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ESTIMATE FOR INITIAL MACLAURIN COEFFICIENTS
OF GENERAL SUBCLASSES OF BI-UNIVALENT
FUNCTIONS OF COMPLEX ORDER INVOLVING

SUBORDINATION

SAHSENE ALTINKAYA®, SIBEL YALGIN

Abstract. The object of this paper to construct a new class

Aﬁ)\’g(a, 67 Y tv \Il)
of bi-univalent functions of complex order defined in the open unit
disc. The second and the third coefficients of the Taylor-Maclaurin
series for functions in the new subclass are determined. Several
special consequences of the results are also indicated.

1. Introduction

Let A be the class of functions f of the form
(1) f(2)=2z+az* +azz® +---,

which are analytic in the open unit disc A = {z:2z € C and |z| < 1}
and normalized under the conditions

f0)=0, f(0)=1.

Further, by S we shall denote the class of all functions in A which are
univalent in A. With a view to recalling the principle of subordination
between analytic functions, let the functions f and g be analytic in A.
Given functions f,g € A, f is subordinate to g if there exists a Schwarz
function w € A, where

A={w:w(0)=0, |w(z)] <1, z€ A},
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such that
f(z)=gw(z)  (z€A).
We denote this subordination by

f=<gor f(z)<g(z) (z€A).
In particular, if the function g is univalent in A, the above subordination
is equivalent to
f(0) =9(0), f(A) Cg(A).
According to the Koebe-One Quarter Theorem [11], it ensures that the

image of A under every univalent function f € A contains a disc of radius
1/4. Thus every univalent function f € A has an inverse f~! satisfying

S @) = zand [ (7 (w)) = w (jwl <ro(f) . ro(f) > }), where
(2) g(w) = 1 (w) = w —acw?+(2a3 — a3) w?— (5a3 — Sasas + aqg) w+- - .

A function f € A is said to be bi-univalent in A if both f and f~!
are univalent in A. Let X denote the class of bi-univalent functions in
A given by (1). For a brief history and interesting examples in the
class X, see [24] (see also [6], [7], [15], [18]). Furthermore, many recent
papers have been devoted to the problem of finding non-sharp estimates
on the first two coefficients |az| and |as| in the Taylor-Maclaurin series
expansion (1) (see, for example, [5], [13], [16] and [23]). There are,
however, few papers that discuss the general coefficient bounds |a,| for
the analytic bi-univalent functions ([4], [12], [21]). The problem to find
the coefficient bounds on

lan]  (neN\{1,2}; N={1,2,3,..})

for functions f € ¥ is still an open problem.

The study of operators plays an important role in the Geometric
Function Theory and its related fields. It is observed that this formalism
brings an ease in further mathematical exploration and also helps to
understand the geometric properties of such operators better (see, for
example [2], [3], [8], [14] and [17]). Recently, Amourah and Darus [10]
introduced the following differential operator as given below:

A) o, B)f(2) = f(2),

Abas(a8)) = [1- BT e Cm W p e ),

AL (0, )1 (2) = Auns(a, ) (AT H @, B)F(2))
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or equivalently

n—1)[(A—a)B+nd]™
At p

anz",

Al s, B)f(2) = 2+ Z [1 + (
n=2

where
(feA meNy=NU{0}, a,0 >0, B, A\, u>0, a#X; z,w e A).

It should be remarked that the operator AZ?/\’(;(a, B) is a general-
ization of many other linear operators studied by earlier researchers.
Namely:
e for § = 0,a = 0,5 = 1, the operator AZfA,O(O? 1) = I}y has been
studied Swamy (see [25]),

e for § =0,u =1 — )\, the operator A’lﬂ’i/\,Ayo(a,,B) = DY (a, ) has
been studied by Darus and Ibrahim (see [9]),

e ford =0,u=1-X\,a =0, = 1, the operator ATln—/\,)\,O(()? 1) = DY
has been studied by Al-Oboudi (see [1]),

e for p=0,A=1,0 =0and a =0, 3 = 1 the operator Ag’; 4(0,1) =
D™ is the popular Salagean operator [22].

Firstly, we will state the Lemma 1.1 to obtain our result.

