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ESTIMATING THE DOMAIN OF ATTRACTION OF HIV-1
SYSTEM BASED ON MOMENT METHOD
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ABSTRACT. In this article, we discuss the domain of attraction of HIV-1
system by using the moment theory. First, the asymptotic stabilities of
the equilibrium point of the system are given, and then we introduce how
to use the moment method to estimate domain of attraction. Finally, one
simulation shows the effectiveness of moment method.
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1. Introduction

AIDS is a chronic virus that infects human immune system cells. The HIV-1
virus is the causative agent of AIDS. Once infected with the HIV-1 virus, the
virus is brought to the body through the bloodstream, destroying lymphocytes
in the body’s immune system. The HIV-1 virus enters lymphocytes to self-
replicate and destroy lymphocytes. This has caused great harm to human health.
Therefore, many scholars have studied and solved a dynamic model problem
which designed to meet the actual situation of HIV-1 virus. The works [2] and
[7] provide a comprehensive overview of the different approaches used in the
modeling of the HIV-1 system interaction dynamics.

In this paper, we use the moment theory to estimate domain of attraction of
HIV-1 system on the equilibrium point. This method makes practical problems
into application mathematical software to calculate and greatly reduce the com-
putational difficulty, making computing more quickly and accurately, see [1], [5],
[6] and [3]. We focus on the dynamic model of HIV-1 provided in the paper [7],
it studies the relation between antiviral immune responses, virus load, and virus
diversity. The paper is organized as follows: 1. Studied the equilibrium point of
HIV-1 system, given the stability conditions for the equilibrium point and the
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corresponding proof. 2. Applied the moments theory, simulated to estimate the
domain of attraction of HIV-1 system.

2. The domain of attraction of the system and Lyapunov function

Given the nonlinear polynomial autonomous system

&= f(z), (1)
with € R™, f (0) = 0, the domain of attraction of z =0 is

S{:Z?OGR"| lim x(t,xo)()},
t—+o0

where x (t, xo) denotes the solution of (1) corresponding to the initial condition
z(0) = 2°.

Definition 1. The function V () is called a Lyapunov function for system (1),
if

(i) V (=) is positive definite, and continuously differentiable real-valued func-
tion defined on D, a domain containing the origin.

(ii) %|(1) = (%—Z)T f (x) is negative semidefinite on D.

Theorem 2. ([3, Theorem 2.3]) Let V(x) be a Lyapunov function for the sys-
tem (1) in the domain

Q. ={z e R"|V(z) <<}, c>0.

Assume that Q, is bounded and 0 € Q.. If V () is negative definite in €., then
Q. CS.

Let
V(z) =2TPz, P=PTcR"™™, P>0.

Here, P > 0 means P is a positive definite matrix. The hypersurfaces given by
V (z) = 0,2 # 0 define the boundary of the region of negative definiteness of
V (z) in which we seek the guaranteed estimation .. In the case of quadratic
Lyapunov functions such an estimation is the interior of the ellipsoid defined
by (2). Our objective is to find the maximum value ¢* of ¢ such that V (z) is
negative definite in .. This ¢* is defined by the following optimization problem

find ¢* = min V (z)
subject to the constraint : (2)
V(z) =0, x #0.
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3. The description of the HIV-1 system

The HIV-1 system contains three variables: uninfected cells x, infected cells
y, and free virus particles v. The system model is

t=s—dx(t)— Bz (t)v(t),

y=px@)v(t)—py(t), (3)

b= ky (8) —uv (8).
where infected cells are produced from uninfected cells and free virus at rate
Bxv and die at rate py. Free virus is produced from infected cells at rate ky
and declines at rate uv. Therefore, the average lifetime of an infected cell is ]%
and the average lifetime of a free virus particle is %; the total number of virus
particles produced from one cell is %. Uninfected cells are produced at a constant
rate s, from a pool of precursor cells and die at rate dx. This is the simplest
possible host cell dynamics, which leads to a stable equilibrium of host cells in
the absence of virus.

System (3) has two equilibrium points:

S pu s du ks d
E:(f,o,o) AdE,— (2L 2 _du s 43
P e (kb’p kB pu B)
4. Stability of equilibrium points

Let Ry = ]:l;ﬁ be the basic reproductive ratio of system (3).

Theorem 3. For system (3), if Ry < 1, then the equilibrium points Es is
unstable, and Ey is locally asymptotically stable.

