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Abstract

Gamma generalized linear models are useful for non-negative and skewed responses. However, these models
have received less attention than Poisson and binomial generalized linear models. In particular, hypothesis
testing for the significance of regression coefficients has not been thoroughly studied. In this paper we assess
the performance of various test statistics for gamma generalized linear models based on numerical studies.
Our results show that the likelihood ratio test and F-type test are generally recommended and that the
partial deviance test should be avoided in practice.
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1. M2

7l Auksl A3¥ 23 (gamma generalized linear models)2 2737 A4 £3Z(lognormal distribu-
tion)&]— 7F$-2~ B3 (inverse Gaussian distribution)of 719 dwisl AP 23} S o] ofd 3t
S 7HA M vt (skewed) AR (o, HIEAR, TBAE F)o &3 Rz I A vt (Fahrmeir
, 2013; Faraway, 2016). Z#u} o]#dt R¥2] F8A o= B3t HZ7HA] ©]¥ & (binomial
dlstrlbutlon)il- ol E 3 (Poisson distribution)el] 7]¥Fel duls) Ay 2ol w3 F4S FA &
o gkom (Faraway, 2016; Jo$} Lee, 2017), 53], 3|AAG] Fofdol thst AA2A o F=&ste] A
G o A BAFY Aol deiXE ALY A37F A=A st wetA, B =2olAe At
Autsl Ay BYPoAe 37 A AH FAFY A5 vag 4 AFE F3l thREA St

kst 4% B RolA A% HAT A fol 4ol ek ARL rheke BHE B AN A D
AREEE U0 2 = Vs =] A B (likelihood ratio test; LR) (McCullagh @} Nelder, 1989) 3 £
£ olgx AA =9 (partial deviance test) (Montgomery 5, 2012)°] It} 7Fe=H] 374 WE2 &
A 2 (full model)T} IF 3] AAS7F 02 24 23 (reduced model) 2] 21 75 %= (log-likelihood)
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8 o= (scaled deviance) o HE |83t} AAL AASHE WHolth olelw B ApolA:
Jorgensen (2013)] 931 A48 F-474 Bis 35 45 B5E o) g5 A= ogE

deviance test) WS THATh 51 Aol o) E A BARE A5 mlastel, A A4u A
oA AT B A% PES B A

£ £ THL CE U, 2EANE 20} QU 49 R IEE 4YB. 3RAAE B2
19 A4E 205 B AR Fal BARE AND 4BoAE AR AAAS) folge A
A9 DP‘*? A% PEe sk 5-AE 2APS B3 480N 24D ohge A% IS
ol Ase vad ¥, 6404 des Aeth

2. 20} A3} MO
iR A=Z] Y, 7F ZuHEE (gamma distribution) S WE WA Ha 4, ARRS ¢E Zr=vh & o,
et B8 UEgee] BHS Tk} o] Fol Atk

vy~ leXp(—Vyi/ui)dy_
L)

o] EXE Y, ~ Gamma(u;, )22 YEHL, ¢ = 1/v9] FAE 74t 4714, E(Yi) = ol
T Var(V:) = ¢pi = pi/vel 9tk BE A T (moment generating function):= K;(t) =

E(exp(tY:)) = vlog(l — pit/v)o2 Foj ATt Vol ¢8R 754 w7t Y= FF Y ~ Gamma(y,,

AR AR R AE FupExe] HE A Z8H4(canonical link function) 9l 9§ (reciprocal func-
tion) 7} obd 22 A AF<(log link function) & X o 23 ARSIIEE (Jo} Lee, 2017), & =70
AE i = exp(z] B)S 2T Aotk 7|4 z;= WA A< (explanatory variable) e o]l
B+ 3= = 37 A4 (regression coefficient) o]t}

F1o] vt duist A wPol tis) o/ BE SAFL D(y, 4) = —231L, log(yi/fir) — (i — f1a) /
2 BBt AN y = (g1, n) s o = (Al,...,ﬂn)T, fii = exp(z] B)°lx BL A 75

A %] (maximum likelihood estimates; MLE

]

o
=
T

i
>

o
iy}

3. B2 JiskHl 838

o] oM B o] 094 obdAE HA ] AT

i)

