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A RESEARCH ON THE GENERALIZED POLY-BERNOULLI
POLYNOMIALS WITH VARIABLE af
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ABSTRACT. In this paper, by using the polylogarithm function, we intro-
duce a generalized poly-Bernoulli numbers and polynomials with variable
a. We find several combinatorial identities and properties of the polynomi-
als. We give some properties that is connected with the Stirling numbers
of second kind. Symmetric properties can be proved by new configured
special functions. We display the zeros of the generalized poly-Bernoulli
polynomials with variable a and investigate their structure.

AMS Mathematics Subject Classification : 11B68, 11B73, 11B75.

Key words and phrases : Generalized poly-Bernoulli polynomials with
variable a, Stirling numbers of the second kind, polylogarithm function,
power sum polynomials, special function.

1. Introduction

Recently, one of the researchers’ interests in many fields is the applications of
Bernoulli numbers and polynomials. Many researchers have studied Bernoulli
numbers and polynomials and focus on expansion and generalization of theirs.
Specially, it is being studied actively about poly-Bernoulli numbers and polyno-
mials is concerned with polylogarithm function(cf. [1-9]).

In this paper, we use the following notations. N = {1,2,3,...} denotes the
set of natural numbers, Z, denotes the set of nonnegative integers, Z denotes
the set of integers, and C denotes the set of complex numbers, respectively. The
classical Bernoulli polynomials B, (z) are given by the generating function

t
et —1

o0 n

et — ZBn(x)%, (cf. [1,2, 3, 4, 5]). (1.1)

n=0

When z = 0, Bffg = Br(fg(()) are called poly-Bernoulli numbers.
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Definition 1.1. For a € C\ {0}, we define a generalized Bernoulli polynomials
B, (z;a) with variable a by the following generating function

- > t" 21
e t:ZBn(x;a)E, It < —. (1.2)
n=0 :

eat |a|
When a = 1, it is equal to the classical Bernoulli polynomials. The polyloga-
rithm function Lig(z) is defined by

Lip(z) = Z ‘r—k (keZ), (cf. [1,2,3,5,7,8,9, 12)). (1.3)

For some k, the polylogarithm functions Liy(z) are as follows:

Lis(2) = ~log(1 =), Lio(x) = T
—x
x 2+
Liy(z) = ——, Lis(z)=——,
1( ) (1—$)2 2( ) (1—1‘)3
For n € Z,,k € Z, the poly-Bernoulli polynomials is defined by
L'Lk(]. — eft) ot > (k) t"
— ¢ = Z_%Bn (2) . (1.4)
where
. "
Lig(z) = ; vy

is k-th polylogarithm function(cf. [1, 2, 3, 4, 5, 7, 12]). When k = 1, Lii(x) =
—log(1—x) and Li;(1—e~t) = t. Using the result of polylogarithm function, we
deduce that the poly Bernoulli polynomials is identical to the Bernoulli polyno-
mials when k£ = 1.

The classical Stirling numbers of the second kind S2(n, m) are defined by the

relations
= Sy(n,m)(x)
m=0

where (2), = z(x —1)(x — 2)--- (x — n + 1) is falling factorial.
The Stirling numbers of the second kind is defined by

1
Z So(n,m) H (ct. [4, 6,9, 10, 11]). (1.5)
m.:

In this paper, we introduce a generalized poly-Bernoulli numbers and polynomi-
als with variable a. The properties of the Bernoulli polynomials with parameters
were studied in [5, 8]. We construct a generalized poly-Bernoulli polynomials
with variable a and give some relations between the generalized poly-Bernoulli
polynomials and the classical Bernoulli polynomials. We also investigate sev-
eral identities that are connected with the Stirling numbers of the second kind.



A research on the generalized poly-Bernoulli polynomials with variable a 477

Furthermore, we find some symmetric identities by using special functions and
power sum polynomials.

2. Generalized poly-Bernoulli polynomials with variable a

In this section, we introduce a generalized poly-Bernoulli numbers Bﬁ]” (a)

and polynomials Br(Lk)(x; a) with variable a by the generating functions. We give
some identities of the polynomials, and find a relation that is connected with
classical Bernoulli polynomials.

Definition 2.1. For n € Z, and k € Z, the generalized poly-Bernoulli polyno-

mials Br(lk) (x; a) with variable a are defined by means of the following generating
function

Liv(1=e™") i = pyy "
6‘1’57—16 —TZ:OB” (x,a)a (21)
where
' e tn
n=1

is the k-th polylogarithm function. When = = 0, Br(Lk)(a) =B (0;a) are called
the generalized poly-Bernoulli numbers with variable a. When the condition al-
low a = 1, it is trivial that the generalized poly-Bernoulli polynomials is reduced
to poly-Bernoulli polynomials.