Proof. Only discuss the stability of the equilibrium point F;. First, we obtain
the Jacobian matrix of system (3)

—d—pv(t) 0 —pz(t)

J = Bo (t) -p  PBx(t) |. (4)
0 k —u
For equilibrium point F;, we have the corresponding characteristic polynomial
)\3+a1)\2+a2)\—|—a3 =0, (5)
where
a; = d+p+u>0,
a; = d(p+u)+pu(l—Ryp),
a3 = (1 — Ro) dpu > 0.

According to Routh Hurwitz Criterion, for system (3), the equilibrium point is
locally asymptotically stable if and only if

ay > 0,a3 > 0,a1a2 —az > 0. (6)
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In fact, since Ry < 1,
araz —az = (p+u) (d(p+u+d)+pu(l - Rg)) > 0.

Hence the equilibrium point Ej is locally asymptotically stable. O

Theorem 4. For system (3), if Ry > 1, then the equilibrium points Ey is
unstable, and Fs is locally asymptotically stable.

Proof. Only discuss the stability of the equilibrium point Fs. First, we obtain
the Jacobian matrix of system (3)

—d—pv(t) 0 —pz(t)
J = pu(t) — —p PBx(t) |. (7)
0 k —u

For equilibrium point E5, we have the corresponding characteristic polynomial

A+ ai\? 4+ agh 4 a3 =0, (8)
where

k
= prut--f>0,

pu

1 1
az = ksﬁ <+>7

p u
a3z = (Ro—1)dpu > 0.

According to Routh Hurwitz Criterion, for system (3), the equilibrium point is
locally asymptotically stable if and only if

a1 > 0,a3 > 0,a1a2 —ag > 0. (9)

In fact, since Ry > 1, we have ag > 0, and

1
ajas — as = e (k*sB% (p + u) + kpsuB (pu+ p* + u?) + dp*u®) > 0.

Hence the equilibrium point Ej is locally asymptotically stable. (]

5. Estimating the domain of attraction via moment method

5.1. Moment method. In [6] Lasserre considers the following two classical
problems

e global optimization

P p*:= min p(z)
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e constrained Optimization
K I = i 10
F — Pk wllelln p(l’) ( )

where p(z) is m-degree real-valued polynomial, and K is a compact set
in R™ defined by polynomial inequalities

K={zeR"gi(z)>0,i=1,...,7}. (11)
Let

L, @1,y Ty T, 100, oy X1y, T 2™
be a basis for the m-degree real-valued polynomials p(z), and let s (2m) be its

dimension, where s (m) := ( ntm > = (Em)l et

n nlm!

p(x) =Y paz®, (12)

where « := (a1, a0, ...,q,), and
n
o, 01 (o (e .
v =ty e, E a; <m.
i=1

Given an s (2m)-vector y := {yo} with first element yo . o = 1, let M,,(y) be

the moment matrix of dimension s (m) .

Forn:3,s(m):w

of the block matrices defined by

. In this case the matrix M,,(y) consists

Yit+k,0,0  Yitk-1,1,0 Yitk-1,01 “°° Y0,k
Yi+k—1,1,0 Yi+k—2,20 VYi+k—2,1,1 -~  Yi—1,1,k

Miox(y) = | Yitk-1.01 Yitk-211 VYitk—202 " Yi-10k+1 | = (13)
Yk.0,i Ye—1,1,0 Yk-1,04+1 " Y0,0,i+k

where y; ; 1 represents the (i + j + k) order moment

Yigk = / viadehn (d (@1, 0,23) (14)

for some probability measure pu.
For the case n = 3, m = 1, one obtain

1 %100 ¥o,10 Y001

My (y) = Y1,00 Y200 ¥Y1,1,0 Y1,0,1
Yo,1,0 Y1,1,0 Yo,2,0 Yo,1,1

Y0,0,1  Y1,0,1 Yo,1,1  Y0,0,2

Let g(z) : R" — R be a real valued polynomial of degree w with coefficient
vector g € R*(W)_If the entry (i, ], k) of the matrix M,, (y) is yg, let B (3,4, k)
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denote the subscript 8 of yg. Then M,, (gy) is defined by

My (9y) (6,5.5) = 9a¥(s(i.j0)+a}- (15)

Let deg g; () = w;, and define

io- 31

Wi

which is the smallest integer larger than 5.

equivalent to the following problem

lnf'l/ Za pOéyO(
N subject to the constraints :
—
O My (y) >0
Mn_g, (9y) > 0,i=1,...,r.

The number N has to be chosen according to the following conditions

Then optimization problem (10) is

(16)

N> [%W and N > max i;.

