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ON SUBMANIFOLDS OF ALMOST PSEUDO
SYMMETRIC MANIFOLDS

JAEMAN KiM

Abstract. The object of the present paper is to study a decom-
posable (APS),, and hypersurfaces of (APS),. Also, the existence
of a decomposable (APS),, is ensured by a proper example.

1. Introduction

In 1967, Sen and Chaki [6] studied certain curvature restrictions on a
certain kind of conformally flat manifold of class one and they obtained
the following expressions of the covariant derivative of curvature tensor
R:

(VxR)(Y, Z,V,W) =2A(X)R(Y, Z,V,W) + A(Y)R(X, Z,V, W)

+AZ)R(YY, X,V W)+ AV)R(Y, Z, X, W)
where A is a nowhere vanishing 1-form. Later in 1987, Chaki [1] called
the manifold whose curvature tensor satisfies the above relation as a
pseudo symmetric manifold. If A = 0, then the manifold reduces to
a symmetric manifold in the sense of Cartan. A non-flat Riemannian

manifold (M™,g) (n > 3) is said to be almost pseudo symmetric if its
curvature tensor R of type (0,4) satisfies the condition

(VxR)(Y,Z,V,W) =[A(X) + B(X)|R(Y, Z,V, V)
+AY)R(X,Z,V,IW)+ A(Z)R(Y, X, V, W) (1.1)
+AV)R(Y, Z, X, W)+ AW)R(Y, Z,V, X),
where A and B are nowhere vanishing 1-forms. An n-dimensional almost

pseudo symmetric manifold is denoted by (APS),. In [3], (APS), was
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introduced by De and Gazi, and they showed the physical significance
of such a manifold in the general theory of relativity. Moreover, they
proved its existence by several examples. If A = B in (1.1), then the
manifold reduces to a pseudo symmetric manifold. The purpose of this
paper is to investigate some properties of a decomposable (APS), and
hypersurfaces of (APS),. Section 2 is concerned with preliminaries.
Section 3 deals with a study of hypersurfaces of (APS),. In the last
section, we study a decomposable (APS),, and provide a proper example
of a decomposable (APS),.

2. Preliminaries

Let (M", g) be an n-dimensional Riemannian manifold covered by a
system of coordinate neighborhoods {U; 4y} and (M"!,g) a hypersur-
face of (M™, g) covered by a system of coordinate neighborhoods {V; z*}.
Let y* = y*(2') be the parametric representation of the hypersurface
M™ 1 in M", where Greek indices take the values 1,2, ...,n and Latin
indices take the values 1,2, ...,n — 1. Then we have

_ dy® oyP

9ij = gaﬂiaxi vk
Here we adopt the Einstein convention, that is, when an index variable
appears once in an upper and once in a lower position in a term, it
implies summation of that term over all the values of the index. Let N¢

be a local unit normal to (M™~!,g). Then we have the relations

oy Oy DyP
NOZZ =0,gagNONP = 1,90 = g1 277
gaﬁ 8.%'-7 ? gaﬁ ) g g axl 81"7
The structure equations of Gauss, Codazzi for a hypersurface (M"~!, g)
of (M", g) can be respectively written as
B R oy~ 83/5 oy” 8y5
ik B0 90 9ad O Ol
oy oy’ oy 5 )
afyd 81‘2 8.23'j W = Wjk:;i — Wik:5,

+ NONB,

+ Wik — WikW;i, (2.1)

(2.2)

where R;jx and Rag46 are the curvature tensors of (M"!, §) and (M", g)
respectively, and w;; is the second fundamental form of (M™1 g).

The hypersurface (M™~!, g) is said to be a totally umbilic hypersur-
face of (M", g) [2] if its second fundamental form @;; satisfies

oy«

wij = Hgij, (7). = gijHN?, (2.3)
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where H denotes the mean curvature of (M"~! g) defined by H =

ﬁ g @;j, and semicolon “;” indicates covariant differentiation. In par-

ticular, if H=0, then the totally umbilic hypersurface (M"~!, g) is called
a totally geodesic hypersurface of (M™,g) [2]. The equations of Wein-

garten, Gauss and Codazzi for a totally umbilic hypersurface (M1, g)
of (M", g) are respectively obtained as

oy~

Ne = gy 2.4
5T axz ) ( )

_ dy® dyP oy Oy° _ o
Rijki = Rapyo—m— 2 92 Dk Dl + H*(Gadjk — Gikdst); (2.5)

dy® dyP oy _ _

. S — Hogp — H.iGin. 2.6
575 aIL" al,j axk‘ ) g.]k 7]9 k ( )

3. Hypersurfaces of (APS),

In this section we deal with some hypersurfaces of (APS),. At first,
we can state the following Lemma which we need for the proofs of main
results in this section, and for the sake of completeness, we have provided
the proof of this one which was already appeared in [5].