From (2.1), we have a relation between the generalized poly-Bernoulli numbers
and polynomials.

Theorem 2.2. Let n,m be a nonnegative integers and k € Z. We have

n

B (ma;a) = Z (7> (m — 1)"7lBl(k)(;l:; a)z"". (2.2)

=0

Proof. For n,m € Z, k € Z, we get

;BS’C) (mx;a)g = Z (Z (7;) Bl(k) (z;a)(m — 1)n—1xn—l> %

n=0 \1=0
Therefore, we obtain above result. O

Corollary 2.3. Letm >0, n >0, k€ Z. We get
Bk (ma;a) = i (n> m"_lB(k)(a)x"_l
n I - l 1 .

When m =1, it is satisfies

BS‘:) (z;a) = <Z)Bl(k)(a)m"l.
=0



478 N.S. Jung, C.S. Ryoo

If x is replaced = + y in Corollary 2.3, we get the next addition theorem.
Theorem 2.4. Forn € Z4 and k € Z, we have
=~ (n k n—
BM (x+y;a) = (Z>Bz( @)y
1=0

Proof. Let n € Zy, k € Z. Then we get

oo .
" Lig(1—e™h)
(k) L) = PR T C ) (et

ZBn ($+y,&)n,— e‘”—l € v
n=0

9] n n . o m

-3 (S (5o ) &
n=0 \1=0 ’
Thus, we get the explicit result. O

Theorem 2.5. Forn € Z and k € Z, we derive

n—1
n k
BW¥ (x4 1;a) — B¥ (2;0) = ; (l)Bl( )(os;a).

Proof. Let n € Zy,k € Z. From (2.1), we have

S B A S N P
Z B (x + 1;a)a - Z By (az;a)a
n=0 n=0
Lig(1—e™) o1/
= a1 (e —1)
oo n—1 n . ¢
33 (1) ey
n=0 =0
Comparing the coefficient on both sides, we obtain the desired result. ([l

By using the binomials series and the definition of polylogarithm function, we
derive the result as below.

Theorem 2.6. Forn € Z, and k € Z, we have

© T i 1\ (= 1) — 4+ al — am)”
B;k)(x;a)zzz< ., )( ) ((m—‘rl)” )
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Proof. Let n € Zy,k € Z. From (1.3), we obtain
sz(]- - eit)emt _ (71) i emat i (1 — eit)lJrl s
et — 1 L)k
1 _ eft)erl

m=0
0o l
Zzelmat m+1) ot

ell=mat \ (L 1y rela=rt
(l 2 1)(m—|—1)k> (7;) ( r >(_1) e )

zl:nfjl m+1\ (=) (z —r+al —am)" t"
—~ (m+ 1) n!

Therefore, we get

R LS fm+ 1\ (1) — 7+ al — am)”
3y ( ) (m+1)* '
g

Similarly, we find next result that is related with the generalized Bernoulli
polynomials with variable a.

Theorem 2.7. Letn € Z, and k € Z. Then we have

i 1 &+t Bnﬂ(x—r;a)
(I 4+ 1)k & n+1 7

Proof. For n € Z and k € Z, we have

Lig(1—e™) ., ~=(1—e) e
e =

e —1 — Ik et —1
i 1 li (z + 1) elr=r)t
— 1+ 1)k —\r et —1
i(i 1 Hzl(lJrl)( 3 Bhii(z —7r a)) tn
N o\ (+ e\ r n+1 n!

So, we easily get

0o I+1
1 [+1 rBnyi1(z—150
B,Sk)(x;a) = E - ( )(—1) M




480 N.S. Jung, C.S. Ryoo

3. Relations with the Stirling numbers of the second kind

In this section, by using the generationg function of the Stirling numbers of
the second kind, we derive some interesting relations that is associated with the
generalized poly-Bernoulli polynomials with variable a. Recall that the Stirling
numbers of the second kind are given by

671 ZSgnm

By the definitions of the polylogarithm function Liy(z) and the Stirling numbers
of the second kind, we get the following result.

o0 _ et
Lig(l—e ) =) (ks T )

=1

_ZZ zvsz (n l)

n=1 =1

(3.1)

From the Equation (3.1), we have the next theorem which is connected with the
Stirling numbers.

