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A NOTE ON NONLINEAR SKEW LIE TRIPLE
DERIVATION BETWEEN PRIME x-ALGEBRAS

AL1 TAGHAVI, MOJTABA NOURI, AND VAHID DARVISH

ABSTRACT. Recently, Li et al proved that ® which satisfies the fol-
lowing condition on factor von Neumann algebras
O([[A, B+, Cl+) = [[®(A), B, Clu+[[A; (B)l«, Cl.+[[4, Bl., ©(C)].

where [A, B]., = AB—BA* for all A, B € A, is additive *-derivation.
In this short note we show the additivity of ® which satisfies the
above condition on prime *-algebras.

1. Introduction

Let R be a x-ring. For A, B € R, denoted by Ac B = AB+ BA* and
[A, B], = AB — BA*, which are x-Jordan product and x-Lie product,
respectively. These products are found playing a more and more impor-
tant role in some research topics, and its study has recently attracted
many author’s attention (for example, see [2,4,6,7]).

Let define A-Jordan *-product by A ¢y B = AB + ABA*. We say
the map ® with property of ®(A oy B) = ®(A) o\ B+ Aoy ®(B) is a
A-Jordan *-derivation map. It is clear that for A = —1 and A\ = 1, the
A-Jordan #-derivation map is a *-Lie derivation and *-Jordan derivation,

respectively [1]. We should mention here whenever we say ® preserves
derivation, it means ®(AB) = ®(A)B + AP (B).
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Recently, Yu and Zhang in [9] proved that every non-linear *-Lie deriva-
tion from a factor von Neumann algebra into itself is an additive -
derivation. Also, Li, Lu and Fang in [3] have investigated a non-linear
A-Jordan x-derivation. They showed that if A C B(H) is a von Neu-
mann algebra without central abelian projections and A is a non-zero
scalar, then ® : A — B(H) is a non-linear A-Jordan *-derivation if and
only if ® is an additive x-derivation.

In [8] we showed that *-Jordan derivation map (i.e., ¢p(A o1 B) =
®(A) o1 B4+ Aoy ¢(B)) on every factor von Neumann algebra A C B(H)
is additive x-derivation.

The authors of [5] introduced the concept of Lie triple derivations. A
map ¢ : A — A is a nonlinear skew Lie triple derivations if
(1.1)

®([[A, B, Cls) = [[®(A), Bl., Cls + [[A, ®(B)]«, C« + [[A, B, ®(C)].
for all A, B,C € A such that [A, B], = AB — BA*. They showed that if
® preserves the above characterizations on factor von Neumann algebras
then @ is additive *-derivation.

In this paper, we prove that if A is a prime *-algebra then ® : A — A
which holds in (1.1) is additive.

We say that A is prime, that is, for A, B € A if AAB = {0} then
A=0or B=0.

2. Main Results

Our main theorem is as follows:

THEOREM 2.1. Let A be a prime x-algebra with a non-trivial projec-
tion. Then the map ® : A — A satisfies in the following condition
(2.1)
O([[4, Bl., Cl.) = [[®(A), B, Cl. + [[4, ®(B)]., Cls + [[A, B, (C)]

where [A, Bl, = AB — ABA* for all A, B,C € A is additive.

Proof. Let P; be a nontrivial projection in A and P, = I4 — P;.
Denote A;; = P, AP}, i,j =1,2, then A = Zijzl A;;. For every Ae A
we may write A = A1 + Ag + As1 + Ags. In all that follow, when we
write A;j, it indicates that A;; € A;;. For showing additivity of ® on
A, we use above partition of A and give some claims that prove @ is
additive on each A;;, 4,7 =1,2.

We prove the above theorem by several claims.
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CramM 1. We show that ®(0) = 0.
This claim is easy to prove.
CLAIM 2. For each Ay € Ay1 and Ags € Asy we have
D(Ayy + Agg) = P(A1r) + P(An).
We show that
= P(Ay + Ag) — P(Agy) — P(Axn) =0
For 7 € C, we can write that

[[(I)(il)vpl]*aAll +A22] [ ] (Pl)]*,An +A22]*
+{[il, Pil., ®(Anr + Ag2)]w = @([[i, 1], A + Azls)
= O([[i, Arl., Anr) + ®([[il, P, Aaals)
= ¢([[Z] Pl]*a All + AQQ]*) + [ 7/], Q)(Pl)]*w All —+ AQQ]*
+[[Zlv Pl]*; (I)(All) + (I)( 22) * e
It follows that
[[Zju Pl]*>T]* = 0.
So,
Ty =Ty =15 =0.
Similarly, by applying the same proof for P, we have T5, = 0.

