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NOTES ON MINIMAL UNIT KILLING VECTOR FIELDS

Sun Hyang Chun, JeongHyeong Park, and Kouei Sekigawa

Abstract. We will find a necessary and sufficient condition for unit

Killing vector fields to be minimal and provide an application of the

obtained result.

1. Introduction

Let (M, g) be an n-dimensional Riemannian manifold and (T1M, gs) be its
unit tangent sphere bundle equipped with the Sasaki metric gs. We denote by
χ(M) (resp. χ1(M)) the set of all smooth vector fields (resp. all smooth unit
vector fields) on M . Every V ∈ χ1(M) determines a mapping from (M, g) to
(T1M, gs), embedding M into T1M . This mapping is isometry only when V
is parallel. If the manifold M is compact and orientable, we can define the
energy of V as the energy of the corresponding map and the volume of V as
the volume of the immersion, which is regarded as the functionals on the space
χ1(M). A unit vector field which is critical for the energy functional (resp. the
volume functional) is called a harmonic vector field (resp. a minimal vector
field). The notion of harmonic vector fields and minimal vector field can be
extended to unit vector fields which on possibly non-compact or non-orientable
manifolds in the canonical ways.

Minimal unit vector fields have been worked by many authors – see, for
example, [2, 7, 10–13]. In [8], it is shown that minimal vector fields corre-
spond to minimal submanifolds of the unit tangent sphere bundle. The authors
have studied Riemannian manifolds (M, g) whose unit tangent sphere bundle
(T1M, gs) admits harmonic characteristic vector field [3–5].

We begin by establishing the requisite notations. Let (M, g) be an n-
dimensional Riemannian manifold. Let ∇ be the Levi-Civita connection of
g. We adopt the sign convention for the curvature

(1) R(X,Y, Z,W ) = −g((∇X∇Y −∇Y∇X −∇[X,Y ])Z,W )
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for X,Y, Z,W ∈ χ(M). Now, we assume that there exists a unit Killing vector
field V on (M, g) under consideration. Then, we set

(2)
LV = Id + (∇V )t ◦ ∇V, f(V ) =

√
det(LV ),

KV = f(V )L−1V ◦ (∇V )t, ωV (X) = tr(Z → (∇ZKV )(X)) .

For compact orientable (M, g), the volume functional F (V ) is given by

(3) F (V ) =

∫
M

√
det(LV )dv

for V ∈ χ1(M), where dv is the volume density on M defined by g.
Now, we shall write the critical point condition of the functional F on χ1(M)

([8], Proposition 4).

Theorem 1.1. A unit vector field V ∈ χ1(M) is a critical point of F if and
only if the 1-form ωV annihilates Hv, or equivalently, if and only if the vector
field XV , given by ωV (X) = g(XV , X), is in the distribution V determined by
V .

In this paper, we shall prove the following:

Theorem 1.2. Let V be a unit Killing vector field. Then

(4) ωV (X) = fρ̃V (X)− ((L−1V ◦ ∇V )X)f

holds, where ρ̃V (X) is defined to be

n∑
j=1

(R((L−1V ◦ ∇V )(X), (L−1V ◦ ∇V )(Ej), V, Ej)−R(L−1V (X), L−1V (Ej), V, Ej)).

Consequently, V is minimal if and only if fρ̃V (X) = ((L−1V ◦ ∇V )X)f holds
for any vector field X ∈ Hv = V ⊥, by taking account of Theorem 1.1.

In Section 2, we give a proof of Theorem 1.2, which is a modification of the
one of Theorem 2 in our previous article ([6]) in which we pointed out a gap in
the proof of the result ([8], Theorem 14) and corrected it to Theorem 1.2. In
Section 3, we give a proof to the fact that the characteristic vector field on a
K-contact manifold is minimal as an application of Theorem 1.2.

2. Proof of Theorem 1.2

In order to prove Theorem 1.2, we shall prepare some fundamental formulas.
Let (M, g) be an n-dimensional Riemannian manifold and assume that there
exists a unit Killing vector field V . In the sequel, we fix it and set f = f(V ).
Since V is a Killing vector field on (M, g), the rank of V must be even, say, 2m
(since∇V is regarded as a skew-symmetric linear endomorphism on the tangent
space at each point of M). We further normalize the choice of local orthonormal
frame field {Ej}nj=1 so that ∇V (Ei) = −λiEi? and ∇V (Ei∗) = λiEi for 1 ≤
i ≤ m and ∇V (Eα) = 0 for 2m + 1 ≤ α ≤ n, where i∗ = m + i (1 ≤ i ≤ m).
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Thus we can take our frame field to be {E1, . . . , Em, E1∗ , . . . , Em∗ , En = V },
which will be called a local adapted orthonormal frame field.

