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SYMMETRIC IDENTITIES INVOLVING THE MODIFIED
(p,)-HURWITZ EULER ZETA FUNCTION

A HYUN KIM, CHAE KYEONG AN AND HUI YOUNG LEE*

ABSTRACT. The main subject of this paper is to introduce the (p, g)-Euler
polynomials and obtain several interesting symmetric properties of the
modified (p, ¢)-Hurwitz Euler Zeta function with regard to (p, ¢) Euler poly-
nomials. In order to get symmetric properties, we introduce the new (p, q)-
analogue of Euler polynomials Ey p q(z) and numbers Ep p q.
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1. Introduction

Many mathematicians have studied in the area of the Euler polynomials and
numbers. The history of the Euler numbers E, can be traced back to the
Switzerland mathematician, Leonhard Euler(1707-1783). Until now, the Euler
polynomials and numbers have been extensively studied in many different con-
texts in such branches of mathematics as, for example, number theory, analytic
number theory, geometry, combinatorial analysis and so on(see [7, 8, 11-14]).
Also, Euler polynomials and numbers are associated with Zeta function. The
Zeta function play a crucial role in analytic number theory and have applica-
tions the field of applied statistics, probability theory, complex analysis, physics,
mathematical physics, p-adic analysis and other related fields. Especially, the
Zeta function happen within the concept of knot theory, quantum theory, num-
ber theory and applied analysis(see [1-10, 12-15]).

In this paper, we define the new (p,q)-analogue of Euler polynomials and
numbers. Furthermore, we introduce the new (p, ¢)-modified Euler polynomials
and numbers. We give some interesting properties of the new (p, ¢)-analogue of
Euler polynomials and numbers. In the last section, we define the new modified
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(p,q) -Hurwitz Euler Zeta function and investigate the symmetric property of
the new modified (p, q) - Hurwitz Euler Zeta function.

Throughout, we use the following notations: N = {1,2,3,---} for the natural
numbers, Ng = {0,1,2,3,---} = N U {0} for the set of nonnegative integers,
Z for the set of integers, Z;, = {0,—-1,-2,-3,---} = Z~ U {0} for the set of
nonpositive integers, R for the set of real numbers and C for the set of complex
numbers. The g-number and (p, ¢)-number are defined as below:

1—¢ =
[Alg = 1—¢ and [A]pq = p—g
where 0 < ¢ < p <1 and A € C. Note that lirq [Alg = A for any A.
q—

From now on, we introduce well-known definitions and theorems about Euler
polynomials, Euler numbers and Euler Zeta function.

Firstly, the Euler polynomials E,,(x) and the Euler numbers E,, = E,,(0) are
defined by the following generating functions(see [1, 7, 8, 11, 12, 14]):

iE(x)ﬁ— 2 et (Itl<n) 11
= Tl T et 1 T (1.1)
and
> tn 2
E,— = — t ) )
nz::o e (It|<m) (1.2)

Definition 1.1. For 0 < ¢ < p < 1, the Carlitz’s type (p, q)-Euler polynomials
Enp.q(x) and (p, ¢)-Euler numbers &, , , are defined by the following generating
functions(see [12]):

o0 tn o0
Fpqlz,t) = Z Enp q(x)ﬁ = [2], Z(_Q)ne[x+n]p’qt (1.3)
n=0 : n=0

and

Z Z (1.4)

The Hurwitz Zeta function was discovered by Adolf Hurwitz in 1881. The
Hurwitz(or generalized) Zeta function defined by

s 1
¢(s,a) = —
Lty

where a is a real parameter satisfying 0 < a < 1. It was a simple but important
generalization(see [4, 5, 6, 7, 10, 15]).

Definition 1.2. For a > 0 and R(s) > 0, The Hurwitz-Euler Zeta funtion
Ce(s,a) is defined by(see [1, 5, 7, 8, 14])

o0 7L

Z nJra

n=0
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2. Properties of the (p, ¢)-analogue of Euler polynomials and numbers

In this section, we define the new (p, ¢)-analogue of Euler polynomials and
numbers. Also, we define the modified (p, ¢)-Euler polynomials. Furthermore,
we provide some of their relevant properties.

