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Abstract

Variable selection algorithms for linear regression models of large data are considered. Many algorithms
are proposed focusing on the speed and the robustness of algorithms. Among them variance inflation factor
(VIF) regression is fast and accurate due to the use of a streamwise regression approach. But a VIF regression
is susceptible to outliers because it estimates a model by a least-square method. A robust criterion using a
weighted estimator has been proposed for the robustness of algorithm; in addition, a robust VIF regression
has also been proposed for the same purpose. In this article a fast and robust variable selection method is
suggested via a VIF regression with detecting and removing potential outliers. A simulation study and an
analysis of a dataset are conducted to compare the suggested method with other methods.
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ARG A streamwise M AEHLE BYPF7L A Hpde AHeE FEE 4 It Lin
5 (2011)3} Dupuis®} Victoria-Feser (2011, 2013)°] A|HeE EAHY A7 4= (variance inflation fac-
tor; VIF) 3AYL 2y A7l A stagewise 3|AE AAsI] WSl AT (marginal cor-
relation) ] &JS|A ZF ©A|e] S Frlete}. webA Lasso®} least angle regression (LARS)A]®™ W
FTEY tETdded g =X HI7F DAAsHAI T 245 VIFR °]% FABIcE VIFS] ] Holl A
= stagewise 3 7S 3 18] W2 MEJEE g-investing 1B E 02 AA ).

HEAE ZAA LEE e E 3] S W el A (robustness) o]tk AU A 2
FAHL FZ HAAFFZFE 7o E $£357] wf2o] o] JFgFS DA o A
sto] 71 RPEREEEY ZA0E FuHSol AldE e @ elgol Hgstrolle Aitel B
] 3t} Dupuis$} Victoria-Feser (2011)+ ]'F M-ZA2E X}_35lo] 23L& 7\@6]—_,—_7, olo] W= 7
A AARFZA T o3t W4E MAE = fast robust forward selection (FRFS) #HH-E& A<kttt
FRFSE W7 B30 dels o]k thA E% Hegol A ndEE APS Hpiﬁ}oﬂ AHASLT B
785 Aol ARk oA ol thulgt 24 A AEyE i olHol A&k A WHY A%
o] oJA3] F23ltt. Dupuis®}t Victoria-Feser (2013)+= ZE0°] A|ost FRFS Wi 58 9]
7] 913F] &2 (subsampling) & AFEE 4= AT P d|o]E] F¢ AlateFo] A8 2A7F 2 £

2L AAHUA VIFRAE 383 44 A% ALAGL AQshgleh. of WL VIFS 740
HAHog

Al ZAFEH 23g FR6t ths34433 oA ol thujstal A E oA FRESOIA AR
3} - AR EA ST A FAAAEA S AL 3I) Dupulsﬂ— Victoria-Feser (2013)+ VIFZ A,
FRFS, 272 VIF3 A9 ES

A Z
YL WeAlEe] FEA S Wwstgln
al

2 =wolAe AGsHA =L o)X o e WeAdE e 2N, VIFSFHolA x2S
Al A A Q) o) AR E B A|sle] BAjoA A|L]s= AR A AH(pre-screening) 42 Al oFsk

O
FAET) A% 93 streamwise DA} AT o] 42 B PuS AT
2glAE VIFSIFY, 22 VIFSAHE 2/etn A2e 47, A% A5A834L Atk 3%
oJEE Fate] ASHE W} VIFEH, 44 VIFET 7 R84L vl

2
e

2.1. Yy 293y
o dolee] ey 5 3495 A5 Sl Ak VIFE ], FRFS, 22 VIFE 719 &2

397Gl thste] a7) shek

oA AgAE o o A By £3H W HES Molgtn 6}1 Mol 23 A4 AA
PEL Xy o2 BAT U 7]& Bof I o} W 2 ¢ M7F 282 o R1E FA57] f5kY] o2
2 73S vttt

y=XuyBu+ Bz +e, e~ N(0,0°1) (2.1)
B* 2] & 4 A 337 A (least squares estimator; LSE) & grel a1, 12 = x*/([—XM(X]EXM)_IX]E)x*
o= %754 3* ~ N(B*, 17207} Fl] W4 2" 9] FoAdol tish 7} Ho : 8% = 02 AASAH
tlse) — ﬁ*/sd( f)oz AR 4 Yt
ool WA FANA A& T
A AR AEAdS 218k stepwise Q-T’Lﬁ‘é"d A

ojt}. VIFZ Ao =
= X1 Bm + €2 2=}
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M
=
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A rot xroll o7 o3t 22 stagewise 27 ¥ e drt
r=déz"+& &~ N(0,6°I) (2.2)