Now, by the definition of the operator LV in (2), we have

LV (Ei) = (1 + λ2i )Ei,

LV (Ei∗) = (1 + λ2i )Ei∗ ,

LV (Eα) = Eα

(5)

for 1 ≤ i ≤ m, 2m+ 1 ≤ α ≤ n. Similarly, we have

(L−1V ◦ ∇V )(Ei) = − λi
1 + λ2i

Ei∗ ,

(L−1V ◦ ∇V )(Ei∗) =
λi

1 + λ2i
Ei,

(L−1V ◦ ∇V )(Eα) = 0

(6)

for 1 ≤ i ≤ m, 2m+ 1 ≤ α ≤ n. Further, by the definition of the operator KV

in (2), we get

KV (Ei) = − fλi
1 + λ2i

Ei∗ ,

KV (Ei∗) =
fλi

1 + λ2i
Ei,

KV (Eα) = 0

(7)

for 1 ≤ i ≤ m, 2m + 1 ≤ α ≤ n. By the definition of the function f = f(V ),
we get also f = f(V ) = Πm

j=1(1 + λ2j ), and hence

Ei(f) = 2f

m∑
j=1

λj
1 + λ2j

Ei(λj),

Ei∗(f) = 2f

m∑
j=1

λj
1 + λ2j

Ei∗(λj).

(8)

Let Gkij = g(∇EiEj , Ek), (1 ≤ i, j, k ≤ n) describe the components of covariant
differentiation with respect to a local adapted orthonormal frame field {Ej}nj=1.
We then have

(9) (∇V )ji = Gjin, Gkij = −Gjik
and further, Gjin = −Gijn since V is a unit Killing vector field. With respect
to a local adapted orthonormal frame field {Ej}nj=1, the components of the
curvature tensor are given by

Rjikr = g(R(Ej , Ei)Ek, Er)

= Ei(G
r
jk)− Ej(Grik) +

n∑
l=1

{GljkGril −GlikGrjl −GlijGrlk +GljiG
r
lk}.
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In particular, for a unit Killing vector field V = En, we have

Rjikn = − Ei((∇V )kj ) + Ej((∇V )ki )

+

n−1∑
l=1

{−Gkil(∇V )lj +Gkjl(∇V )li +Glij(∇V )kl −Glji(∇V )kl }.
(10)

From the definition of the 1-form ωV , taking account of (5), (7) and (8), we
have

1

f
ωV (Ei) =

2λi
1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei∗(λj) +
1− λ2i

(1 + λ2i )
2
Ei∗(λi)

+
λi

1 + λ2i

n−1∑
j=1

Gjji∗ +

m∑
j=1

λj
1 + λ2j

(Gj
∗

ji −G
j
j∗i),

(11)

1

f
ωV (Ei∗) = − 2λi

1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei(λj)−
1− λ2i

(1 + λ2i )
2
Ei(λi)

− λi
1 + λ2i

n−1∑
j=1

Gjji −
m∑
j=1

λj
1 + λ2j

(Gjj∗i∗ −G
j∗

ji∗),

(12)

(13)
1

f
ωV (Eα) = −

m∑
j=1

λj
1 + λ2j

(Gjj∗α −G
j∗

jα).

On the other hand, from the definition of ρ̃V in Theorem 1.2, taking account
of (6), (9) and (10), we have

ρ̃V (Ei) =
1

1 + λ2i

m∑
j=1

1

1 + λ2j
(R(Ei, Ej , Ej , V )+R(Ei, Ej∗ , Ej∗ , V ))

+
λi

1 + λ2i

m∑
j=1

λj
1 + λ2j

R(Ej∗ , Ej , Ei∗ , V )

+
1

1 + λ2i

n∑
β=2m+1

R(Ei, Eβ , Eβ , V ),

(14)

ρ̃V (Ei∗) =
1

1 + λ2i

m∑
j=1

1

1 + λ2j
(R(Ei∗ , Ej , Ej , V ) +R(Ei∗ , Ej∗ , Ej∗ , V ))

− λi
1 + λ2i

m∑
j=1

λj
1 + λ2j

R(Ej∗ , Ej , Ei, V )

+
1

1 + λ2i

n∑
β=2m+1

R(Ei∗ , Eβ , Eβ , V ),

(15)
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ρ̃V (Eα) =

m∑
j=1

1

1 + λ2j
(R(Eα, Ej , Ej , V )+R(Eα, Ej∗ , Ej∗ , V ))

