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g-ADDITION THEOREMS FOR THE ¢-APPELL
POLYNOMIALS AND THE ASSOCIATED CLASSES OF
g-POLYNOMIALS EXPANSIONS

PATRICK NJIONOU SADJANG

ABSTRACT. Several addition formulas for a general class of g-Appell se-
quences are proved. The g-addition formulas, which are derived, involved
not only the generalized g-Bernoulli, the generalized g-Euler and the gen-
eralized g-Genocchi polynomials, but also the g-Stirling numbers of the
second kind and several general families of hypergeometric polynomials.
Some g-umbral calculus generalizations of the addition formulas are also
investigated.

1. Introduction
Throughout this paper, we adopt the following notations:
N={1,2,3,...}, No={0,1,2,3,...} = NU{0}.
The classical ¢g-Bernoulli polynomials By, (z;q), the classical g-Euler polynomi-
als E,(x;q) and the classical ¢-Genocchi polynomials G, (x;¢q) together with
their generalizations B\™ (z;q), EX (x;q) and G\ (x;q) of (real or complex)

order «, are usually defined by means of the following generating functions (see
for details, [11], and the references therein):

(1.1) <eq(t)t1) eq(xt)zz:B,(ﬁg(x)[ii!, (1t < 2m: 1% := 1),

n=0

2 N =S p@ ) o 10
12 (Gprr) e =SB, (< =1,

and
(1.3) 2 ) ZG(“) (Jt| < m; 1%:=1)
' eq(t) +1 [l T
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so that, obviously, the g-Bernoulli polynomials B,, 4(x), the g-Euler polynomials
E, 4(z) and the ¢-Genocchi polynomials G,, 4(z) are given respectively, by
By q(z) = B,(I%()Z(a?), Eypq(z) = E’Ig,l,()](x)7 and G, q(z) = G1('7,1,21(x)7 (n € No).

For the g-Bernoulli numbers B,, 4, the g-Euler numbers E,, , and the ¢-Genocchi
numbers G, 4 of order n, we have

Bpng=Bnq(0), E,q=FE,q0), and Gpq=Grny4(0), (ne€Np),

respectively.

The Roger Szégo polynomials H,(z;q) (see [3, Eq. (1)]) and the Al-Salam
Carlitz polynomials Uéa)(a:;q) (see [9, p. 534]) are defined by the generating
functions

tn

(1.4) eq(t)eq(xt):ZHn(:c;q)[ 3

"0 njq!
and

eq(xt)

1.5 ” Ul
(15) t)e,(at) Z ]q.
respectively.

In these definitions, [n], is the so-called g-number defined by [7,9]

1—q"
[n]q - 1— q ’
eq is the g-exponential function defined by [7,9]

n

(1:6) eal) = 30 o
n=0 q

where [n],! denotes the so-called g-factorial

ﬁ ¢ and [0])! =1

There is another g-exponential function F,(z) defined by [7,9]

()
(1.7) Eyz) =Y Tam,

k=0 nq!

Both e,(x) and E,(x) satisfy the fundamental relation e,(z)E,(—x) = 1.
The g-analogue of the binomial coefficients are defined by

n| [n]q! B (@ @)n )
[ L T -F @@ Lo
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here, (¢;q)n is the so-called g-Pochhammer symbol defined by

n

(a§Q)n = H(l - aqk) for n > 1, (a;q)o =1.
k=1

Various interesting and potentially useful properties and relations involving
the Bernoulli, Euler, Genocchi, Roger-Szégo and Al-Salam Carlitz polynomials
have been investigated in the literature.

In [12], the authors gave several addition formulas for a general class of
Appell polynomials. In this work, we extend these results to a general class of
g-Appell sequences.