08 69 LSEzkR 3He 4] (2.1) oefelA] & = 1?4*e]m 744 Ho : § = 0ol the AABAZ () =
5/sd(3)Sh 1692 169 ~ 1] - 165} 22 PAE Zrh,

et 1P =1, & 279k X o] AudAo] god (V- 44 () AR50 gL Bk 7 < 1, F
7t Xaroll AABAE 2 =9 A (2.2)0014 7HEs e xgke] B4 o] AAXA Al =ef t69-7
e W% ool fol4 Aol Bt W18 27 Brh VIFSIA)E stepwise 370 )2 274 A3}

o} MR E v TAlo] A A A7)E FA g

A (2.1)9] AAANAM § ~ NI2B*,126%)0|2& §/|llc ~ N(0,1)0] A} wetr o9} o] tjst 2=
& 2AHAE A3 Ho : B = 09 B ARSAZFo=H 0P = §/|ll6¢ AH8F 4 Yrh. Lin
5 (2011)01 4= 4 (2.1)014 B* = 0& 7P RyA AE FaAFe] A2 (root mean

squared error; RMSE)& 622 ARE3ISTE o] FHAE B¥ A (2.1)0)u B34 (2.2)04 ALt =

RMSE Ht} A 3e] 7b5A4 o) vk A7) 7} At} (Foster} Stine, 2008). 1 1/1%0] z* 2] X0l T3 2

A Aol sl gt g Ao Alito] FhsakA|ut thu| o e A9 AlsteS 1Este] AA| H olH

N FET Qoo HRA Aatd EAAASE ARSI Lin 5 (2011) 914 AAIS VIFE] 7<)

2y} BAFL @ oksty thew 2k

ARE y = X§Bum + olA LSEo) 93t IAR&L 243 & 24 r3 RMSE, 02 = |r||/(n —

M| — 1) Axetn FARY r = 62 + 294 HLAFRANOE 52 AT DA dloleloA

7] me] F2E FE3 FREAE(S)WE /AL IARY 2 = X[ 8u + & FHS F LaiF

A4 VIFs = 1/(1 — R%)E At 5ol vigt 245 A% 0P = §/VIFs /62 A3t}

el A Fx JFES AsHetr] A3 FAFHFE AT 4 Atk Dupuis

S (2011)2 WpAES 93 RY AR ANA 7 M-FHA) AREE ATkt

AARYZAL V5] w;, i = 1,...,nol thate] 4 (2.3)9] 12 AL HEH s EHOR BE 2
ke

Zwi(m;c)nxi =0, (2.3)
=1

V&R wis BE23F A} = (g — 27 B)/o0l 28] 29 Dupuis®} Victoria-Feser (2011)2 the
I} 28 Tukey9] biweightE AM&-3}IT}.

Boll sl o] AxE T oo wWe} ryo] AHoR A (2.3)2 W e P AL deA
ok webA AApge] Byl o5 4 (2.3)2 WEds £ 0L AME T o] 7]
A3 oo Wt 7A wi g ALl 713 w?7 i=1,...,no% 7449 HH
o) IRE 71EA wlol sl XY = diag(vVw®X), y¥ = dlag(r) 23 3 4] (2.3)9] s+

= ((X)TX")"1(X*)Ty™ o] Hr}. Dupuis®} Victoria-Feser (2011)7} B°, 602 =As 7=
P2 A7) flske] Aok B2 A= v 2t
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ZF Ao st prle] AP RY y = Bor + Szt + €1,---,Y = Bop + PpTp + ep S BT
% 7 m3o] thste] 4] (2.3)& A8 AFAA for,.. ., fop S 7187 FBA B, ..., BB A
gk pAle] 2 APRY FANNM 6; = MAD(yi — Boj — Bymis), i = (Ui — Boj — Bymis) /65,
j=1...p Axsa 1011 weh 74e A wi s ARBTE Xp =1 Voaza - e, X =
(1w - wiplip], i = n‘ﬂa}i st pe] A 173?11 Bo = ((Xé“)TXé")_l(Xé“z)Ty% A
Atk 4 243 Bool «13@ 6" = MAD(y; — 2] 8°), r{ = (y; — 2] 8°)/6°& Ax¥sta vpa] &b