Z, B8 olgx A (partial deviance

test) WS Aot “‘ﬂﬂ% A4 L Czado (2004)9] 7Zej=Eo] veht Aok AA e
TFAAQ A9E7] A8, WA 8 = (8] ,8,) & AL 714 B, € RPo]aL B, € RP?o|tt. o] uf
Ho: B8, =(0,...,00" 2 AF7MIZ 3} F& g% AL

D(y, i) _ Dy, /) N (3.1)

$o 1

4 ] §9 4= (significance level) adlA AFZMAE 71743t A7NA xi 1ot AHHE pie Ze
FolAlg B2 1 — o BASE E3, (b, o) (fy, 61)E Z7 E4 Eﬁé( educed model) ¥} £+
AR (full model)ollA Aol Hof 7Fe FAA oty i ojgxs A% L AXRF7E 2
t A AAS BAE M S Q. olE 5o, vk duist A3 2y A ¢7F 2L ghelztd
¢o = D(y, 1)/ (n—p2)Z 1 ~ D(y, f1,)/(n — p1 — p2)°] A7 &}k (McCullagh} Nelder, 1989). u}
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Table 3.1. Results of partial deviance test based on the maximum likelihood estimates, gzg

477

True dispersion Sample size Type I error Empirical power
n =50 0.000 0.000
=100 0.000 0.000
6 =0.01 "
n = 200 0.000 0.000
n = 500 0.000 0.007
n =50 0.000 0.000
n = 100 0.000 0.000
¢=0.1
n = 200 0.000 0.000
n = 500 0.000 0.051
n =50 0.000 0.000
n = 100 0.000 0.000
¢=0.5
n = 200 0.000 0.000
n = 500 0.000 0.044
n =50 0.000 0.000
n = 100 0.000 0.000
¢=1.0
n = 200 0.000 0.000
n = 500 0.000 0.008
n =50 0.000 0.000
n = 100 0.000 0.000
p=1.5
n = 200 0.000 0.000
n = 500 0.000 0.001

JAge Aasdch ol dust 4y 2ae] BF mYelAe ITAFE Al 1
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LR =2 (£ (41 1) = £ (29, 60)) (4.1)
o] BAUL ZomHo] Gl YY), = F o] fAD W) AHES} pi2) Aol AFEEE
2t Aoz FAA Atk DA, 5T A8 PR LR > 21 o2 1 $5F adlq 473
2 77

4 A e B8 o9 AU shsEn 4% BAY Aol
o FAEoE, BE ojgE BAGS ALRS ¢} 2eA Gt 42, Bt 2 B4

Dly:ito) _ DW: ) _ o410, ) — g, #))

°

@
i
_a
i
é
(i
K
k=)
&
_>_
S
o

= 2 Ha1, o] AL AFTH Sl A ARETE pid FhelAl E3E
Vn-2 XA 2 (consistent estimator) 9l ¢, & AFEIH= AR RS e i_q_l;_g} o]l;:__,_l—_l,:_ AR upe

D('.'(ngvlllo) _ D(y i) —9 (Z i, 1) ) (ﬂl,dgl)) > X;2;1,1—a (4.2)

oW RYLE aolA AR/HAES 71 AskE, 62 A BFol A QojA L ge AHg et
R 2 Jgrgensen (2013)2 U229 F-FA 3
F= D(y, f1y) _AD(yaﬂl)
P11
THAATE AT Fypyn gy po s ARE prn—pi—prE 2 F-5ARE EITh o] BE 95%
%4% Fpin—p1—p2 (0.95)2 UERE o, o542 0.059014= A4 SAZF F 7kl Foynpy—p2 (0.95)
W A7 A2