Theorem 3.1. Forn € Z4,k € Z, we get

P =3 (1) SIS L )

k
r=0 =1 ! (T’-l— 1)

Proof. Let n € Z,,k € Z. By the definition of polylogarithm function, the
Equation (3.1) is recomposed as follows,

Li 17 t e "+1 l+n+1 S 1 1)
oy sy b oy L 32)

n+1 nl
n=0 =1 +

By using the Equation (3.2), the generalized poly Bernoulli polynomials By(lk) (z;a)
is indicated with the Stirling numbers and the generalized Bernoulli polynomials
with variable a. By Equation (3.2) and Definition 1.1, we have

> " Lig(l—et
S Bz = L=
o n!

et —1
[eS) n+1 n n n
:Z<+ (_1)1: +1Z!Sg(n+1,l)>t' B, (x: )t'
= \= l n+1 nl e~ n!
- i " /n § (= 1)+, (r + Ll)B ( )ﬁ
- T k(r+1) AT

=1

By comparing the coefficients of % on both sides, the proof of Theorem 3.1 is
now complete. O
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Theorem 3.2. Letn € Zy and k € Z. From the Equation (2.1), we get

where (z); = x(x —1)(x —2) -+ (x — 1+ 1) is falling factorial.

Proof. For n € Z, and k € Z, the generalized poly-Bernoulli numbers and
polynomials can be indicated by the formula that is concerned with the Stirling
numbers. By Equation (1.5) and (2.1), we obtain

tm Li(l—e_t)
k) (o NY _ HUWRAETE )t z
;Bn (wr0) ;= ZEL =S (e~ )+ 1)
szl—e e—l
T eat —1 ;
=Y B Y@y sk
n=0 =0 =l
(k) ¢
z(zz() )i Sa(m. ) B <>).
n!
n=0 \m=0 [=0

Comparing the coefficient on both sides, we get

BM (w3 a) i f:( ) 182 (m, ) BY,, ().

m=0 [=0

From Definition 2.1 and Equation (3.2), we have the recurrence formula that
is another one with the result of Theorem 2.5.

Theorem 3.3. Forn > 1,k € Z, we get

( 1)l+1+r

— ; (’;) (; S FSa (I + )18y (r, 1 + 1)) o
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Proof. Let n > 1,k € Z. Using the Definition 2.1, we have

00 m s Tk
Z B® (2 + a; a)ﬁ - Z B{M (a; a)ﬁ
n=0 ' n=0 .
_ L —e™) oiae  Lik(L—e™) o
eat — 1 eat — 1
0o n—1 0
(—1yni i i
=2 e G DSa(n ) S e
iz U+ =
oo n r—1 r+l+1 n
ZZ() Z L+ DISa(r, 1+ 1) | 2" " .
n=0r=1 =0 "

Hence, the recurrence formula is indicated by

BT(Lk) (x 4+ a;a) — B,Sk) (x;a)

= i Cf) (Zl pr (1 + 1)1Sy(r, z+1)> -

r=1 =0

4. Symmetric properties of the generalized poly-Bernoulli
polynomials involving special functions

In this section, we consider several special functions and investigate some
symmetric properties of the generalized poly-Bernoulli polynomials with variable
a.

Theorem 4.1. Letn € Z,,k € Z, my, mg > 0 and my # mo. Then we obtain
> (n) my " ms B, (maz; a) B (my; )
r
r=0

=2 ( )m my " B® (my;a)BJY, (my: ).

r=0

Proof. For n € Zy,k € Z and my,my > 0(m;1 # ma), we consider a special
function as follows

Lip(1 —e ™" Lig(1 —e™ ™24 o o
F(t) = (eamlt . 1)(eam2t _ 1) e (41)
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The Equation (4.1) is appeared by

Lig(1 — e=™1) Lip(1 — e~m2t)

Ft — mimeoxt mimeoxt
( ) (eamlt _ 1) (eamgt _ 1)
( )" (mat)"
) (ma; a) p ZB,(,’C) (miz;a) o (4.2)

0o
-2 5 .

n=0 r=0
0o n
-y .

i}( ) "ms B® (my2: ) BE). (mows )’

Similarly, we can see that
_ — (7 rn—r k) . (k) . ﬁ
F) = Z <r> mimy "B, (mix;a) B (maz; a) oy (4.3)

r=0

3
I
<)

Comparing the coefficient of Equation (4.2) and (4.3), it is clear to Theorem
4.1. O

Note that Si(m) = >, % is a power sum polynomials(cf [4, 6, 11]). The
exponential generating function of the power sum polynomials are expressed by

(m+1)t o0

=> S (4.4)

m=0

Using the Equation (4.4), we have the symmetric identity of the generalized
poly-Bernoulli polynomials.