7EA wiE T T o|AG Awto g go] 243 B = ((Xw)TX"’) X)) Ty g Alte
Dupuis®} Victoria-Feser (2011)+ 7] R0 x3=A] k2 7z} W) yIke] 7SR5 437
< (weighted partial correlation)& A4Fste] 713 2 AdTA M = Wl Ois A4S 53 =3
ol FE AAslen Z dA RYPFA HAAA GA AT AAH ple] deABRFE 018
W (FREFS-Marginal) 2]oll 4] (2.3)¢] & AHAoz Axsto] M-FH2E Aldshs ¥4
Full)2 A+t

FRESE 27 Waaeuol A o deoleols 2847 e vtk ol A4 57 $Aste]
Dupuis®} Victoria-Feser (2013)+ Z AR 43} VIF A0S 23t A g ag S Akt
Dupuis®} Victoria-Feser (2013) o4 ARg-3t 7152 e o3 22 Huber 7V gkol ).

wi(n;c):min{l, ! } (2.5)

4 @D)AA AEY AHASHG M B4T w ASE ASAUEHE of, ol Ha F7 ofF
% za% 1_ SR gz M A 4 @30 st AR S WA wedkn T

AE
ol
E
fo
ot

ANA riye v = Xi'By + e B DAelth IARY i §z™ 4 oA §vol T

3 AFFAAE ek Su o = XETAY + o RES RARFALE VIFUeta dchd
5o = g VVIFRA Bk meba) 57 ~ 677} Sl A Bae) 2448 Adathd dze v
S oo fol Al the FAAAEAL T thewh 2ol A28 & ek T = 57/ Var(Bw) ~

\/VIngw/\/&Q(Ez;l ) kot 71N koE Var(AB*’”)
cgrel &3] 24 9t} Dupuis®} Victoria-Feser (2013) of] A]
ri)S AHgEgon Ak TEste] VIFYE A o)

o 295 = Aolv 7 A g 4 (2.5)9)
= 6’2 — MAD(T%*ZC*M(I'MUT x*w)flx*wT
Eol

A F29 999 TR 9sle] Aibst

:L

+ HeAEg S S8l s3Enh Streamwise 37 dAke] AHEE 2

3o stagewise H719} 2ol 7t o] WMeEhe meistel R@sska NG wae] 37

HE AAs= A2 FA"EL. Zhou 5 (2006)2 streamwise 37 oA Wy 271 RS H35)

information- 1nvest1ng»]— a- 1nvest1ng—€ o] &3t duEE AR o VIFE AL} 24 VIFE A
A= a-investing G118]E5S AFE-Slo] FRFSH T} Al1&351A] A4 e a8 43 st}
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information-investing ¢ 8]&3} a-investing 1 elE2e] AAlE, FoIF A (wealth)S 7] uj
A ARolA G AHAE FAH(investment)sto] 1 Aitel| whe} 2p o] FUbSH AV Haditiy &
o ZpPo] AT w7tx] FAF B AAE Fqs= Aotk o] uf v A XA, AP0 &
Az bt a-investing ¥ 8 &L dF AdF Q2 F(Type I error; o) XS AHPoz ALg
3t ZF Al A AA o] 7)1 ZtE o] W4Tt A" A 2Fd o] Frketal A o] AW A 2pd o] Fasith
o) @AM = BAHY FoFEL old DAY AAAR} FAHY 34l uet 2 AL
AL AR LT Wold T FoLFo] FolAA w2 o W7t 23E = I JFE B %
sttt A gAl A AA o] 71ZdE o] W4Tt AUEE theaAdA FoaE2 ARA M

th o 5842 AFES FAH = A dAA AA o] A E o MeT deE R kg A the

o2

> ofh
12 o
=2

o Rl X o

ALl Fogv2 A AAEo] vy Adgo] oA &= FAo] Atk FAAQ a-investing Eilg
2 o3 2ol 8% 4 gtk