CLAIM 3. For each Ay € Ay, Ajp € Ajg, Agr € Aoy, Agg € Ay we
have

D(A1 + Ao + Aoy + Agg) = O(Anr) + P(Arn) + P(Agy) + P(Age).
We show that for T in A the following holds

(2.2)
T = &(Ap + Arg + Agy + Agg) — B(A1y) — B(Ars) — B(Ag;) — B(Azs) = 0.
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We can write

[@(P1), (A1 + Ao + Asr + Ag)l., P,
H[[Pr, P(Ayy + Arp + Ay + Ag)ls, Pos
H[[Pr, (A1 + Arz + Aoy + A, (P
= O([[P1, (A1 + Az + Ay + Ay, Poly)
([P, Aurls, PoJi) + ©([[P1, Arals, Pals)
+O([[P1, Ani]s, Pols) + @([[P1, Azzls, P2
= [[®(P1), (A1 + Arg + Aoy + An)ls, Pl
[P, (2(A1r) + P(Ar2) + ©(Aa1) + P(A22))]s, Pos
H[Pr, (A1 + Arz + Aoy + A, @(P)]..
Therefore,
[P, T)., P1]s = 0.
So, T12 = 0.
Similarly, one can show that
[P, T, P, = 0.
We obtain T5; = 0.
From Claim 2 we have
[P(i(PL — Pa2), I, (A11 + A1a + Aoy + Agd)]s
+[i(P — P), ®(1)]s, (A1n + Arz + Agy + Ax)l.
(P — Py), 1]y, ®(Ary + Arp + Ay + Aga)l.
= O([[i( P — Pa), I]s, (A1 + Aja + Agy + Ag)l.
= [2(i(P1 — P), ], (A1 + Az)].
+O([[i(P1 — B2), I+, Avo]i + O([[i(P1 — P2), ], Azils
= O(i(P — ), I]s, Aui]« + ®(i(P1 — P2), I], A
+®(i(P, — Py, 1], A1)y + ®(i(Py — Po, 1., Agls
= O(i(P1 — Py), I, (A1 + Ara + Ay + Ag)ls
+H[i(Pr = P2), ®(1)], (A1n 4+ A1z + Ay + Ag)]s
+[i(PL — Py), I]s, (P(A11) + (A1) + P(A21) + P(Asa)]..
So, we obtain
[[i(PL = P), 1], T]. = 0.
So, T11 = Ty = 0.
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CrLAmM 4. For each A;j, B;; € A; such that i # j, we have
(A + Bij) = ©(Ay) + ©(By).
It is easy to show that

I
2
From Claim 3 we have

—®(Ay; + Bij) — ©(A};) — ©(ByAj;)

o ([ an] )]

+0 (i3 ) (Pt AL + B,

Vi(Pj + Bij)} = Aij — Bij — Aj; — BijAjj.

* *

2
+ H(zé) LO(P + Aij)} iR+ B@}
)] e

*

*

(@(F) + ‘P(Az‘j)] (P + Bz‘j)}

* *

)
3 ) (B Ag)| (@GR + o)

4) o] ] oo(([(4)5
({42 #]) ([0

=—®(B;;) — P(4;5) — CI)(A:]') - (I)(BijAZj>'
So,

a))
Jn))

)
JA
(A + Byj) = ©(Ay) + ©(By))-
CrAIM 5. For each Ay, B;; € Ay such that 1 < i < 2, we have
®(Ayi + Bii) = ®(Ai) + ©(By).
We show that
T = ®(Ay; + Bii) — P(Ay;) — ©(By;) = 0.
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We can write

[P(Py), 1], (Aii + Bi)ls + [[iP;, P(I))s, (Aii + Bii)ls

+ [[iP;, 1], @(Aii + Bii)ls

= O([[iP}, I]., Aii + Buls) = ©([[iF), 1], Auls) + ©([[iF, 1], Buils)

= [[®(iF)), I, (Ais + Bii)]« + [[iP;, ()]s, (Aii + Bai)-
+ [[iP), 1], (P(Aij) + ©(Byj)].
Hence
[P}, 1]+, T]. = 0.

So, T;; = Tj; = T;; = 0. From Claim 4 for each C;; € A;; we have
[@(iF;), (Aii + Bis)ls, Cijle + [[i P, ®(Ais + Bii)lx, Cijls
+[[iF;, (Aii + Bii)ls, ®(Cij)ls] = ©([[iF, (Ais + Ba)ls, Cijls)
= ®([[iF, Al Cijls) + ([[1Fs, Biils, Cigls
= [[®(iF;, (Aii + Bii)ls, Cijls + [[iF;, (Aii + Bia)«, 2(Cij))s
+[[iF;, (P(Ai) + @(Bij)ls, Ciyl.

From primeness of A we have Tj;; = 0.

Hence, the additivity of ® comes from the above claims.
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