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EULER SUMS OF GENERALIZED HYPERHARMONIC
NUMBERS

CE XU

ABSTRACT. The generalized hyperharmonic numbers hﬁf") (k) are defined
by means of the multiple harmonic numbers. We show that the hyper-
harmonic numbers hﬁl’”) (k) satisfy certain recurrence relation which allow
us to write them in terms of classical harmonic numbers. Moreover, we
prove that the Euler-type sums with hyperharmonic numbers:
ooy (m)
S (k,m;p) := Z ha ” (k)

n=1

- (p>2m+1, k=1,2,3)
n:

can be expressed as a rational linear combination of products of Riemann
zeta values and harmonic numbers. This is an extension of the results of
Dil [10] and Mezd [19]. Some interesting new consequences and illustrative
examples are considered.

1. Introduction

Let N := {1,2,3,...} be the set of natural numbers, Ny := N U {0}, and
N\ {1} :={2,3,4,...}. Hyperharmonic numbers and their generalizations are
classically defined by

(1.1) R (k) = > !

)
nmn N _
1<Nmp ko1 < <P, m+1 mtk—1
<npm—1<--<ni<n

(1.2) == S L

n
1<, <<ny<n ™

where k, m,n € N and for any n < k, we set i (k) :=0. When k = 1in (1.1),

the number h%m) (1) = h%m) is called the classical hyperharmonic number (see

[2,9-12,19]). In particular, the hyperharmonic number h%l) is simply called

the classical harmonic number, which is the sum of the reciprocals of the first
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n natural numbers:
"1
) =g, = —.

Moreover, in [19], Mez6 and Dil showed that h{™ can be expressed by binomial
coefficients and classical harmonic numbers:

m + -1
him) — (n mﬂj1 >(Hn+m_1 — Hpy).

The n-th generalized harmonic numbers of order k, denoted by H,(Lk)7 is defined
by

"]
(1.3) HP =" it n,k eN,
j=1

where the empty sum H(()k) is conventionally understood to be zero, and H,(LD =
H,,. The limit as n tends to infinity exists if £ > 1. In the limit of n — oo, the
generalized harmonic number converges to the Riemann zeta value:

lim H® =¢(k), R(k) > 1, keN,

where the Riemann zeta function is defined by

oo

(1.4) () =Y ni R(s) > 1.

In general, for r € N, s := (81, 89,...,8,) € N', and a non-negative integer n,
the multiple harmonic number is defined by ([15])

1
(15) Hpwwewh= ), s

nitng? - ny
1<n,<n,_1<---<ni<n

By convention, we put H,(LS) =0,ifn < r, and H,(Lm = 1. The limit cases of
multiple harmonic numbers give rise to multiple zeta values ([25,26]):

¢(s1,82,...,8-) = lim H,(fl’”"'”s")
n—oo
defined for sg,s3,...,s, > 1 and s; > 2 to ensure convergence of the series.

Here, w := s1 4 -+ s, and r are called the weight and the multiplicity, respec-
tively. To simplify the reading of such formulas, when a string of arguments is
repeated an exponent is used. In other words, we treat string multiplication as
concatenation. For example,

(1,...,1) (2,...,2,3,...,3)
—— —— ——
H, =g gy r — U3,
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With these notations, then the definition of hyperharmonic number A\™ (k) of
formula (1.1) can be rewritten as

(01
(1.6) A (k) = > e
1<np <1 SoSmi<n
k k

where HSISL) is the multiple harmonic number Hﬁb{l} ) with n =n,, — 1.

The subject of this paper is Euler-type sums S (k, m; p), which is the infinite
sum whose general term is a product of hyperharmonic numbers and a power
of n=1. Here, p > m is both necessary and sufficient for the sum S (k, m;p) to
converge. The classical linear Euler sum is defined by ([13,14])

o H’SLp)
(1.7) Spq = s peN, ¢e N\ {1}.
n=1

The number w = p + q is defined as the weight of S, ;. The evaluation of 5 4
in terms of values of Riemann zeta function at positive integers is known when
p=1p=4q, (p,q) =(2,4),(4,2) or p+qis odd (see [1,3,7,13]). For example,
Euler discovered the following formula

%) k—2
(1.8) sl,sz,’;;{(k+2><<k+1>Zc(kwwﬂ)}.