Lemma 1.1. (Carathéodory Lemma) (see [20]) If ¢ € P, then |¢;| < 2
for each i, where P is the family all functions ¢, analytic in A, for which

R{c(2)} >0,
where

c(z) =1+crz+c2®+---.

Through out this paper it is assumed that ¥ be an analytic function
with positive real part in A, with ¥ (0) = 1 and ¥’ (0) > 0. Also, let
U (A) be starlike with respect to 1 and symmetric with respect to the
real axis. Such a function has a series expansion of the following form:

(3)  W(z)=1+Biz+Boz?+ B3z +--- (B >0,z€A).

Making use of the differential operator Am)\75(a, B), we introduce a
new class of analytic bi-univalent functions as follows:

Definition 1.2. A function f € ¥ given by (1) belongs to the class
Aﬁ)\,(S(a? 57 0 t7 \I/)

(veC\{0},0<t<1l;meNy, ,6 >0, B\, u>0, a # A\ z,w € A)
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if the following subordinations are satisfied:

14 1 [ z ( m,\ﬁ(a,ﬂ)f(z)) 1] < u(2)
VLA =1)A7 5(, B)f(2) +tz (A7) 5(a, B) f(2)) |
and
14X [ w (A7 (o B)g(w)) 1] < ww),
VLA =)AR s(a, B)g(w) + tw (AT 5(a, B)g(w))” ]

where the function g is given by (2).

Example 1.3. For t =0 and v € C\{0}, a function f € ¥ given by
(1) is said to be in the class A}y 5(«, 8,7, ¥), if the following conditions
are satisfied:

1 [z (A s 0)f(2) Z
’ v [ Al s, B) f(2) 1 < ¥(z)
and
1 [w(Apy 50, 8)f(2) )
- 7 Aty s(a, B)f(z2) 1 < ¥ (w),

where m € No, o, >0, B,\,u >0, o # \; z,w € A and the function
g is given by (2).

Example 1.4. (see [19]) For t = m = 0 and v € C\{0}, a function
f € X given by (1) is said to be in the class S5, (v, ¥), if the following
conditions are satisfied:

| [zf’(z)

e

S — 1] < ¥(z)

and

] v

where z,w € A and the function g is given by (2).
2. Main result
We begin this section by finding the estimates on the coefficients

laz| and |as| for functions in the class A", 5(a, 8,7,t,¥) proposed by
Definition 1.2.
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Theorem 2.1. Let f of the form (1) be in the class A}y s5(«, B,7,t, V).
Then

17| Biv/By
/|20 =Y — (1 - 2)X2]yB2 — (1 - 1)2X2(By — By)
| |

and )
= —2x? T 21—t |y
where
A—a)B+251"
4 X=|1+22 7%
(4) 1+ O
and
(5) Y = [1+2(A_0‘)5+45-m
A4 p '

Proof. Since f € A}y 5(v, 8,7,t, V), from Definition 1.2 we get

1 2 (Apas(a B)f(2)
6) 1+ — — ;— 1| = ¥(u(z
1 gl [(1_t)A$A,é(aaﬁ)f(z)+tZ (A7) 5(a,8)f(2)) =)
and
1 w (A} 6(0475)9(“}))/
7) 1+— — ;=1 =¥(v(w)),
g v [(lt) sl B)g(w) + tw (A 5(a, B)g(w)) (i)

where u, v are analytic functions satisfying u,v : A — A with u(0) =
0(0) = 0, Ju(z)] < 1, [p(w)| < 1.
Now let us determine the functions ¢; and co in P given by

01(2):%214—012—%0%24—---
and
02(w)2%21+d1w+d2w2+~-.
Thus,
® =203 [+ ( _ ) 2y }
and
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The fact that ¢; and ¢z are analytic in A with ¢1(0) = ¢2(0) = 1. Since
u,v : A — A, the functions ¢, ¢ have a positive real part in A, and
the relations |¢;| < 2 and |d;| < 2 are true. Using (8) and (9) together
with (3) in the right hands of the relations (6) and (7), we obtain

\y(())—1+13 + 1l a1 +igeleg
ulz)) = B 1C1%2 B 11 C2 9 4 2C1 ¢ %
and
1 1 d3 1 5] o
(10) 1\ (v(w)) =1+ §Bld1w + 531 do — 5 + ZB2d1 w” -