~ Fp n—pi—ps

I dr e

L

5. 29oJ4Al5d

E ZoMe BgAES T 4800A AAS A4 H(7FeEn] 24 Y AR olgE HA, 1
g1 F-3AA ) A vt sty A R =, SR A5 At 288 49
o} A5y g 1Y Ut A5 e Aol tiste] AsvnE AAIST xR 24
FozL 53] olgdr FAAF F-HAY AS AU 7o FAFE AR, 7FeEr] A3 A
£ k2 2aof UiF] HE 3 3 (method of moment estimator; MME)& o]83l= AR SA S ]
£ WD o) 45T FAEE AET W F AAE LA BA R gl Yo ol Lak
3 Ay 2y A Al AR So) tiete] g FAFS o83t e, olH s AMdo]l & & A gl
A ¥ov g Ik A4 SAFE AL Intest 371X 1rtest T4E A3HE FulRFo
IE g AE 1S Aot AR FE FHFL gln T2} summary 5 0|85+
T 4 a1, A 7FeE F 2 MASS B 7] A2 gamma.dispersion FE |83t & 4 Qlrk
BoAF2 R7 ojgx A<} o] 1,000709] EHH S tlole] AS APstlon, A4y W
ThS 238 A9 3EAA AMEE 2 22 BY S ARSSITE HEY M4 23S A, 7 B
Yol 39 AsE Al 15 272 vudr) JAE (Bo, bBr,....B7) " = (0.8,0,-0.1,0.2,0,-0.3,0.8,
1.2)T & ARgetga, ARELS vasy] A= (8o, B, ..., 87) " = (0.8,1,-0.1,0.2,0.5,—0.3,0.8,



Likelihood ratio test and F-test for gamma GLMs 479

$=0.01 $=0.01
°
z — LRtest (MLE) 2
---- LR test (MME)
Scaled deviance test
3 | --- F-type test
s
@
@
®
8
s
5 54 g 3
£ S £
5 &
= F
2 8
g o =
s 8 =
S uEJ ; -
9
8
s
o
< s
S —— LRtest (MLE)
-~ LRtest (MME)
- Scaled deviance test
S o S 4 --— F-type test
b5 s
T T T T T T T T T T
100 200 300 400 500 100 200 300 400 500
Sample Size Sample Size
0=0.1 0=0.1
S B — LRitest (MLE) 2
=== LR test (MME)
Scaled deviance test
2 | --- F-type test
s
o
2 |
2
8
s
5 <2
5 S5+ g 3
5 ° 3
r Kl
g S
2 o £
S 8 | 5
s S
s E oz
9
8
s
o
sz | 5
3 — LRtest (MLE)
-~ LRtest (MME)
- Scaled deviance test
| S --- F-type test
T T T T T T T T T T
100 200 300 400 500 100 200 300 400 500
Sample Size Sample Size

Figure 5.1. Results for legitimate goodness-of-fit tests (¢ = 0.01,0.1). LR = likelihood ratio test; MLE =
maximum likelihood estimates; MME = method of moment estimator.
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Figure 5.2. Results for legitimate goodness-of-fit tests (¢ = 0.5,1,1.5). LR = likelihood ratio test; MLE =
maximum likelihood estimates; MME = method of moment estimator.
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Table 5.1. Mean (standard deviation) of estimates for dispersion parameter in legitimate goodness-of-fit tests

True Sample F2EY (¢o) SHAERY (¢1)

dispersion size MME MLE MME MLE
n = 50 0.010 (0.002) 0.009 (0.002) 0.010 (0.002) 0.009 (0.002)
n = 100 0.010 (0.001) 0.010 (0.001) 0.010 (0.001) 0.009 (0.001)
¢ =0.01 n = 200 0.010 (0.001) 0.010 (0.001) 0.010 (0.001) 0.010 (0.001)
n = 500 0.010 (0.000) 0.010 (0.000) 0.010 (0.000) 0.010 (0.000)
n =50 0.099 (0.021) 0.092 (0.019) 0.099 (0.021) 0.088 (0.012)
6=01 n = 100 0.099 (0.015) 0.095 (0.014) 0.099 (0.015) 0.093 (0.013)
- n = 200 0.100 (0.011) 0.098 (0.010) 0.100 (0.011) 0.097 (0.010)
n = 500 0.100 (0.006) 0.099 (0.006) 0.100 (0.006) 0.099 (0.006)
n = 50 0.487 (0.115) 0.468 (0.090) 0.487 (0.115) 0.451 (0.088)
n = 100 0.491 (0.087) 0.483 (0.066) 0.491 (0.087) 0.474 (0.066)
¢=05 n = 200 0.499 (0.063) 0.494 (0.048) 0.499 (0.063) 0.489 (0.048)
n = 500 0.496 (0.037) 0.497 (0.037) 0.497 (0.037) 0.495 (0.028)
n =50 0.924 (0.231) 0.929 (0.165) 0.924 (0.231) 0.895 (0.162)
n = 100 0.968 (0.187) 0.969 (0.126) 0.968 (0.187) 0.954 (0.126)
¢=10 n = 200 0.981 (0.134) 0.983 (0.088) 0.981 (0.134) 0.975 (0.088)
n = 500 0.986 (0.087) 0.990 (0.054) 0.986 (0.087) 0.987 (0.054)
n = 50 1.354 (0.349) 1.401 (0.242) 1.354 (0.349) 1.361 (0.274)
6=15 n = 100 1.409 (0.288) 1.451 (0.178) 1.409 (0.288) 1.430 (0.177)
’ n = 200 1.458 (0.226) 1.482 (0.130) 1.458 (0.226) 1.471 (0.130)
n = 500 1.481 (0.143) 1.491 (0.082) 1.481 (0.143) 1.487 (0.082)