Related series were studied by Borwein et al. [4,6], Markett [17], Mez6 [18], Sofo
[20] and Xu et al. [21-23], for instance. Similarly, it has been discovered in the
course of the years that many Euler type sums S (k,m;p) admit expressions
involving finitely the zeta values, that is to say values of the Riemann zeta
function at the positive integer arguments, for more details, see for instance
[10,19]. For example, Dil and Boyadzhiev [10] gave explicit reductions to zeta
values and (unsigned) Stirling numbers of the first kind for all sums S (k, m; p)
with k = 1. Here, the (unsigned) Stirling number of the first kind [} ] is defined
by [8,9]

x T " n+1| ki1
! Z)... 2 =

(1.9) nlz (1+ ) (1—|—2) (1+n> I;)Lﬂ—i-l}x

with [}] =0, if n < k and [§] = [2] = 0, [§] = 1, or equivalently, by the
generating function:

ke 1] 2"
(1.10) log" (1—x) = (1)K > M —re-1L1).
n=1

Moreover, the (unsigned) Stirling numbers [} ] of the first kind satisfy a recur-
rence relation in the form

e ]
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By the definition of [} ], we see that we may rewrite (1.9) as
S [ =men S (14 5)
=0 j=1

n

= nlexp Zi k 1x

j=1 k=1
| { 1H( ) k:}
=nlexp .

Therefore, we know that [7] is a rational linear combination of products of
harmonic numbers. Moreover, we deduce the following identities

[

Mg

n n n (n—1)! 2
oo g - e ] - 252 ).
(7] n—1)!

Z _ - ) [H§_1—3Hn_1H,§2_>1+2H5L3>1},

- . (

T = (”24 ) iy = 61D, — 6H2_ Y, +3(H D)+ 8H, B, |

In this paper we are interested in Euler-type sums with hyperharmonic numbers
S (k, m;p). Such series could be of interest in analytic number theory. We will
prove that the generalized hyperharmonic number h%m) (k) can be expressed as
a rational linear combination of products of harmonic numbers. Furthermore,
we also provide an explicit evaluation of S (k,m;p) with k = 2,3 in a closed
form in terms of zeta values and Stirling numbers of the first kind. The results
which we present here can be seen as an extension of Mez6 and Dil’s work.

2. Main theorems and their proof

In this section, we will show that the hyperharmonic number Rim™ (k) is
expressible in terms of harmonic numbers and give recurrence formula. We
need the following lemma.

Lemma 2.1. For positive integers n and k, then the following identity holds:

(2.1) m —(n— ),H({l}k )

Proof. By considering the generating function (1.10), we know that we need to
prove the following identity:

k 1
(2.2) logh (1 — ) k! Z {1



EULER SUMS OF GENERALIZED HYPERHARMONIC NUMBERS 1211

To prove the identity we proceed by induction on k. Obviously, it is valid for
k =1. For k > 1 we use the integral identity

T k _
log"™ (1 —z)=— (k+ 1)/ Wdt
0 —

and apply the induction hypothesis, by using Cauchy product of power series,
we arrive at

T k _
log" ™ (1—z)=— (k+1) / Mdt
0

1-1¢
n ({1}k Y)
({1} )

k+1
= 1!
(=1 (k+ z:: n+1

k
Nothing that Hg{l} ) _ 0 when n < k. Hence, we can deduce (2.2) holds.
Thus, comparing the coefficients of =™ in (1.10) with (2.2), we obtain formula
(2.1). The proof of Lemma 2.1 is completed. O

By using (1.6) and (2.2), we find that the generating function of hyperhar-
monic number AL™ (k) is given as

oo _1\k o k —
(2.3) 3RO (k) 2" = ( kll) lﬁ_(lz)m), ze[-1,1).

On the other hand, we note that the function on the right hand side of (2.3) is
equal to

—1)klogk(1—z)_ 1 ok 1
N - AW \aoar) B ENo).