In the light of (6) and (7), we get
(1-)X  Bia

11
(11) o 5
21 —t)Yas — (1 —t*)X?%a3 By 2\ |, Bt
(12) 0% _7<62_7)+ 4
and
1-1H)X B
(13) JUOX,, B
¥ 2

2(1 - 1)Y (243 —a3) — (1 —t*)X%a3 By 2\ | Bod?
(14) v _?(d_7)+ 4
Now, (11) and (13) give
(15) Ccl1 = —d1
and
(16) 8(1 —t)*X%a3 =~+°B} (¢} +di) .

Adding (12) and (14), we get

(17) 41—y —2(1 - t2)Xa§ _Bileatd) (B2 — By) (¢ + d3) '

Y 2 4
and thus, by using (15), (16) and Lemma 1.1 in (17), we obtain
v BivBi

as| <
= \/\[2(1 —1)Y — (1 - 2)X2]yB} — (1 - 1)2X2(B, — By)|

The first inequality of the conclusion is proved.



bi-univalent functions of complex order 397

Next, to find the bound on |as|, by using subtracting (14) and (12),

we deduce
41 —t)Y By (c2 — da)

(18) .

(03— a3) =
It follows from (15), (16) and (18) that
e — V’Bi (] +di)  yBi(c2 — dy)
5T R(1—1)2X2 8(1—1)Y
Finally, taking modulus on both sides and applying Lemma 1.1, we

readily get

’ag‘ < |’7|2B% h/’Bl
—(1-6)2X2  21—-0)|Y]
O
Remark 2.2. Letf of the form (1) be in the class AJl'\ 5(c, 8,7, V).
Then
las] < 7| B1v'B1
VI2Y = X2y B} — x2(B, - By)|
and ]
Y Bl 1
<|v| B —
|a‘3‘ —_ ”Y‘ 1 ( X2 + 2 lyl> ?

where X, Y are given by (4) and (5), respectively.
Remark 2.3. Letf of the form (1) be in the class S5, (7, V). Then
17| B1v'Bi
|az| <
VB — (B — By)|

and B
jas| < 1y B} + DLPL

3. Applications of the main result

Various choices of ¥ as mentioned above and suitably choosing the
values of B; and By, we state some interesting results analogous to
Theorem 2.1 and the Corollaries 3.1 to 3.3.

For example, the function ¥ is given by

1 %
U (z) = <1+Z> =14+202420%22+... (0<6<1),
—Z
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which gives
By = 20 and By = 26°.
Corollary 3.1. Letf € A\ 5(c, 3,7,1,0) be of the form (1). Then

las] < 2|~[6
=AY 20 - X0+ (1 )PX2(1_0)]

2|v]6 2|v]6 1
<
sl = 725 ((1—t)X2 o)

where X, Y are given by (4) and (5), respectively.

and

By taking
1+(1-2n)z
U(z)= ———
(2) T
we obtain immediately that
31232:2(1—77).
Corollary 3.2. Let f € A, 5(a, B,7,1, 77) be of the form (1). Then

vv2(1—n

NP, <1—t2>X2w|

L 2h@=m) (2hA-n) 1
(1—1) 1-6XxX%2 2JY|)’
where X, Y are given by (4) and (5), respectively.
On the other hand, for —1 < B < A < 1, if we let
14+ Az
U(z) —
B=115

then we have

=142(1—n)z+2(1—n) 22+ (0<n<1),

and

=14 (A-B)2—B(A-B)2>+---,

z

By=(A-B)and By = —B(A— B).

Corollary 3.3. Let f € AuAé( a,f3,7,t, A, B) be of the form (1).
Then
v (A - B)
T VIRA-)Y - (1 -2)X2]y(A-B) + (1 - 1)2X2(1+ B) |

| (A-B) (W (A-DB) 1
<
sl < =y Ua—oxe T 2iv])
where XY are given by (4) and (5), respectively.

lag| <

and
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By suitably specializing the parameters, the class A}y 5(a, 8,7,t, ¥)

reduces to the various subclasses of bi-univalent functions. The details
involved may be left as an exercise for the interested reader.

1]
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