Definition 2.1. For 0 < ¢ < p < 1, the (p, ¢)-analogue of Euler polynomials
E, p.q(z) and (p, g)-analogue of Euler numbers E,, , , are defined by the following
generating functions

oo
Fpq(@,t) Z Enpgl = [2], Z(_q)ne(gjﬂn]pﬂ)t (2.1)
and =0
Fp,q(t) = ZEnpq q Z (2.2)
n=0

If we take p =1 and let ¢ — 1 in Definition 2.1, then E, p, 4(x) reduces to the
Euler polynomials E, (z) and E,, , , reduces to the Euler numbers E,,:

(}LmI Enpq(z) = Eyp(z) and ;IHH% Enpq= En.

From (2.1), we find that

© l o]
Eg7p7q(.r)% =[2], Z(_q)ne(:hL[n]p,q)t
=0 ’ n=0
00 00 l
= <[2]q ()" @+ [n]p,q)l> %
=0 n=0 :

By comparing coefficients of % in the above equation, we have the following
theorem.

Theorem 2.2. For [ € Ny and 0 < g < p <1, we have

oo

Eypq(z) =1[2]q Z(_Q)n (z + [n}p,q)l .

n=0
Definition 2.3. For 0 < ¢ < p < 1, the modified (p, ¢)-Euler polynomials are
defined by the following generating functions

o0 o0

* * " n "x+[n
Fp,q(x7t) = ZEn,p,q(‘T)E = [2]11 Z(ftﬂ e(p * ]p’q)t'

n=0 n=0
From (2.1) and Definition 2.3, we get the following theorem.
Theorem 2.4. For 1 € Ny and 0 < g <p <1, we have

Efpg(x) = Eipq(p"z)

o0

=120, Y ()" "z + [nlp)" -

n=0
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Remark 2.1. Setting p = 1 and letting ¢ — 1 in Definifion 2.3, we get

> B =23 (e = 3 !
n=0 n=0 n=0

From (2.1), we find that

oo tTL 00
Z En,p,q(l' + y)ﬁ = [2](] Z(_q)ne(m+y+[n]P,Q)t
n=0 : n—0

= [2]4 Z(*q)ne(iﬂn]p,q)teyt
n=0

- () (555)

which, by applying the Cauchy product, yields

> Eupaletn) =3 (Z () Ek,p,qmy"—k) 2 e
n=0 : n=0 '

k=0

Thus, we have the following theorem by comparing the coefficients of % on
both sides of this last equation (2.3).

Theorem 2.5. (Addition formula) For n € Ny, we obtain

n n -
Eppq(z+y) = Z (k) Eppq(®)y k.

k=0

Let us take %, which is a differential operator, on both sides of expression in
(2.1), we get

d [ " d = n (ptln
e (Z En,p,q(x)n'> =i ([2]q Z(—Q) el7 ]“)t>
n=0 : n=0
= [2], Z(—q)"te(”[”]m)t
n=0

s t
=1 Z Enpq(@)
n=0
> t
= Z nkn_1p.q(x)
n=0

Therefore, we have the following theorem by comparing the coefficients of %
on both sides of the above equation.
Theorem 2.6. (Difference relation) For n € N, we have
d

dr Enpq(z) =nEn_1p4(2).



Symmetric identities involving the modified (p, ¢)-Hurwitz Euler zeta function 559

Let us take f which is a integrated operations, on both sides of expression
in Theorem 2.6, we get

b b
d
/ %En,p,q(x) dzx :/ nEn_1pq()de. (2.4)

Calculating the left-hand side of the equation (2.4), we have

b
d
| 2o Enna(@)dz = Enp® = Euala) (25)

Consequently, we obtain the following theorem from (2.4) and (2.5).

Theorem 2.7. (Integral relation) For n € N, we have

b
E, b) - E,
/ Bo1.pq(z)dz = 2,a(b) - ,p,q(a).

By using (2.1), we obtain

oo

t’n
Z By pq() ol

n=0

_ [2]q6”§: (p 1 >k iz’f: <Il€>(_1)n+lqn(1+l)pn(k—l)§:!
- (S5) (S 65) S0 mstt)

which, by applying the Cauchy product, yields

gEn,p,qmt
e s )ki( |Eearer =t Y
SO0 GR) )5

Thus, we have the following theorem by comparing the coefficients of % on
both sides of this last equation (2.6).