Therefore, the relations (2.3) and (2.4) yield the following result:

(24) L

(2.5) i B(m) (k) 2" = 1 lim ik _
’ —" C Kleosmoxk \(1—2)" )"
Moreover, we know that the generating function of (1 — 2)™ " is given as
1 - ()
2.6 —_— = 2" -1,1
(2. (EERD IR L

where (z), represents the Pochhammer symbol (or the shifted factorial) given
by

(2.7 (), =x(x+1)---(r+n-1)
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with (z)o := 1. Hence, upon differentiating both members of (2.6) k times with
respect to z then setting x = m, and combining (2.5), we readily arrive at the
following relationship:

1 o (x),
(m) im ——~—/n
(2.8) B (k) = = lim =2, ke N,
By convention, from (2.8), we define that
1 m+mn-—1
(m) — —
(29) 0= ), = ().

By simple calculation, the a( ,3 » satisfy a recurrence relation in the form

(2.10) (@), :Iil (’“ N 1) (@), [zp(m—i—l) (z+n)—p(m=i=D (w)} , keN.

ozk — 7 oxt
.

Here, 9™ (z) stands for the polygamma function of order m defined as the
(m + 1) th derivative of the logarithm of the gamma function:
dm+1

W”( )= dzﬁ¢( T) = PIIESY logI' ().
Thus r
VO (@) =¥ () =

holds where t(z) is the digamma function and T (x) is the gamma function.
(™) (z) satisfy the following relations

- 1 1 -
6= 3 (g s ) 7N = 02,

P (2) = ()" 1/ (2 + k)" neN,
k=0
P(x+n)= E+L+ +¥+w(x) neN
x+1 x4+n—1 ’ '

Here, v denotes the Euler Mascheroni constant, defined by

n—oo

"1
v = lim (Z = In n) = —¢ (1) = 0.577215664901532860606512....
k=1

Hence, combining (2.8), (2.9) and (2.10), we obtain the recurrence relation
1 k—1

k —

1 ,

iy ng )= TS e ) () - Bl
i=0

By (2.11), we give the following description of hyperharmonic number Ri™ (k).

Theorem 2.2. For positive integers n and k, the hyperharmonic number
hslm)(k) can be expressed in terms of ordinary harmonic numbers.
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For example, setting m = 1,2, 3,4 in the above equation (2.11) we obtain
m -1
(212) h,sL ) (1) == (Tl :;LT]. > (H71+7n—1 - Hm—l)?
1 (n +m—-1

(m) (9 — 1
(213) W (@) = (" F"

2.14 h(m) 3) = 1 n+m-—1 (Hngm-1 _Hm—1)3+2(H7(32m71 —Hf;fll)
( . ) n ( ) - g m—1 ) @ ,
’ =3 (Hner—l - Hmfl) (Hn+m71 - Hm71>
(Hn+7n—1 - Hm,71)4 9
l <TZ +m — 1> +3 (Hv(zzm—l - Hr(f)—l) -6 (Hv(::zm—l - Hfr?—l)
4' 76(Hn+m—1 - Hrn—l)z (H7(L2-2'm—1 - H(z) )

m—1

) {(Hn+m—l - }['m—l)2 - <H7(12-2m—1 - H7(n2)—1) },

(2.15) him™ (4) = o
+3 (H7H~m*1 - Hmfl) (Hfli)mfl - HS)71>

By replacing « by n and n by 7 in (1.9), we deduce that
r+1
n+r\ _ 1 r+1| .1
(2.16) <r>_r12[k]n .
k=1
Therefore, the relations (2.13), (2.14) and (2.16) yield the following results:

RO+ (2) = 1 <" + 7’) {(Hosr = 1) = (B3, - 0P}

2 r
(2.17) _1§{T+1} nk—l{(H —H)z—(H@) —H(2)>}
‘ C2le |k b Lan S

(3) (3)
LO+D) (3) = l n+r (Hntr = H,)’ +2 (Hn+'r - H; )
n 3! r —3(Hpyr — H,y) (H7(12-2r _ H,(.2>)

it = | & =3 (o — Hy) (B, - B
(s — H)' o+ 3(HE), - Hﬁ”)z
ROHD) (4) = 1 (n + 7‘) —6 (Hﬁr - Hﬁ?)
“6(Hpsr — H,) (Hﬁfj,. - Hﬁ”)
+8 (Hpyr — H,) (H,(jﬁr - H,(.3>>
(e — 1) +3(12, - 1)
[7’ + 1} k1) 6 (Hf:ﬂr _ ny))
k —6(Hpir — H,)? (H“‘Q _ Hﬁ2>>
+8 (Hyer — H,) (B, - )

