _
=l ol

Therefore,

LA @l L @l
1 — o[l 1 =[]l
This shows that f(ID) is an M;-linearly connected domain, where

14 [lwlloo
1= [[wlloo

IT) < ML |21 — 22| < ML? |f(z1) — f(z2)].
M, = ML?

The proof is completed. (I
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Remark 1. (1) Under the assumptions of Theorem 1, by using Lemma 1 and
Lemma 2, we know that log |h'| € L>°(D) is equivalent to h is bi-Lipschitz.

(2) If f = h + g is quasiconformal (not bi-Lipschitz) in D, then log |h/| < oo
does not need to hold. We show this by using the following function

f(z) =h(z) +9g(2) = (1 —2)" + k(1 -2)°,
where0<a<1and0<k<ﬁ§1.

Theorem 2. Given M > 1, f = h+7 is a harmonic mapping of D such that
h is M-linearly connected. If ||w|so < 37, then
(I) Ty = h+ €%g is univalent in D, for all § € [0,27]. Moreover, To(D) is
MA+[|wlle)
I-Mlwlleo
(I1) If f can be extended continuously to the boundary, then there exist
positive constants co and c3 < 2 such that for (1, (3 € D,

|f(C1) = f(G)] = c2lCi — G|,

where co depends on M.

an M -linearly connected domain, where My =

Proof. (I) Take arbitrary two points z1, z2 € D. According to (14) we see that
To(z1) = To(22)] = [h(z1) — h(z2)| = lg(z1) — g(22)]
> (1 = Mlwllco)[P(z1) = h(22)].
Since M||w||co < 1 and h(z) is injective, we know that
To(21) = To(22)| = (1 = M|wlloo)[(z1) = h(z2)[ > 0.

This shows that Ty(z) is univalent in D for all 6 € [0, 27].
For w € h(D), let

(18) H(w) =Tp(h Y w)) =w+ePgoh 1 (w).

Then we have H(w) is holomorphic in h(D) with H'(w) = 1 + e“w(w).

Fixed two points & = Ty(z1) and & = Ty(z2) € Ty(D) and let v C Tp(D)
be the curve which joining & and &;. Since h(D) is an M-linearly connected
domain, we know that for any two points wy, we € h(D), there is a curve
I' ¢ h(D) joining wy; and we such that I(T') < M|w; — ws|. Now we set
v = H(T'). Then

1) = [ laH(w)

< 1 o )|d
< [+ lwloldul
= (1 + ||lwllso)U(I)
< (1 fwlloo) Mlwr — wal.
Applying (11) we know that
(19) 161 — &2 = [Th(21) — Th(22)]
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|h(21) — h(22)| — |g(21) — g(22)]
(1 = M([[wlloo))|P(21) — h(22)]
(1 = Mlwl|oo) w1 — ws].

>
2

This shows that
M1+ |w|[s)

l <
) < T el

Thus Ty(D) is an M;-linearly connected domain, where M7 =

&1 — &l

M(1+||lwlleo)
1-Mllwlloo

(IT) By [12, Proposition 5.6] we know that Ty is continuous in D with values
in CU {o0}. Applying [12, Proposition 5.7(5)] to Ty, we see that there are
constants co > 0 and c3 < 2 such that for (5, (> € ID,

(20) To(C1) — To(C)| = c2lCr — G|
Inequality (20) and the arbitrary taking of 6 shows that

|f(¢1) = F(Q)] = ealCi — G2 .
This completes the proof. (I

Remark 2. The following lemma easily follows from [7, Proposition 2.1].

Lemma B. If for any € with |e] = 1, the function h + €g is univalent in D,
then f = h + g is univalent in D, where h and g are holomorphic in D.

Therefore, one can easily obtain that Ty(z) is univalent in D (one of the
results in Theorem 2) implies that f(z) is univalent in D (the result in Lemma
3).

Furthermore, under the assumption of Theorem 2 we have f(D) is also an
M;-linearly connected domain.

Theorem 3. Given M > 1, and assume that f = h 4§ is a sense-preserving
harmonic mapping of D such that h is M-linearly connected with

(21) hi(z)=z+ Z anz” and g(z) = Z bp2".
n=2 n=2
If |lw|loe < 77, then we have the results as follows.
(I) The coefficients of (21) satisfying

lan| + |bp| <n forall n>2.
(IT) The inequalities

1+ |z
(22) Ap(z) < =23
(23) A() > A

(1+2)?
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and
] . ]
Tl < VEs T

hold for all z € D.

(24)

Proof. (I) According to Theorem 2, we see that Ty(z) = h(z) + €g(z) is
univalent in D for all § € [0,27). Since h and g are normalized by (21), we
know that

h(z) +eg(z) =z + Z an2" 4 €? Z bp 2"
n=2 n=2

=z+ Z(an +¢,)2" € S.

n=2
Therefore, using the Bieberbach coefficients conjecture (see [5]) we obtain
lan +€?b,| <n, for €[0,2r) and n > 2.
Therefore,

lan| 4 |bn] = max |a, +eb,| <n for n>2.
0€0,2m)

(IT) Since Ty(z) € S, it follows from the distortion theorem in S that

1—|z| 1+ 2]
——— < |T}(2)| € ————, ze€D.
(L+1[z])? ’ (1—1z])?
This shows in particular that
1— 2|
25 n — g’ = i T >, eh
and
1+ |z]
26 h ! = Ty < —— D.

Fix z € D. The last inequality (26) shows that
=] [ feac + 1o
< [l + gDl
<[

2|

(1 =12
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where T' is the radial line segment from 0 to z. Next let v be the preimage
under f of the radial segment from 0 to f(z). Then

zﬂa/M@M+ﬁmﬁy
z/mwww«mm

(1= )
ZA TEER

=
RN
which completes the proof. ([

Theorem 4. Let f = h 4+ G denote a sense-preserving harmonic mapping in
the unit disk D such that h is injective and h(D) is a convex domain. Then for
all z1,29 €D, z1 # 2o we have

l9(z1) = g(z2)| < |h(z1) — h(z2)]

and f is a univalent harmonic close-to-convex mapping.
Furthermore, if f is a harmonic quasiconformal mapping, then the inequality

l9(21) = 9(22)| < [lwlloc|h(21) — h(22)]
holds for all zy,z5 € D.

Proof. For all z1,29 € D, 21 # z9. Since h(D) is a convex domain, there exists
aline I' : t — th(zz) + (1 — t)h(z1), t € [0,1] satisfies I'([0,1]) C h(D). Let
¢ = h(z). Then

|9(21) = g(z2)| = |g o h ™' (h(2 )) —goh™ (h(2))]

d(goh™1
e d<!

/WI ~ h(z)

d(goh~")( 4)‘ _
dc

g'(2)
h'(z)

< 1. Thus

the above inequality holds because ’

|f(21) = f(z2)| = [h(21) — h(z2) + g(21) — g(22)|
> [h(z1) = h(22)] = |g(21) — g(22)| > 0.

According to Clunie Sheil-Small’s result [4], we know that f(z) is a close-to-
convex mapping. If f(z) is a harmonic quasiconformal mapping, then

9'(2)
W (2)

l|lwl] oo —bup <1,
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therefore

19(21) = 9(22))] < llwlloo|h(21) = h(22)]-

This completes the proof. (I
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