Theorem 2.8. (Explicit formula) For n € Ny, we have

Frnalt kzmz; ( > ( > (piq>k 1z:q]i(+lp1’“)il'
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3. Symmetric Identities involving the modified (p, ¢)-Hurwitz Euler
Zeta function

In this section, we introduce Hurwitz (p, ¢)-Euler Zeta function and define
the new (p, ¢)-analogue of Hurwitz Euler Zeta function. Furthermore, we define
the modified (p, q)-Hurwitz Euler Zeta function and investigate the symmetric
property of the modified (p, ¢)-Hurwitz Euler Zeta function.

In 2017, C.S. Ryoo defined the Hurwitz (p,q)-Euler Zeta function as fol-
lows(see [12]):

Gpaals,) = 24 3 [(ll)f]

n=0

(seC;zeC\Zy). (3.1)

The new (p, ¢)-analogue of Hurwitz Euler Zeta function is slightly different
from ¢, 4(s, ) defined by (3.1).

Definition 3.1. For s € C and 0 < ¢ < p < 1, the (p, ¢)-analogue of Hurwitz
Euler Zeta function is defined by the following generating functions

- 1 > s—1

Cpg.B(s,2) = @/ T {Fpq(@, )} dt

0

where F), ,(x, —t) is given by (2.1).
By using Theorem 2.2 and Definition 3.1, we get
(=D

Zp,q,E’(_lv@") = [2]q Z

n=0 (iC + [n]PaQ)il

n=0
= Ejpq(T).

Hence, we obtain the following theorem from (3.2).

Theorem 3.2. For | € Ny and 0 < g < p <1, we have

Zp,q,E(_lv z) = Ejpq(2).

Definition 3.3. For s € C and 0 < ¢ < p < 1, the modified (p,q)-Hurwitz
Euler Zeta function is defined by the following generating functions

S
Cp7q,E( ’ ) [2](17;) (pnx+ [n]pﬂ)s.

From Definition 3.1 and Definition 3.3, we get the following theorem.
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Theorem 3.4. For s€ C and 0 < ¢ <p <1, we get

C;q,E(S? x) = Cp,q,E(Sa pnx)

B > (_1)nqn
~ B ng(] (p"x + [n]pq)”

By using Theorem 2.4 and Theroem 3.4, we obtain the following theorem.

Theorem 3.5. For 1 € Ny and 0 < g < p <1, we have

E;,q,E(_la 33) = El*,p,q(x)'

Remark 3.1. Setting p = 1 and letting ¢ — 1 in Definifion 3.3, we get

2 o~ _(-D)"
Cpls,2) =2) ——5 =2g(s,2).
E ng() (x +n) g

Moreover, by using (3.1) and Definition 3.3, we have

oo

Galsoa) = 21,3 2

[+l

g,y U

_ [2] io: (_1)nqn
-l @ (pn _gn)—pr+ngT (p—T _g—z)\ >
= (q (pr—q™)—p"T"q* (p~*—q )) (3.3)

pP—q

o

— q—sz[Q]qZ (_1)nqn

n=0 (pz+np_1q_1[x]p*17q*1 + [n]nq)s

—sx %

=4 Gan (50 [l
Consequently, we obtain the following theorem from (3.3).

Theorem 3.6. For s € C and 0 < g <p <1, we have

4 Cpgm (Svpmpilqil[z]p”,q*) = (pg(s, ).
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In view of Theorem 3.6, we consider Definition 3.3 in the following form:

~ bj
q—absr—sb]g;a7qa7E <s7pabm+bjp—a —a |:b + a:| )
phqT
0o
—absz—sbj E: (=1)"q"
=q absz SJ[Q]qa

n=0 <pna+abz+bjp—aq_a [bl‘ + %]:|

a + [n]p‘%q“)