MME = method of moment estimator; MLE = maximum likelihood estimates.

Table 5.2. Results for legitimate goodness-of-fit tests when the design matrix includes a categorical variable

LR test (MLE) LR test (MME) Scaled deviance test F-type test

True Sample — — — P~
X R . Type I Empirical Typel Empirical Typel Empirical Type I Empirical
dispersion  size

error power error power error power error power
n=>50 0.073 1.000 0.073 1.000 0.088 1.000 0.072 1.000

n =100 0.068 1.000 0.068 1.000 0.073 1.000 0.068 1.000

¢=001 n =200 0.059 1.000 0.059 1.000 0.061 1.000 0.058 1.000
n =500 0.044 1.000 0.044 1.000 0.044 1.000 0.044 1.000

n=>50 0.091 1.000 0.091 1.000 0.104 1.000 0.090 1.000

6=01 n =100 0.063 1.000 0.063 1.000 0.067 1.000 0.063 1.000
’ n =200 0.056 1.000 0.056 1.000 0.063 1.000 0.056 1.000

n =500 0.043 1.000 0.043 1.000 0.044 1.000 0.043 1.000

n=>50 0.077 0.786 0.077 0.787 0.088 0.795 0.071 0.778

6=05 n =100 0.058 0.976 0.059 0.976 0.065 0.980 0.058 0.975
n =200 0.054 1.000 0.054 1.000 0.054 1.000 0.054 1.000

n =500 0.045 1.000 0.046 1.000 0.046 1.000 0.045 1.000

n=>50 0.076 0.472 0.079 0.477 0.085 0.485 0.073 0.458

6=10 n =100 0.075 0.797 0.078 0.802 0.078 0.804 0.073 0.795
’ n =200 0.053 0.976 0.055 0.977 0.054 0.976 0.053 0.976

n =500 0.053 1.000 0.056 1.000 0.054 1.000 0.053 1.000

n=>50 0.081 0.338 0.110 0.367 0.108 0.372 0.096 0.345

n =100 0.056 0.601 0.064 0.618 0.061 0.615 0.055 0.595

=15 n =200 0.057 0.905 0.060 0.910 0.058 0.906 0.056 0.904
n =500 0.040 0.999 0.046 0.999 0.040 0.999 0.040 0.999

LR = likelihood ratio test; MLE = maximum likelihood estimates; MME = method of moment estimator.
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Table 5.3. Mean (standard deviation) of estimates for dispersion parameter in legitimate goodness-of-fit tests
when the design matrix includes a categorical variable

True Sample 42529 (¢o) AR (¢1)