1 r+1
k=1

Furthermore, using (2.17) and (2.18), by a direct calculation, we can give the
following corollary.
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Corollary 2.3. For integers r € Ng and n € N, we have

(2.20)

1 r+1
RO+ (2) = [7"“} Wt (B2, - HE) = 2H o+ HE + HO)
T k=1

B+ (3) = 1 sy | -1 (H31, — 3Hu o HE), + 20, = 3H, (H2,, - HE,)
! Py +3 (H2 + HP) Hoyy — (B + 30,0 + 200) '

Moreover, from the definition of harmonic numbers HT(Lk), we get
k)
(2.22) k) =gk 4+ , kyneN.
i Z T

By simple calculation, the following identities are easily derived

2
H2,, ~HP), = |H,+ H<2>+
(2.23) =H} —HP +2H, [ Y —— | +2 Z
j=1 1<i<j<r n+l n+‘])
HS:-H 3H”+7 H7(12—27 + 2H’I(L?j27
3
T T 1
= |H.+) — | +2HEP +>
= = (n+))
j=1 +J j=1 (n+.7)
1
= H} — 3, HP + 20 +3 (B2 - HP) (3
n+j

j=1

1
+6Ha | > CEDICET))

1<i<j<r

(2.24) +6 > !

<52, (D) () (n 4 k)
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Now, we use the notation Wy, (m) to stands for the sum
[n +7r+ 1}

(2.25) Wi (m) == (k —1)! Z CERSTRTE

where k € N, r € Ng and m € N\ {1}. By using the above notation, we obtain

Wl,r (m) = C (m) )
War(m) =3 Hnir

n=1

0o 2
H’i—&-'r' — H7(L-£7

Wi, (m) = Z 77

n=1

> H3,, —3H,  HZ, + 2H<3)
W4,T (m) = E : = nm +

n=1

The following lemma will be useful in the development of the main theorem.
Noting that when » = 0 and k£ > 1 in (2.25), then using (1.11), which can be

rewritten as
{n + 1]

Wk 0 ( = Z nlnm

(2.26) m+1 (114~ ) (m,{l}k_1>).
On the other hand, the Aomoto-Drinfel’d-Zagier formula reads

(2.27) Z C(m—i—l {1t 1) Tyt =1—exp (Z( ﬂfery—(gf‘*‘y)>7

n,m=1

which implies that for any m, n € N, the multiple zeta value ¢ (m +1, {1}"_1)

can be represented as a polynomial of zeta values with rational coefficients (see
[5,16]), and we have the duality formula

¢ (n +1, {1}’”*1) =¢ (m 41, {1}"*1) .
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In particular, one can find explicit formulas for small weights w := n + m.

CR A =Cm+2). )
4(3,{1}’"):”‘;2 Z Ck+1)C(m+2—k).
k:

Hence, we know that for m, k € N, the sums Wy o (m) can be expressed as a
rational linear combination of zeta values. For example, from [13,24]

-2

3

wwww§%m+mam+n amnaul&,

Il
—

M 42+ @)¢m).

Lemma 2.4 ([23]). For integers k € N and p € N\ {1}, the following identity

holds:
n+1

(2.28) (p—11> T = {(p_ Do) + Yp;k) B Ypf]i (k) }

—_
~—

Wg,o (m) = leQ (m + 1) —

where Yi(n) = Yi (Hn VH® 28D = 1)HD, . ) Yel(e1, 22, ...)
stands for the complete exponential Bell polynomial defined by (see [8])

tlc

tm
(2.29) exp me% = 1+ZYk (z1,29,. .. )k'

m>1 ’ k>1
From the definition of the complete exponential Bell polynomial, we have
Yi(n) = Hy,, Ya(n)=H>+ H®, Y3(n) = H3 +3H,H? +2H®,
Yy (n) = H: + 8H,H® + 6H2H? + 3(H?®)? + 6HY,
Ys (n) = H> +10H>H® + 20H2H®) +15H,,(H®)? + 30H,, H'Y
+20HPHP +24HO).