PTq

& (_1)nqna
- [2](1“ Z abx+bj yabxr+bj)S —abx—bj P"*—q"" nap”abT bl —g—abz—bj s
n=0 (pettbiqubethi)”  prabe=bi o=l — p P
(_1)nqna
= [2|ga g
]q paba+bj gabz+bj (pnag—abr—bj _p—abz—bj gna) s
n=0 pe—qa
e (_1)nqna
- [Q]qa Z pna+abm+bj7qna+aba:+bj s
n=0 pr—q°

oo
(_1)nqna
= [Q]q“ Z ME
n=0 [n + bz + ;J]
pe,q¢

For non-negative integers k and i such that n = kb+ ¢ with 0 < <b—1, if
we suppose that a = 1(mod 2) and b = 1(mod 2), then we have

qfabswfsbjE;a,qQVE (S’pabw+bgpa —a |:b + b]:| )
pTeq™°

e n,na
e S —1"q

na+abm+b] qna+abr+bj (3'4)
n=0 pa—qa

& (_1)nqna
= [a]} 4 [2]ge -
Pq nz:;] [na—&—aba:—i—bj]p’q

Putting n = kb + ¢ in above equation (3.4). Then we get the following that

—absx—sbj ~x abx —a ,a b]
G (s,p e s ] )
p,ge
b—1 (— 1)kb+iq(kb+i)a
[(kb + i)a + abx + bj])

— S _ 1,4 - (_1)kqabk
= (a2l Y (-1 kZ:; [ab(z + k) + ai + bl

(3.5)
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a—1
Let us take Z(—l)jqu in (3.5), we obtain
§=0
a—1 ~ b]
D (=1 g g TG g (&p“””’”p g {b + ] )
Jj=0 pPe.q
a—1 b—1 00 & abk (36)
[al® i bj Z< 1)iqaiz (—1)%q"
= la]; 4[2l¢= D (=1)q - "
p.qlla = g — [ab(x + k) + ai + bj];)q
Exchanging a with b and j with @ in (3.5), we get
q—absx—saiA';b,qb’E <87pabx+aip—bq—b [ax + abZ:| )
—b g—b
v (3.7)

B2 S (1) ’”Z COh
P4 qj—O  lab(z + k) + ai + bj],, ,

Therefore, we get the following theorem by applying (3.6) in (3.7).

Theorem 3.7. For any odd integers a and b, we have

. b
é Z ’L bl(lis)g;a,qa,E <5’pabx+b1p a, —a |:b T Z:| )
P

pq i=0

_ (I Z 2 az(l S)C b S’pabm+aip7bq7b [aeraZ} )
b b lp-vq-r

p7q i=0

Setting b =1 in Theorem 3.7, we get

qz Z’LlS pqE<57pax+7,pa a|:1,+ :| >
aly 4 i=0 pq° (3.8)

= [Q]QQC;,q,E (87paxp_lq_1 [ax]pfl,qfl) .

Hence, we easily deduce the following corollary by applying (3.8).

Corollary 3.8. For any odd integers a, we have

Cpa B (s,p”p*lq’1 [aw]pa,qa)

1 .
2], X i i(1—s) Tk i oa - )
— (_1)lql S C " 8’paft lp U.q a x+ _ .
2]ge[al} 2(:) phan e Alp-aq=a

If p=1and ¢ — 1 in Theorem 3.7, then we get the following corollary.
Corollary 3.9. For any odd integers a and b, we get

bai(q)i@; (5 ba + > = az <5,a:17 + ‘Z) .

=0
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If we take s = —[ in Theorem 3.7, then we have the following symmetric
property of the modified (p, q)-Euler polynomials.
Theorem 3.10. (symmetric property) For any odd integers a and b, we have
- bi
l _1\i g bi(14D) ba+bi, —a — o
ol Sy (2 e ]
1= )

b—1 .

i, at * abr+ai, —b — at
= e g Y B 0w G|
i=0 P79

Taking b = 1 and replacing x by 7 in Theorem 3.10, we get
a—1 .
i i * ar+i,—a —a | L v
el Y0 E e (o [  ]
i=0 pe,qe
= 22 Eip,q (pazp71q71 [x]p‘%q‘l) :
Therefore, we easily deduce the following corollary by applying (3.9).

Corollary 3.11. For any odd integers a, we have the distribution formula for
the modified (p, q)-Euler polynomials as follows

*

El,p,q (7paa: [71’];07‘1)

a—1 .
_ [Q]q[a];f,,q Z(_l)iqi(1+l)E* pastip=ag—a x + ?
[2]qa ¢ l,p*,q® a a o

=0 rP=%q

If p=1and ¢ — 1 in Theorem 3.10, then we get the following corollary.
Corollary 3.12. For any odd integers a and b, we have

a—1 . b—1 .
, b ,
a E (=1)'E; (bx—i— ;) =b g (=1)'E; <ax+ CZ) .
i=0 =0
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