Lemma 3.1 ([5]). Let (M™! g) be a totally umbilic hypersurface
of (M",g). Then we have

dy dyP dy" Oy’ Oy

Rijkl;p :Raﬂ’ﬂsﬂ Oxt Oxd 8$k 8xl P + HH;i(glpgjk - gkpgjl)
_ _ 1
+ HH j(gagkp — GikGip) + HH.k(Gjpgi — GipTis) 8:1)
+ HH,(GipGr; — Gipgri) + 2H H,(gaGjk — Girdit)
Ay 9y® By 5 0y" y” Gy7
Rapsi Oxt OxJ OmkN OxP + H(RaﬁwéNaa 7 Oxk gp
0 0 Ay™ Oy
T Rupos ayz N8 6@/ N+ Rais e N N, (32)
oy dyP oy dy° _ _
— Rapys GY% @W@> Hiipgix — H,jpGik-
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Proof. Differentiating (2.5) covariantly, we have
Ayt dy™ 0y’ dy? 9y’ dy”
R, =R, R
gkt PV ap Dt O Dk Ol 519t ox? ) OxJ Oxk Ox!
0y* 00\ Oy 0y | p DOy Oy Dy
ozt 0xd P 9k Ol B0 9zt 9xd \ ak Dl
Ay® dyP oy dyd
R,
T Re0 5.7 507 9k ol
By virtue of (2.3) and the last relation, we obtain
oy oy® oyP oy Oy’ _ oyP oy Oy°
() Ll '3 H o Nai.ii
Rijptoo =Bassnm g0 907 ok a1 + 901 RenaN 5550
oy” B@gﬂ oyl Oy® oyP 783/5
T it Ragoy 7N kgt T 9w Rapsg 5 7N 50
dy® dyP oy
+glpHRa6'y§a a 7 Ok

8yﬂ oyY 8y

+ Rapys

)ip + 2HH ., (gugjk — Girgjt)-

N6 + 2HH (gzlgjk - gzkgjl)

It follows from (2.6) that the last relation reduces to
Rt =R OU0u" Oy 0y’ Oy
My TR0 50T 9T Dk Dl D
+ HH,j(GuGrp — Gikdip) + HH1(GjpG1 — GipJij)
+ HH((GipGrj — GjpGki) + 2HH,p(Gugjk — Gikji)-
On the other hand, differentiating (2.6) covariantly, we get

+ HH.i(Gipgjk — JrpTjt)

Ayt By Oy” Oy 5 oy~ oy’ oy
P55 9 9 9 T et G w7 ek
oy~ oy’ oy s oy~ oy’ oy s
oz "(axj);pﬁ N Rapno i i gt N
dy™ dyP oy?
T Rasd 7 507 Bk
Taking account of (2.3), (2.4) and the last relation, we have
oyP ay'V

R

+ Rapys

= H;ipgjk — H:jpGik.-

oy dyP dy7 5 Oy*
Rogng, 20U O H(RyssN* 20 |
5950 507 9a7 5k gap + H RasysN 5 55 NGy

Oy* g0y 5 oy oy’ 55
57 NV SN Gy + Rapysg -5 - N"NGy

oy~ ayﬁ oy 0y°
o Raﬁ'y& i Ik )
Ox' OxJ Ok OxP
This completes the proof.

+ Rapys

Hiipgjk — H,jpGik-
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Theorem 3.2. Let (M", g) be an (APS),. If (M"!,5) is a totally
geodesic hypersurface of (M™,g), then the manifold (M"!,g) is an
(APS)p—1.

Proof. By virtue of H = 0, we have from (3.1)
R —np Oy 9y” By By° Dy~
igklip = B0 50t 9ad Ok Ozl Oxp”
Since (M™, g) is an (APS),, the next relation yields from (1.1)
- Ay> dy° oy Dy’ oy
Riiniy = (A + B,)Ra 9Y %Y %Y
shtp = (A + By) Ragns Ozt OxI dxk Ozl OxP
Oy 0y” Oy Oy’ Oy* | o Oy” Dy’ Oy’ Dy’ Oy
Ozt OxI Ox* Ozl DxP BT i Oad D Ol ap
dy® oy’ oy 87y‘5 oyt A Oy® oyP oy 87(?/5 oyt
dz' OxI Oxk Ox! O OB G2t 9z Dz Dl DxP”
Because of (2.5) and H = 0, the last relation reduces to
Rijkip = (Ap + Bp)Rijiu + AiRpjit + Aj Riprt + Ak Rijpi + AiRijip,
showing that the manifold is an (APS),—1. The proof is completed. [

+AaR8ys

+A7Raﬁu5

Note that A is a vector field associated with the 1-form A in (1.1),
that is, g(A*, V) = A(V). Now we can state the following.