+

n∑
β=2m+1

R(Eα, Eβ , Eβ , V ).(16)

Using (14) and applying (10), we obtain

ρ̃V (Ei)

=
1

1 + λ2i

m∑
j=1

1

1 + λ2j
{λiGjji∗ − λjG

j
ij∗ + λjG

j∗

ji − λjG
j∗

ij

+ Ej∗(λjgij) + λiG
j∗

j∗i∗ + λjG
j∗

ij − λjG
j
j∗i + λjG

j
ij∗}

+
λi

1 + λ2i

m∑
j=1

λj
1 + λ2j

{−Ej∗(λigij)− λjGi
∗

jj − λjGi
∗

j∗j∗ − λiGijj∗ + λiG
i
j∗j}

+
1

1 + λ2i

n∑
β=2m+1

λiG
β
βi∗ .

Consequently,

ρ̃V (Ei) =
λi

1 + λ2i

m∑
j=1

1

1 + λ2j
{(1 + λ2j )G

j
ji∗ + (1 + λ2j )G

j∗

j∗i∗}

+
1

1 + λ2i

m∑
j=1

λj
1 + λ2j

{(1 + λ2i )G
j∗

ji − (1 + λ2i )G
j
j∗i}

+
λi

1 + λ2i

n∑
β=2m+1

Gββi∗ +
1− λ2i

(1 + λ2i )
2
Ei∗(λi).

This yields

ρ̃V (Ei) =
λi

1 + λ2i
{
m∑
j=1

Gjji∗ +

m∑
j=1

Gj
∗

j∗i∗ +

n∑
β=2m+1

Gββi∗}

+

m∑
j=1

λj
1 + λ2j

(Gj
∗

ji −G
j
j∗i) +

1− λ2i
(1 + λ2i )

2
Ei∗(λi)(17)

=
λi

1 + λ2i

n−1∑
j=1

Gjji∗ +

m∑
j=1

λj
1 + λ2j

(Gj
∗

ji −G
j
j∗i) +

1− λ2i
(1 + λ2i )

2
Ei∗(λi).

Similarly, from (15) and (10), we obtain

ρ̃V (Ei∗)

=
1

1 + λ2i

m∑
j=1

1

1 + λ2j
{−Ej(λigij)− λiGjji − λjG

j
i∗j∗ + λjG

j∗

ji∗
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− λjGj
∗

i∗j − λiG
j∗

j∗i + λjG
j∗

i∗j − λjG
j
j∗i∗ + λjG

j
i∗j∗}

− λi
1 + λ2i

m∑
j=1

λj
1 + λ2j

{−Ej(λjgij)− λjGijj − λjGij∗j∗ + λiG
i∗

jj∗ − λiGi
∗

j∗j}

− 1

1 + λ2i

n∑
β=2m+1

λiG
β
βi.

This simplifies to become

ρ̃V (Ei∗) = − λi
1 + λ2i

m∑
j=1

1

1 + λ2j
{(1 + λ2j )G

j
ji + (1 + λ2j )G

j∗

j∗i}

+
1

1 + λ2i

m∑
j=1

λj
1 + λ2j

{(1 + λ2i )G
j∗

ji∗ − (1 + λ2i )G
j
j∗i∗}(18)

− λi
1 + λ2i

n∑
β=2m+1

Gββi −
1− λ2i

(1 + λ2i )
2
Ei(λi)

= − λi
1 + λ2i

{
m∑
j=1

Gjji +

m∑
j=1

Gj
∗

j∗i +

n∑
β=2m+1

Gββi}

+

m∑
j=1

λj
1 + λ2j

(Gj
∗

ji∗ −G
j
j∗i∗)− 1− λ2i

(1 + λ2i )
2
Ei(λi)

= − λi
1 + λ2i

n−1∑
j=1

Gjji −
m∑
j=1

λj
1 + λ2j

(Gjj∗i∗ −G
j∗

ji∗)− 1− λ2i
(1 + λ2i )

2
Ei(λi).

From (16), we also have

ρ̃V (Eα) =

m∑
j=1

1

1 + λ2j
{−λjGjαj∗ + λjG

j∗

jα− λjG
j∗

αj+ λjG
j∗

αj− λjG
j
j∗α+ λjG

j
αj∗}

= −
m∑
j=1

λj
1 + λ2j

(Gjj∗α −G
j∗

jα).(19)

From Equations (11) and (17), we get

(20)
1

f
ωV (Ei)− ρ̃V (Ei) =

2λi
1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei∗(λj).