In fact, Y}, (n) is a rational linear combination of products of harmonic numbers.
Putting p = 2,3,4 in (2.28), we obtain the corollary.

Corollary 2.5. For integer k > 0, we have
- _1 @) Hy,
(2.30) g n+k (Hk+ SHY +¢(2) -7,

(2.31)
i H2-HY 1 )+ H s HY +2HP  H}+H
— n(n+k) ok 3 k ’
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(2.32)
HY + 8H HY + 6H2H® + 3(HP)? + 6HY

i H3 —3H,HY +2HY 1 i
Tk : (2) (3)
— n(n+k) k| H+ 3H,€1L]1: +2H,” 6 (4)

Hence, combining (2.22)-(2.25), (2.30) and (2.31), we deduce the following
identities

WQ,T( Z +Zznm TL—|—]
n:l j=1n=1
(2.33) =Wapo(m +Z Cm+1-DHY + (-1)"" 12 G

(

Wi (m) = 3 T +2Zan .

n=1 j=1n=1

+2 Z an (n+1i) (n+j)

1<i<j<rn=1

=Wy (m +2Z D' HOWa o (m+1—14)

m—1
= 1
23 (Dm0 > G
=1 1<i<j<r J
m—1 1
23 ()T 3
L H? o+ HP
S LD
T A " e
+2 Z ﬁ_2 Z mij
1<i<j§rl (7 —19) 1<icj<r’ (J—1)

_H®
Wiy (m) = Wy (m +3ZZ

nmn
jlnl +‘7

6 Z Z mn—i—z Y(n+7)

1<i<j<rn=1

0 Z Z n™ (n 4+ 1) n—i—])(n—i—kj)

1<i<j<k<rn=1
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m—1
=Wio(m)+3Y (-1 THOW; o (m+1-1)
=1

o 1 /1 1
+6 (_1) W2,O(m+1_l) Z — ifl_fl

— J—1
=1 1<i<j<r

" H2+H

"L
HT Z m+1

+ 71 m—1
(=1) ZHJHHH(Z)HH
o Jm
2 (2) )
L ()
TR L I R ’ '
- S 2 (2)
1<icj<rd " L (H A HT 9 _H;
— 5 +¢(2) - =
J j
m—1 1 4 1
+6> (-D)TCm+1-1) > { TG00 TG0 =) }
=1 1<i<j</c<r G- Ra—R)
H;
(2.35) +o(-nm Y J—Zgﬁ—l ™ (i =) (k= 3)

1<i<j<k<r m

Therefore, the sums of harmonic numbers Wy, ,.(m), for k = 1,2, 3,4, have been
successfully represented in terms of zeta values and harmonic numbers. In fact,
the other case of Wy, ,.(m) can be evaluated in a similar fashion. Next, we shall
present a closed form evaluation of the following sum:

S (k,m;p) :277 p>m+1, k=23
n=1

By using the definitions of S(k, m;p) and Wy ,.(m), then combining (2.20) and
(2.21), we obtain the following theorem.

Theorem 2.6. For positive integers r and p > r + 1, the following identities
hold:

(2.36)
S (2,r;p) = 1 "] Wapor(p+1—k)—2H,_1Wa,_1(p+1-—k)
T3 D _2|(r—1)|k:1 k| (H21+H(2)>C(p+l—k) )
(2.37)
1 ” _ War—1 (p+17k)73Hr_1W37T_1 (p+1—k)
ip) = "I 43 (HE L+ B ) W (01— k
S(s7r7p)7 3'(7"—1)' k ( 1 r 1) 2 l(p )

=t B = (e 3H B 2B ) Co 1 - R
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From (2.33)-(2.37), we know that the sums S(2,r;p) and S(3,r;p) can be
evaluated in terms of harmonic numbers and zeta values whenever p > r + 1.
A simple example is as follows:

5(2,2:3) =40 (5) ~ 20 (2)C(3) + 2C (1) ~ 20 (3) +C(2).

It may also be possible to represent the sums S (k, m;p) for 4 < k € N in closed
form, this work is currently under investigation. It does appear however, that
there is a difficulty with the representation of Wy ,.(p) for 5 < k € N in closed
form.
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