Hz ALE wost skl AR AANA AEE witl E7|SHH, AR FAAL FYFE o =
wi/(1 —i— h)22 FYPHAT. 7|4 b 7PF H2el AF7HEel 7148 AR Aotk fos
= ool 9t AR AR A AFRTRE o] 71 4= U WeTF By 23E I 0 + 1HA g9 =
o) wip1 = wi + waR F7FE ] HEE = FAFEE AXTE whdo AR AAANA AR o] A
95 W A HeE By 28 7)A] 3 T2 i+ 1A AL wip1 = wi — /(1 — ) E Fa
St fFolaEE webA g4 "k 9 AL H 2 Y welE A F S Aol 124E uff 71A]

W St

a-investing &12]&L =214

TS A FeL €59 27717 ¥]&<Q mFDR (False Discovery Rate)S 223 4= It} (Fostere}

Stine, 2008). FA A2 mFDRE E(F)/(E(R) +n)2& A, 7|14 Fx AA AANA 4=
< =X

SF7F LT Sl RE FIFIMEE 71A4% F Aol e 284t

2.3. OI&HA| BIXIZ S8t 2 Bispey

25 S2X7F A4 of FRFSS 47 VIFEAAE ZASA TS ASshe thal A& &3t
o AASH= HIHE AT 5 ok d A59 APoE HEAHAEA A o] 28] pre-screening
o] Az th Fand Lv (2008)= v =

ATES 9AH R B, AASH: WS AAISHITE &2 =RolA Abshe Al&sta Z4ast |
2 PR EXe= FLEAE AAST & VIFIAE +3h3k= 2ot}
IF3) 7] FRFS 7}

[o3
< of

i
T
L

d o]

199 VIFSFE 3 VIFS AL FRFS WPgRc A%sh] S89th 34 v
MEAoR AFAsh BRS FAstolo s W VIFET B @ o) 274 FAW s,

Dupuis®} Victoria-Feser (2013)94 VIFZ]AEH ) FRFS, 73 VIFSH HE 7] = oA
VIF3] A Y A& o] EeldrTt.

B =Rl AAsHs B VIFS T oA VIFEAS 98 255+ 3829 S o447} Al
AR dolB g Agshe Aoty YA SR 2 dAA Ey o 23E = W] 740 wet 23
722k 4 Qlh (Hadi®} Simonoff, 1993). ZF @AlOA S&A SAAEE sstd A& o] =of
A& v iy k5o ¢ Aol AestA Aok & AFolAe BE it 23 BP0l &
A -AR S T B2 el H= vy Ade #485k o] Ade A 9AY zEder
ARGRITE webs 71Ee] VIFE] T ol oF We] Ry o] FriERR Axta2 2 Herh gl

2 AFolA A e S A SHA te e viuE £ Jou & ATl Al
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S A AL 2 Zel7t gle VIFS AR ol 72 VIFE A olvt FRES Wi HEth 243
A=R=1 ( upuis®} Victoria-Feser, 2013) ®'HE 7+ £% v|u= AjEFsic). =3t A4 SdoA 244
VIFS] A o] FREFS BPHE T 4322 (Dupuis?} Victoria-Feser, 2013) £ Ao A= o] XA

A VIFZ| A, VIFS]|F, 27 VIFS AWt 2348 vlastr| 2 sl

3. OllMI2E 22| &g

3.1. R2oAlE

2 dollA Al W AdE I 712 VIFS T, 2 VIFS] 79| /< vlastr] $ste] 29
AEE £33ty o)A ¥ Dupuis?} Victoria-Feser (2013)04 +3H AP A-FAs1A4] DA "
Ay AL lolE] 22w He 0L} 2ut.