Similarly, from (12) and (18), (13) and (19), we have the following equalities:

(21)
1

f
ωV (Ei∗)− ρ̃V (Ei∗) = − 2λi

1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei(λj),

(22)
1

f
ωV (Eα)− ρ̃V (Eα) = 0.
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From (6) and (8), we also get

((L−1V ◦ ∇V )Ei)f = −f 2λi
1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei∗(λj),

((L−1V ◦ ∇V )Ei∗)f = f
2λi

1 + λ2i

m∑
j=1

λj
1 + λ2j

Ei(λj),

((L−1V ◦ ∇V )Eα)f = 0.

(23)

From (20)∼(23), Theorem 1.2 follows. This completes the proof of Theorem
1.2.

3. Characteristic vector field on K-contact manifolds

In [9], J. C. González-Dávila and L. Vanhecke proved the following:

Theorem 3.1. The characteristic vector field ξ on a K-contact manifold is
minimal.

In this section, we shall give another proof to the above theorem based on
the discussion in the previous sections. Let (M,φ, ξ, η, g) be an n(= 2m + 1)-
dimensional K-contact manifold. Then, by the definition, (M,φ, ξ, η, g) is a
contact metric manifold such that the characteristic vector field ξ is a unit
Killing vector field on M . It is known that the following equalities hold on M
([1], [9]).

∇Xξ = −φX,(24)

R(X, ξ, ξ, Y ) = η(X)η(Y )− g(X,Y ),(25)

(∇Xφ)Y = R(X, ξ)Y,(26)

where we define R(X,Y )Z ∈ χ(M) by g(R(X,Y )Z,W ) = R(X,Y, Z,W ) for
X,Y, Z,W ∈ χ(M). From (25), we have immediately

(27) ρ(ξ,X) = 2mη(X) = 2mg(ξ,X)

for any X ∈ χ(M), where ρ is the Ricci tensor of (M,φ, ξ, η, g). We here recall
the definition of the ∗-Ricci tensor ρ∗ of (M,φ, ξ, η, g) given by

(28) ρ∗(X,Y ) =
1

2
tr (Z 7−→ −R(X,φY )φZ)

for X,Y, Z ∈ χ(M) ([1], p. 7). Now, we set V = ξ and f ≡ f(V ). Then, from
(24), we have

(29) ∇V = −φ, and hence, (∇V )t = φ.

Thus, from (2) and (29), we have also

(30) LV = 2I − η ⊗ ξ.
Now, let {Ej}2m+1

j=1 be a local adapted orthonormal frame field given by

(31) {Ei, Ei∗ = φEi, E2m+1 = V },
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where i∗ = i + m, 1 ≤ i ≤ m. Thus, from (29) and (31), we see that λi =
1, (1 ≤ i ≤ m), and

(∇V )Ei = −Ei∗ = −φEi,
(∇V )Ei∗ = −φEi∗ = Ei,

(∇V )En = (∇V )E2m+1 = (∇V )V = 0.

(32)

Thus, from (2), (30), (31) and (32), we have

LV (Ei) = 2Ei, LV (Ei∗) = 2Ei∗ ,

LV (En) = LV (E2m+1) = LV (V ) = V,
(33)

and hence,

L−1V (Ei) =
1

2
Ei, L−1V (Ei∗) =

1

2
Ei∗ ,

L−1V (En) = L−1V (E2m+1) = L−1V (V ) = V.

Thus, from (2), (30), (32) and (33), we have

f = f(V ) = 2m,(34)

KV = 2mL−1V (∇V )t = 2mL−1V ◦ φ,(35)

and hence

KV (Ei) = 2m−1Ei∗ , KV (Ei∗) = −2m−1Ei,

KV (En) = KV (E2m+1) = KV (V ) = 0.

From (24), (31), (32) and (33), we have also

(L−1V ◦ ∇V )(Ei) = −1

2
Ei∗ ,

(L−1V ◦ ∇V )(Ei∗) =
1

2
Ei,

(L−1V ◦ ∇V )(E2m+1) = (L−1V ◦ ∇V )(V ) = 0

(36)

for 1 ≤ i ≤ m.
The following equality plays an important role in the proof of Theorem 3.1.

Lemma 3.2. On a K-contact manifold (M,φ, ξ, η, g), the equality

ρ∗(V,X) = 0

holds for any X ∈ χ(M).

Proof. We set

φij = g(φEi, Ej), ηk = η(Ek) = g(ξ, Ek),

∇iφjk = g((∇Eiφ)Ej , Ek), ρ∗ij = ρ∗(Ei, Ej)

and

Rijkl = R(Ei, Ej , Ek, El)
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for 1 ≤ i, j, k, l ≤ n. Then from (28), we get

(37) ρ∗ij =
1

2

n∑
a,b,k=1

Riakbφjaφkb.