Lasserre [6] proves that
ian% T pk as N — 0.

Algorithm 5. The Algorithm for The Estimation
e Step 1: Rewrite ), as
Qe ={z|V(z) < co} U{z|co < V(z) < ¢}, (17)
such that V(x) < 0 in Q,\{0}.
e Step 2: Rewrite (2) as
find ¢* = min V (z)
subject to the constraints :
g1(x) =V (x) =20, (18)
go (v) = aTa —cy >0,
g3 (z)=—2Tx+ R>0.
e Step 3: Translation (18) as (16).
e Step 4: Use an LMI-solver to compute c*.

5.2. Estimating the domain of attraction of HIV-1 system. For F;, we
select the appropriate parameter values for the dynamic model of HIV-1 system
as follows:
d=2,p=lLu=1,k=1,s=1,6=1.
Then Ry < 1 is satisfied, and we obtain
T=1-2x — v,

y=axv—y, (19)
V=Y —v.
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and Fy = (£,0,0) .
Let m =x — %, n =y,q = v, and for conveniently we also write (m,n,q) as

(z,y,v). Then we can rewrite (19) as

:'c:—%v—Qac—U:C7

y:%v—y—i—vx, (20)

v=y— 0.

Hence the linearized system is
T = f%v — 2z,
y=3v-y, (21)
V=Y —v
The following function
174 124 4 12 212

V(x v)—ﬁxz—&—f 20— —ay— ——av+ oy
W= 936 1367 T 1360 136°7 136 1367

is a Lyapunov function for system (21), since V is positive definite, and

d
a S S -
dt (21)
Furthermore,
v, ., 24, T2, 352
B U R T e TR T T

(20)

Now using Algorithm 4, we obtain

N 3 4 5
My (y) | RZ0X20 [ R35X35 [ R5OX50
c* 0.6990 | 1.0811 | 1.0811

Therefore, the set

{ (xayav)imz—%,yz(),vzo,and }
34 .2 174, 2 124 .2 4 12 212
13562 + 1369+ 136V — 362V — 1362V + Tzcyv < 1.0811

is a subset of the domain of attraction for system (20).
We can obtain the domain of attraction of simulated images for system (20),

as shown right one in Figure 1, while the left one is its extension.
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T % |
V(x,y,v)=1.0811
| ||'

Figure 1. The domain of attraction of the equilibrium
point E; of HIV-1 system (20)
For Fs, we select the appropriate parameter values for the dynamic model of
HIV-1 system as follows:
d=1Lp=lLu=1,k=2,s=1,0=1.
Then Ry > 1 is satisfied, and we obtain
T=1—z— v,
Uy =axv—y, (22)
v =2y — .
and Fy = (%, %,1) .
Let m = x — %,n =y — %,q = v — 1, and for conveniently we also write
(m,n,q) as (x,y,v). Then we can rewrite (22) as

;i:z—%v—Qx—xv,
y=3v+x—y+av, (23)
v =2y — .

Hence the linearized system is

1

T =—5v— 2z,
y=3tv+az—y, (24)
v =2y —nv.

The following function

29 97 11 43 16 41
Viz,y,v) = —a+ —y* + =0+ —ay+ —av+ —yv

30 30 12 15 15 15
is a Lyapunov function for system (24), since V' is positive definite, and
av S S J- )
dt | (g
Furthermore,
dv

5 18
=22 -2 -0+ §v2x + va? + gvxy.
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Now using Algorithm 4, we obtain

N 3 4 5
My (y) | RZ0X20 [ R35%35 | R50X56
c* 1.3414 | 1.4738 | 1.4738

Therefore, the set

(z,y,v) 1 x Z % —1,and
§gx2+97y2+ 12U2+ 3xy—i— L :w—i— 15yv< 1.4738
is a subset of the domain of attraction for system (23).

We can obtain the domain of attraction of simulated images for system (23),
as shown right one in Figure 2, while the left one is its extension.

-1
2N v, y, v) = 14738

-5 el

Figure 2. The domain of attraction of the equilibrium
point Fy of HIV-1 system (23)

6. Conclusions

This paper considered the domain of attraction of HIV-1 system by using the
moments theory, which discuss the great harm to human health. Finally, one
simulation shows the effectiveness of moment method. It is beneficial to the
study of HIV-1 virus, while this will usually result in large virus load, severe
tissue damage, or both. The proposed method makes practical problems can be
calculated using the software, which greatly reduces the computational difficulty,
making computing more quickly and accurately.
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