Theorem 4.2. Letn € Z,,k € Z, my,ma > 0 and my # mo. Then we get

Lij(1 — e”™2") E <n) a” " mimy =" B®) (mau; a)Sp_p(my —1)
r
r=0

= Lip(1 — e~ ™) E (n) a™"m? " "mb B®) (my a; a)Sp_r(my —1)
r
r=0

Proof. Let n € Z, , m1,mga > 0 and m; # my. If we start a special function
that is given below

le(]. _ efmlt)LZ'k(l _ efmgt)(emlmQt _ 1)(eam1m2mt)

F(t) = (eamlt — 1) (eamat — 1)
t t)"
= Lig(1 —mat) g Bk) (maox;a) m1 E S L'Q)
7!
" /n t"
= E Lig(1 — e~ ™2") E <r>a “"mimy =" BM (ma; a)Sp_r(my —1)n!.

r=0
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In analogous method, we get

F(t) = Lig(1— e ™" i B0 ) "2 3 oy 1y )
ix(1 (miz)~—— > 5r(ms m
n . tn
= Z Lij (1 — e ™) Z (n> a™"m? " "mi BW) (my2;a) S, (mg — 1) —.
n=0 r=0 " !

Comparing the coefficient of both sides, then it gives the symmetric identity. O

Theorem 4.3. Forn € Zy,k € Z and my,mge > 0 (my # ma), we have

ﬁ
HM:
(e}

(n) a"_Tm’ffrmgler(mlx)gn,r(mg -1)

r
— - n n—r r—1 ’I’L*TB o _
—g a™ = "miT my " Br(max)Sp—r(my — 1).
r

r=0

Proof. Let n € Z4,k € Z and my,ma > 0 (m1 # mz). Then we consider the
generating function as follows

sz(l _ e—mlt)Lik(l _ e—m2t>(eam1m2t _ 1)(eam1m2wt)t

(eamlt _ 1)2(eam2t _ 1)2

F(t) =

From the generating function F(¢) and the Equation (4.4), we get

sz(l _ e_mlt)Lik(l _ e—mzt)(eamlmgt _ 1)(eam1m2mt)t

F(t) = (eamlt _ 1)2(6(177121‘, _ 1)2
- t) (mgt)"
=3 B () I § g (20
n=0 ! 0 n!
038 (my - 1)@ 1215 (g (20
~ r 2 7 2 =~ n 1 ol
- mlt)n i (mgt)”
=2 Bff)(a)(T > B ()=
n=0 n=0
oo n n el n—r 1 _ m
x Z Z r a my My B’r‘(mlx)sn—r(mQ — l)ﬁ

n=0 r=0

In similar method, F(t) is expressed by

— Lk t)' )"

Rty =Y B " Z B ) 2
n=0 nl

(oo} n tn

X Z Z <:) a" 'mB T mI T B (max) Sy (my — 1) —.

n=0r=0
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Comparing the coefficient of %, we find the symmetric identity:
n
N\ n-t_n—r,_r—1 Q
Z a" "' mi T "ms " B (myx) Sy (me — 1)
r=0

= Z (Z) a" ! mI T mB T B, (mgx) S,y (my — 1).

r=0

5. Distribution of zeros of the generalized poly-Bernoulli
polynomials

In this section, we discover new interesting pattern of the zeros of the gener-
alized poly-Bernoulli polynomials BT(Lk) (z;a). We propose some conjectures by

numerical experiments. The generalized poly-Bernoulli polynomials By(lk) (z;a)
can be determined explicitly. A few of them are

k 1
B¢ () = —,

% 1 1 27k
B§ )(x;a):—§—%+7+ay
1 1 91—k 2.3k a T ol—kgp 2
B(k) . —Z_9o k- _ Z _pe_Z —
5 (5 a) 5 +3a . + . +6 T a,+ a +a’
1 1 3.2172k 7.9-1-F  32-k 4
B(k:) . _ _ - 3.271{:7317]677 _ _
3 (z3a) 5 + 1a + a + 0 a 4
3 3.21-k 2.3k
v ha 4 o3k T 4 Lz
2 a a a 2

We investigate the beautiful zeros of the generalized poly-Bernoulli polyno-
mials Bék)(x; a) by using a computer. We plot the zeros of the generalized poly-
Bernoulli polynomials BT(Lk)(a:; a) for n = 40,k = —4,-2,2,4 and = € C(Figure
1). In Figure 1(top-left), we choose n = 30,k = —4 and a = 3. In Figure 1(top-
right), we choose n = 30,k = —2 and a = 3. In Figure 1(bottom-left), we choose
n =30,k = 2 and @ = 3. In Figure 1(bottom-right), we choose n = 30,k = 4
and a = 3. Stacks of zeros of By(,k) (z:a) for 1 <n <40 from a 3-D structure are
presented (Figure 2). In Figure 2(left), we choose k = —2 and a = 3. In Figure
2(middle), we choose k = 2 and a = 3. Our numerical results for approximate
solutions of real zeros of B,(Lk)(x; a) are displayed(Tables 1, 2).
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FIGURE 1. Zeros of BY (z;a)