Definition 1.1 (see [1]). A polynomial sequence {P,,(x)}nen, is said to be a
g-Appell sequence if

(1.8) D,Py(z) =0 and D,P,(x)=[n]qPr-1(z), (n € N),
or equivalently, if
oo t”
(1.9) A(t)eg(at) = Pul)—,
— [n]q!
n=0
where

o0 tn
A(t) = Z_;) anm,

is a formal power series with ag # 0.

From this definition, it is clear that the g-Bernoulli polynomials B,, 4(x), the
¢-Euler polynomials E,, ,(z), the g-Genocchi polynomials G, 4(x), the Roger-

Szégo polynomials H,(z;q) and the Al-Salam Carlitz polynomials UL (z;q)
are g-Appell sequences. Other definitions and notations for g-Appell sequences
can be found in the literature (see for example [20]).

Definition 1.2. Let a and b two real or complex numbers. Then, the Ward
g-addition of a and b is given by

(1.10) (a®gb)" =Y m "R n=0,1,3,....
k=0 q

The following ¢-Stirling numbers will be also needed.

Definition 1.3 (see [4, p. 173]). The ¢-Stirling numbers of the first kind
sq(n, k) and the ¢-Stirling numbers of the second kind Sy(n, k) are defined
by

(1.11) (X)n,q == qu(n, k)a",
k=0
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and
(1.12) 2" =" Sy(n, k) (2)h.q,
k=0
where the polynomial (z), 4 is defined by
k—1
(kg = HO(%‘ — [mlq)

2. Some g-addition theorems

Let {fT(La)(x)} (a € C) be the one-parameter ¢-Appell sequence generated by

(2.1) (@) eqlat) = > fi @)z, (F(0) #0; 1% =1).

o [n]q!

It is not difficult to see that comparing to (1.9), we have f,gl)(x) =
(n € Np). Also, replacing « by 0 in (2.1) and use the series expansion (1
obtain

fulx )
6), w
O (z) =2", neN.

Now we state the following important lemma.

Lemma 2.1. For the one-parameter {f,ga)(x)} generated by (2.1), the following
q-addition formula holds:

(a+5 —~ [n (a) (8)
(22) it =3 [k]f D2, w).
Proof. Using the generating function (2.1), we have
S H @ ) o = () (0 @ 9)0)
n=0 q:
= (f(1) eq(xt)) x (f(1)) eq(yt)
_ ) S ) ()
(Srwgra) (Ewon)
o n TL o) ) m
nZ_%( -~ k fk z)fp k(?J)) m~
This proves the lemma. O

As a direct consequence of this lemma the following proposition holds.
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Proposition 2.2. For the one-parameter {fT(La)(x)} generated by (2.1), the
following g-addition equation applies

23) [ =Y ; Lfffk g ; ] )

k=0

Next, we need the following inversion formulas for the Roger-Szégo and the
Al-Salam Carlitz polynomials.

Proposition 2.3 (see [1,19]). The following inversion formulas hold for the
Roger-Szégo polynomials Hy(x;q) and the Al-Salam Carlitz polynomials U,(La)
(23 q):

(2.4 o= i(—n"*k ] om0,
(2.5) (zo1)n a"" ’f{ } U™ (2:q),

(2.6) = kz:: [ } (g [n B kLal) U (w3 9).

=0

||
x>
s i M: I
o

Proof. From the generating function (1.4), we have
—t)eq(t)eq(at)

(,Lo o) (et

o n o . m
)3 (Z(—l) e >Hk<w;q>> =

This prove the first equation. For the second one, we first remark that [18,
(5.19)]

n __ - n—k ("7F) N k
k=0 q
Next, taking into account that e, (x) E4(—z) = 1 and multiplying the generating
function (1.5) by eq(at), the left-hand side gives
eq(xt)
eq(t)