Further, from (26), we get also

(38) ∇iφjk =

n∑
a=1

Riajkηa.

Transvecting φjk with (38) and taking account of (37), we have

n∑
a,j,k=1

φjkRiajkηa =

n∑
j,k=1

(∇iφjk)φjk = ∇i(|φ|2) = 0

and hence

0 = −
n∑
j=1

R(φ2Ei, V, Ej , φEj)

=

n∑
j=1

R(V, φEi∗ , Ej , φEj)

= 2ρ∗(V,Ei∗)

(39)

for any i (1 ≤ i ≤ n). Thus, we have required equality. �

Now, from the definition of the 1-form ρ̃V and (1), (27), (32), (33), (36),
taking account of Lemma 3.2, we have

ρ̃V (Ei) =

m∑
j=1

R((L−1V ◦ ∇V )(Ei), (L
−1
V ◦ ∇V )(Ej), V, Ej)

−
m∑
j=1

R(L−1V (Ei), L
−1
V (Ej), V, Ej)

+

m∑
j=1

R((L−1V ◦ ∇V )(Ei), (L
−1
V ◦ ∇V )(Ej∗), V, Ej∗)

−
m∑
j=1

R(L−1V (Ei), L
−1
V (Ej∗), V, Ej∗)

=
1

4

m∑
j=1

R(Ei∗ , Ej∗ , V, Ej)−
1

4

m∑
j=1

R(Ei, Ej , V, Ej)(40)

− 1

4

m∑
j=1

R(Ei∗ , Ej , V, Ej∗)− 1

4

m∑
j=1

R(Ei, Ej∗ , V, Ej∗)
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= − 1

4
ρ(V,Ei)−

1

4

m∑
j=1

R(Ei∗ , V, Ej , Ej∗)

= − 1

4
ρ(V,Ei) +

1

8

2m∑
j=1

R(V,Ei∗ , Ej , Ej∗)

= − 1

4
ρ(V,Ei) +

1

4
ρ∗(V,Ei)

= 0

for any i (1 ≤ i ≤ m). Similarly, we have

ρ̃V (Ei∗) =

m∑
j=1

R((L−1V ◦ ∇V )(Ei∗), (L−1V ◦ ∇V )(Ej), V, Ej)

−
m∑
j=1

R(L−1V (Ei∗), L−1V (Ej), V, Ej)

+

m∑
j=1

R((L−1V ◦ ∇V )(Ei∗), (L−1V ◦ ∇V )(Ej∗), V, Ej∗)

−
m∑
j=1

R(L−1V (Ei∗), L−1V (Ej∗), V, Ej∗)

= − 1

4

m∑
j=1

R(Ei, Ej∗ , V, Ej)−
1

4

m∑
j=1

R(Ei∗ , Ej , V, Ej)(41)

+
1

4

m∑
j=1

R(Ei, Ej , V, Ej∗)− 1

4

m∑
j=1

R(Ei∗ , Ej∗ , V, Ej∗)

= − 1

4
ρ(V,Ei∗)− 1

4

m∑
j=1

R(Ei, V, Ej∗ , Ej)

= − 1

4
ρ(V,Ei∗) +

1

8

2m∑
j=1

R(V, φEi∗ , Ej , φEj)

= − 1

4
ρ(V,Ei∗) +

1

4
ρ∗(V,Ei∗)

= 0

for any i (1 ≤ i ≤ m). Thus, from (40) and (41), it follows that ρ̃V (X) = 0 for
any X ∈ Hv. On the other hand, from (34), f = f(V ) is constant and hence
((L−1V ◦∇V )X)f = 0 for any X ∈ Hv. Therefore, from Theorem 1.2, it follows
that V = ξ is minimal. This completes the proof of Theorem 3.1.

Corollary 3.3. The characteristic vector field of a Sasakian manifold is min-
imal.
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We note that Gil-Medrano et al. showed the same results as a Corollary of
Theorem 14 in [8]. Here, we have to note the following.

Remark. Let (M,φ, ξ, η, g) be a (2m+ 1)-dimensional K-contact manifold and
ρ̃′V be the 1-form defined in [8] (Theorem 14). Then, from the calculations in
section 3, we may easily check that 1

f ωV (V ) = −m and ρ̃′V (V ) = m, and hence,
1
f ωV 6= ρ̃′V on M . This shows that the assertion of Theorem 14 in [8] is not
correct.
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