Table 1. Numbers of real and complex zeros of Bék)(ac; a)

k=-2 k=2
degree n || real zeros complex zeros | real zeros complex zeros
1 1 0 1 0
2 2 0 2 0
3 3 0 3 0
4 4 0 4 0
5 5 0 5 0
6 4 2 2 4
7 3 4 3 4
8 4 4 4 4
9 5 4 5 4
10 6 4 6 4
11 7 4 7 4
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FIGURE 2. Stacks of zeros of BT(Lk)(x; a) for 1 <n <40

The plot of real zeros of B,(Lk)(a:; a) for 1 < n < 40 structure are presented(Figure
3). In Figure 3(left), we choose k = —2 and a = 3. In Figure 3(right), we choose

«fe, 0%6%0%0%0% 0% %0, %,
%, 0%0%0%0%0¢%¢%0%0%
) 0%0%0%06%06%0%0%
o 0%0%0%0%0%¢%¢%e%e %
o 0%0%:%0%06%0%0%
o 0%0%0%0%0%0%0%0
o 0%0%:%0%0%¢%
o 0%0%0%0%0¢%0%0%0
0} o 0%0%:0%0%0%0%¢%e %
) 0%0% 0% 6%0¢%¢%0%e
o 0%0% :%6%¢%¢%0 %
. e%0%0%6%0°%¢ %
o 0%0%%0%0%0%0 %0,
o 0°0°%0°%0%0%0%0%0 %
o 0000ttt ete
o 0%0% %% %
R o 00°0%0°%0°%0%0 %0
by o 0000000000000
) 0%0% %% %
% 00%0°%0%:%:°%,
' 0%0%0%0%e %
0%0%0%:%: %
BRI
10 Pe'etete ?
0%0°%0°%0 %
0%¢%: %
0500
fgegesd
L L L .0. I L
-0 %0 2 0 B 0 5 10
Re(x) Re(x)

FIGURE 3. Real zeros of Bf(lk)(a:; a) for 1 <n <40

k =2 and a = 3. We observe a remarkable regular structure of the complex roots

of the generalized poly-Bernoulli polynomials Bﬁk)(:z:; a). We also hope to verify
a remarkable regular structure of the complex roots of the generalized poly-

Bernoulli polynomials B,(Lk)(x; a)(Table 1). Next, we calculated an approximate

solution satisfying generalized poly-Bernoulli polynomials B (z;a) =0forxz €
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R. The results are given in Table 2 and Table 3.

Table 2. Approximate solutions of B,(lk)(x; a)=0,k=-2

degree n x
1 —2.0000
2 —3.6330, —0.36701
3 —5.1474, —1.1814, 0.32887
4 —6.6236, —1.8091, —0.40059, 0.83330
5 —8.0847, —2.2649, —1.1655, 0.34794, 1.1671
6 —9.5387, —2.5133, -—1.9368, —0.40717

Table 3. Approximate solutions of Br(Lk)(;l:; a)=0,k=2

degree n T
1 1.7500
2 0.87997, 2.6200
3 0.24078, 1.7546, 3.2546
4 —0.23924, 0.97561, 2.5369, 3.7267
5 —0.56980, 0.25952, 1.7568, 3.2627, 4.0408
6 0.99983, 2.5157

By numerical computations, we will make a series of the following conjectures:

= a

Conjecture 4.1. Prove that Br(ll)(x; a),z € C, has Re(x) = § and Im(x) =0

reflection symmetry analytic complex functions. However, Br(lk)(:c; a),k # 1, has
not Re(x) = § reflection symmetry for a € R.

Using computers, many more values of n have been checked. It still remains
unknown if the conjecture fails or holds for any value n(see Figures 1, 2, 3). We

are able to decide if B (z;a) = 0 has n distinct solutions(see Tables 1, 2, 3).

Conjecture 4.2. Prove that B,gc)(x; a) = 0 has n distinct solutions.

The authors expect that investigations along these directions will lead to a new
approach employing numerical method in the research field of the generalized
poly-Bernoulli polynomials B,(lk) (z; a) which appear in applied mathematics and
mathematical physics.
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