Aol 2718 peha stal AA R x3E = W 7S kEka v AEe] k) Wes
ohi ek 7R ZoA 53T

X1,X2,..., Xk ~MVN(0,X1), 3i(diagonal = 1, off-diagonal = )

(p — k)7Re] ol W4T 2k709] Hae Ry 23E = et 94T AAdAE 2= 32T
o},
Xk+l:Xl+)\6k+l, l=1,2,...,2k, €kt1,Ckt+2,. .- 63klfl\c/iN(0 1)
YA (p—3k) 719} o]z W AR Tl &8t
Xi=e€, 1=3k+1,...,p, €3k+1,€3k42,..,€ ’SN(O 1)
=YW g 229 dlojee) ARR oA AT,
y=X1+Xo+- -+ X +o0e, e~N(0,1)
Age] A5 % 200%0] T 7 tlolele] T/ n = 10000]0] AEWae] =A% p = 1007} p =
1000°]ct. AARY 23+ ‘?*;—1\—9] 371 k=52 AAsAL IE ] AAAAE veiE 0 =
0.13 0 = 0.85% A A3 VIF S Y3 FE5= BEY Z7]= m = 2000|t}t. 714 VIFS Ao

N AER AFA Bt o= 1345 w 4 (2.5)% g3 A5AE HHow A8 adinvesting &

2220 A2AAL 0.5, A9 F7HEL 0052 AR AT

7o) 84S Al NS HE Py, Py, Pl o8] AT P AAEge] £38 A4E 9L
3

Qg 22 vlgolal, P Aok 3 7 o] WeE e vlEololA 49 7HH E/H (masking
phenomenon) ] ‘”"‘“3} HEL (1 — P2)7F 9o P AEE A4E Sof] AARY 285 gk
W7t 239 vE, 5 %84 (swamping phenomenon) o] 2 v]goltt. nlarhe] Al 7HA] W
2L 79} 1304 FastVIF, RobVIF, OutdVIFE Z75 ™ z}z Lin 5 (2011)°] A|¢+3k
VIF ¥, Dupuis®} Victoria-Feser (2013)9] 77 VIF v B o320 A A ost o] ] A AZ VIF
WS LheRdt

Table 3.1 B 2E 7o ojA A2 OutdVIF 9, RobVIF ¥, FastVIF B9 A=
Z2EAA AS & vk o Ryt AdaA T e ol RobVIF WL 5% o142 B
2} 5% ol AAE AHH B P} PR AE $9E Hola o o+ HF AeH e
3717} Z2H|A] 7108k Zojtt.
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Table 3.1. Model selection results

6=0.1 6 =0.85
p = 100 p = 1000 p = 100 p = 1000

P P P3 P P P3 P P P3 P P P3

FastVIF 0.135 1.000 0.825 0.370 1.000 0.380 0.160 1.00 0.840 0.170 1.000 0.815

No cont. RobVIF 0.335 1.000 0.635 0.385 1.000 0.280 0.240 1.00 0.720 0.185 1.000 0.705
OutdVIF 0.440 1.000 0.535 0.695 1.000 0.215 0.495 1.00 0.505 0.470 1.000 0.530

FastVIF 0.140 1.000 0.830 0.145 1.000 0.480 0.105 1.00 0.690 0.045 1.000 0.680

5% hl.  RobVIF 0.270 1.000 0.590 0.105 0.965 0.330 0.215 1.00 0.720 0.090 1.000 0.700
OutdVIF 0.455 1.000 0.530 0.665 1.000 0.210 0.350 1.00 0.650 0.375 1.000 0.625

FastVIF 0.000 0.035 0.065 0.000 0.000 0.050 0.000 0.99 0.780 0.000 0.995 0.535

Ouiz)ers RobVIF 0.185 1.000 0.625 0.185 1.000 0.790 0.120 1.00 0.840 0.070 1.000 0.795
OutdVIF 0.365 1.000 0.515 0.225 0.895 0.700 0.420 1.00 0.580 0.665 1.000 0.325

5% FastVIF 0.000 0.035 0.110 0.000 0.155 0.070 0.000 0.98 0.800 0.000 0.995 0.675
bl & out. RobVIF 0.085 1.000 0.870  0.055 1.000 0.780 0.115 1.00 0.855 0.040 1.000 0.830
outdVIF 0.115 0.755 0.550 0.070 0.995 0.425 0.265 1.00 0.715 0.530 1.000 0.435

P = Pr{an exactly correct selection}, P» = Pr{at least one correct variable is selected}, P3 = Pr{an

incorrect variable is selected}. Simulated data have n = 1000 cases with p = 100 and p = 1000 including
k = 5 target regressors, and 6, correlation among target regressors, is 0.1 and 0.85. Data were either not
contaminated, had 5% high leverage, 5% outliers, or 5% outlying response and high leverage. FastVIF =
fast VIF; RobVIF = robust VIF; OutdVIF = outlier-detect VIF.