Theorem 3.3. Let (M™, g) be an (APS),. If (M™™1,3) is a totally
geodesic hypersurface of (M™, g), then we have g(A*, N) = 0.

Proof. Taking account of H = 0, we obtain from (3.2)
Oy y” oy 5Oy _

OO Gt 9z Ok dap

Since (M™, g) is an (APS),, the next relation yields from (1.1)

R

Ay~ dy° dy? 5 Iy" Ay 0y’ oy7 5Oy
. 9V %Y N AR 9V %Y N
U e R e HBYO D0t D Dk Dap
Ay 0y’ dy" 5Oy Ay~ 0y° Ay | 5 Oy*
- 2N+ A R, , . N
Ox' OxJ Oxk~ OxP + Ay Rapus Ox' OxJ Oxk~ Oxap
Ay 0y’ By 5Oy
afyp i 7;6N - =0.
ox' 0xI Ox oxP
Because of (2.6) and H = 0, the last relation reduces to
Ay® dyP dy" Sy B
BV 2t Oad Oxk D

(A,+By)R

+ AgRayys

+ AsR,

AsN°R
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It follows from (2.5) and H = 0 that
AsN°Rijip =0,

which implies that either A;N? = 0 or Rijk’p = 0. According to Theo-
rem 3.2 and the definition of (APS),_1, (M™ !, g) should be non-flat.
Therefore we have A;N° = 0 and this completes the proof. O

4. Decomposable (APS),

Let (M™, g) be a Riemannian product manifold (MP? x M" P g+ g).
In local coordinates, we adopt the Latin indices (resp. the Greek in-
dices) for tensor components which are constructed on (MP,g) (resp.
(M™P q)). Therefore, the Latin indices take the values from 1,...,p
whereas the Greek indices run over the range p + 1,...,n. Now we can
state the following.

Theorem 4.1. Let a Riemannian manifold
(M"™, g) = (MP x M" P, g+g),p>2
be an (APS),, n > 4. Then either one decomposition manifold (M?,q)

is flat or the other decomposition manifold (M™ P, g) is locally symmet-
ric.

Proof. Since any tensor components of R and its covariant derivatives
with both Latin and Greek indices together should be zero, we have from
(1.1) and Rz‘jkl;a =0

0= (Aa + Ba)Riji- (4.1)
Similarly, from (1.1) and Rgjg;; = 0 it follows that
0= AaRiju- (4.2)
Taking account of (4.1) and (4.2), we get either
Ay =Bo =0 (4.3)
or
Rijr =0, (4.4)

From (1.1) and (4.3) it follows that
Ropyoi = 0.

Therefore we show that one decomposition manifold (MP?,g) is flat or
the other decomposition manifold (M" 7P, g) is locally symmetric. This
completes the proof. ]
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Example 4.2. Let (Ri+4,g) (n > 2) be a Riemannian manifold
given by
Ri+4 = {(z, 2%, 23, 2%, .. 2" |z > 0}
and
g = (@")3[(dx")? + (dx*)? + (dx)) 4 (do*)? 4 (da®)? 4 .+ (da™ )
This kind of metric was appeared in [4]. In the metric described as
above, the only nonvanishing components for the Christoffel symbols

Ffj, the curvature tensors R;ji; and their covariant derivatives R;jr,p
are
Fl _ FZ _ F3 _ 2
1=t =15 = o
9 1
4 4 4 4
Iy =Ty =T33 = ?(1‘ )%,
4 2
Ry291 = Ri331 = Ra332 = §($ )3,
—2
Ry441 = Rosao = R3quz = 7
9(z*)3
—24 1
R1221.4 = Ri3314 = Rossou = T7($4) 3,

wlu

Ri441,4 = Roaa;a = R3aazn = 277(1,4)7 :

Let us define the associated 1-forms A and B of (1.1) on (R:ﬁ+4, g) as
follows:

1 2 3

A== Ayg= = Ag= 2 A= .. = Ay =0
1 1'4’ 2 f]f4’ 3 x47 4 n+4 9
-3 —6 -9 -2
Bi=—{.By=—3 By=— Bi= — By= = Buis = 0.

It is easy to see that (1.1) holds on (R1+4, g). For instance,

—24
Ri221.4 = 277(174)7%
= (A4 + By)Ri221 + A1Ry201 + AaRi401 + A Ri241 + A1 Ri9204,
12
Risar.4 = 5(334)7%

= (A4 + By)Riga1 + A1Ryga1 + AyRiga1 + AgRigqn + A1 Rigug.

Hence the Riemannian manifold (RiH, 9) = (RLXR"g+7)is a
decomposable (APS),+4 with a flat decomposition manifold (R", ).
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