dispersion size MME MLE MME MLE
n =50 0.010 (0.002) 0.009 (0.002) 0.010 (0.002) 0.008 (0.002)
n = 100 0.010 (0.001) 0.009 (0.001) 0.010 (0.001) 0.009 (0.001)
¢ =0.01 n = 200 0.010 (0.001) 0.010 (0.001) 0.010 (0.001) 0.010 (0.001)
n = 500 0.010 (0.001) 0.010 (0.001) 0.010 (0.001) 0.010 (0.001)
n =50 0.099 (0.021) 0.088 (0.018) 0.099 (0.021) 0.084 (0.018)
6=01 n = 100 0.100 (0.015) 0.095 (0.013) 0.100 (0.015) 0.093 (0.013)
o n = 200 0.101 (0.011) 0.098 (0.010) 0.101 (0.011) 0.097 (0.010)
n = 500 0.100 (0.006) 0.099 (0.006) 0.100 (0.006) 0.098 (0.006)
n =50 0.478 (0.107) 0.450 (0.089) 0.478 (0.107) 0.432 (0.088)
n = 100 0.483 (0.085) 0.472 (0.065) 0.483 (0.085) 0.463 (0.064)
$=05 n = 200 0.492 (0.057) 0.487 (0.045) 0.492 (0.057) 0.483 (0.045)
n = 500 0.497 (0.037) 0.495 (0.028) 0.497 (0.037) 0.494 (0.028)
n =50 0.913 (0.218) 0.905 (0.162) 0.913 (0.218) 0.873 (0.163)
n = 100 0.943 (0.174) 0.950 (0.121) 0.943 (0.174) 0.934 (0.120)
¢=10 n = 200 0.970 (0.125) 0.977 (0.089) 0.970 (0.125) 0.969 (0.089)
n = 500 0.984 (0.086) 0.990 (0.055) 0.984 (0.086) 0.987 (0.055)
n =50 1.320 (0.328) 1.380 (0.243) 1.320 (0.328) 1.329 (0.242)
6=15 n = 100 1.389 (0.274) 1.435 (0.180) 1.389 (0.274) 1.413 (0.178)
’ n = 200 1.446 (0.233) 1.472 (0.130) 1.446 (0.233) 1.462 (0.129)

( (

n = 500 1.478 (0.142) 1.492 (0.082) 1.478 (0.142) 1.488 (0.081)

MME = method of moment estimator; MLE = maximum likelihood estimates.
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h(t) < h(k)7k Fol [FHthe tdt < kke " o]t}.) 0

Hel Al p<03Y m, PE X4 k> 101 THotod xi,l_p > kO|C}.

BY: Xk > k2 Felxiap) > Fr(k)9H SRR, Fi(k) <1-pg& Hold FR3ch. 23
& Fr(k)oll tialiM Fr(k) = Gi2 (k/2)°] 43 EE, Lemma A.10)] &J3te] ZE k > 19 thafA

k k
Ry = 122
I'(3)
vE+L5+D)
> = Fiq2(k+2)
r(5+1)
o] TS & 4 Atk Fi(1) ~ 0.6827 < 0.7, F»(2) ~ 0.6321 < 0.70]2&, BE x4 k > 19 of
sto] Fi(k) <1 —polth a

References

Czado, C. (2004). Lecture Note in Gamma Regression, from: https://www.statistics.ma.tum.de/fileadmin/
w00bdb/www /czado/lec8.pdf

Jo, S. and Lee, W. (2017). Comparing the efficiency of dispersion parameter estimators in gamma gener-
alized linear models, The Korean Journal of Applied Statistics, 30, 95-102.

Jorgensen, B. (2013). Generalized linear models. In A. H. El-Shaarawi,& W. W. Piegorsch (Eds), Ency-
clopedia of Environmetrics (2dn ed, pp. 1152-1159), Chichester, Wiley.

Fahrmeir, L., Kneib, T., Lang, S., and Marx, B. (2013). Regression: Models, Methods and Applications,
Springer, Berlin.

Faraway, J. J. (2016). Eztending the Linear Model with R (2nd ed), Chapman and Hall, New York.

McCullagh, P. and Nelder, J. A. (1989). Generalized Linear Models (2nd ed), Chapman and Hall, London.

Montgomery, D. C., Peck, E. A., and Vining, G. G. (2012). Introduction to Linear Regression Analysis
(5th ed), John Wiley & Sons, Hoboken, New Jersey.



Seongil Jo, Jeongseop Han, Woojoo Lee

484

gl

s] ITAY

alS|
oo

F-

2l 821 & 20181 T 92 K| EH)

(2018 5& 8 F4+, 20184 7

or
o

21

1%0

yp =

L 1

K-

71Z2AFAE Y (NRF-2016R1D1A1B

03936100).

&t} E-mail: lwj221@gmail.com

ks

7 <Jet=Z 100, Y3t FA

1 AA A