Table 3.2. Number of selected variables in 100 random ordering

First-order terms model Second-order interactions model

FastVIF RobVIF OutdVIF FastVIF RobVIF OutdVIF
Mean 8.90 9.70 11.60 16.00 17.20 13.20
SD 2.04 2.13 1.20 3.21 5.68 6.23
Max 13.00 13.00 13.00 23.00 32.00 21.00
Min 5.00 4.00 7.00 9.00 8.00 2.00

FastVIF = fast VIF; RobVIF = robust VIF; OutdVIF = outlier-detect VIF.

4% HolHAN 2 A e A8kl 43
olgjol A-gsto] WYl A Aty 284
absolute prediction error; MAPE)S AR&-3tr}.
Figure 3.19] A3E KB o]A4X7} ¢l Z-%(no contamination)oA] p = 1000, § = 0.1%1 FL¢E
A28}l FastVIF2} OutdVIFHH S §-84 o] ¥]528l1 RobVIFS] MAPEZFS Aoz At I
21¢] Ao+ OutdVIFHH o] RobVIFS} t-53tAU W2 ZFE HoFa glon FastVIFE o4
Aoll 2 BhS5A 2oL e & 4 e

¥

49 RS 37 0 = 10009 = ke A o
L=

AAEZE A E 2 A 594 (median

o
A o

3.2. Boston housing A2

HeAE shHS AR dlolEo] AE3= oA ZA] Boston housing A& (Harrison¥} Rubinfeld,
1978)5 ARR37]Z st} 1970 oFZAFe] Axel Boston housing AR = HAH Q2 FEI7LZA
o] 47T ool AFE v+ 13749 MpE sk Yl HFEX| S Z7)+= 5067] 0]t} (n = 506,
p=13). Z} Wi gt FH = oh23 Bt
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5% outlier &

No contamination 5% high-leverage 5% outliers X
high-leverage
a I~ | : —
b — — 1 — —
[¢ E— —_—
d ]
Figure 3.1. Out-of-sample mean absolute prediction errors of the models estimated by fast VIF and robust

VIF regression, and outlier-detect VIF regression. Simulated data have n = 1000 cases with p including k& = 5

target regressors, and 6, correlation among target regressors; a: (p = 100,60 = 0.1), b: (p = 100,60 = 0.85), c:

(p =1000,6 = 0.1), d: (p = 1000, 6 = 0.85). VIF = variance inflation factor.

e AGE : 19404 o|A AZH z7}3HEe) v)&
e B:1000(A8 &<1H]& — 0.63)°

o CHAS : ZA7d offlof tht Hw]is

e CRIM : A ¥ 107 ¥H&

e DIS: 57H8] Had FJAE7HA] ] 715 A2
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Table 3.3. Number of selected times of each variable in 100 random ordering

age b chas crim dis indus Istat nox ptratio rad rm tax zn
FastVIF 35 74 85 59 82 41 100 59 100 42 100 64 49
RobVIF 83 100 63 45 88 55 69 52 100 71 100 82 62

OutdVIF 93 98 54 97 57 100 100 78 100 83 100 97 99
FastVIF = fast VIF; RobVIF = robust VIF; OutdVIF = outlier-detect VIF.

(a) First-order only (b) With interactions

Figure 3.2. Boston housing data: Out-of-sample median absolute prediction errors of the models, in 10-fold
cross-validation.

e INDUS : H|&WEHA S BEX Y H&
o LSTAT : 2] &) AIZS] vl &
e NOX : 10ppm T 55 41584
e PTRATIO : A8 8H4 /5 A} )&
e RAD : A E271A]Y H243 A5
e RM : 8 o 3 o] i
e TAX : 10,000 &% T A4tME
e ZN : 25,000 HYvEE
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