= cy(wt) By (1)
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the right-hand side gives

eq(at) i U (23 q) ( a” ) (Z UL (z;q) 4! )
) n ik 2 N i
2 ( B } Uil q’) gt

n=0 \k=0

Hence we have

ICENATEEDYS (Z i) Ué‘“(x;q)) i

n=0 n=0 \k=0

So (2.5) is proved. Note that this result is proved in [19] using the Verma’s
g-extension [21] of Filds and Wimp inversion formula [5]. O

Lemma 2.4 (¢g-Analogue of [10, p. 5707, Lemma 2]). The following relation
between the q-Genocchi polynomials and the q-FEuler polynomials holds true:

nl,!
@1 B = G, @), nleNe 0<i<n
T

Proof. Let £ such that 0 < ¢ < n. Then, from the generating functions (1.2)
and (1.3), we have

S GO (o) P g 2 Y. 0.

2 G t(equm) olt)
N Y
gl

_ @) "
o Z By K,q g]q!

| Ak
_ q Joi
Z [n—¢ Bneql )[n}q!’

where we set Eﬁ_’q(x) = 0 for £ < 0. Comparing the coefficients of t" provides
the result. (I

Lemma 2.5. Each of the following expansion formulas holds true:

(2.8) = i)[nzlLBk,q(x),

[n+ 1] e
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(2.9) o = +Z[ ] Epq(x 1 :
and
(210) 2" = 2[71—1|—1]q Crsrg(2) + Z {Zi ﬂ Gl )] .

Proof. Form the generating function (1.1) with o = 1, we have

ixn e t)—1  t
0 [n]q! ¢ eqt) — 1"

I
Q)
—~~
8
~
~

|
N
(]2
B

|3
= F
2
~__—
VR
(]2
™

S

2
B
|~
S 3
~__—
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n=0 n=0
= <Z [g! B (2) ) "
=0 \k—0 [klg![n +1 = klg! ) [nq!
[~ 1 [n+1 tr
-2 (H TE A ] ’“’q“)) ol
This proves the relation for g-Bernoulli polynomials. The other results are

obtained similarly.

A second proof of (2.10). It is easy to see from the generating function (1.3)

that

n

G o,y) =Y [ } G @), (),
q

k=0 7
which in the special case when y = 1 and § = 0, yields

(2.11) G (x zn: [ }

k=0

Moreover,

> t" 2t

Z(Gn,q(x @q 1) + Gn,q(x)) [n]q' = eq(t) + 1 (eq((x 69(1 l)t) + €q(1‘t))

n=0

s " t’rLJrl

which implies that
(2.12) Gri1,9(@ B 1) + Gryrq(x) =2[n+ 1]gz

Combining (2.11) with v = 1 and (2.12) yields the result.
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A third proof of (2.10). Taking ¢ =1 in (2.7), we obtain

Equation (2.9) becomes

1 1 ~ 1 [n
"= —G, + G
= g, O @ k; CEP Mq ’fﬂﬁq(@]
1 1 1 [n+1
= — 7G7‘L G 5
2 |, e g, kZ:O [’f + 1],1 k“’q(x)]
which is the required result. O

Theorem 2.6. Let {ffﬁ) () }nen, be a one-parameter sequence of q-Appell
polynomials generated by (2.1). Then each of the following addition formulas
holds true:

H @ @y ) = Z é(—u’f-ﬂ‘ i [0 e
£z 0y y) = 2_% ,; o ) A Bt
1 ) = 3 2_;) [E‘Lfﬁi’j w+ 3 [1] [}] 50| 2o

213) [P,y - [Z | stk r20| @i

Proof. The proof of this theorem uses (2.3), Proposition 2.3, Lemma 2.5 and
the summation formula

n k
(2.14) > A B = Z (ZAk> .
k=0  j=0

7=0
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3. g-addition formulas involving g-hypergeometric polynomials

The basic hypergeometric or g-hypergeometric function ,.¢s is defined by the
series

A1y e ey Oy s (al,...,ar;q)k( X (k))1+3_7’ 2k
r®Ps y 2= - (=1 2 ,
¢<b1, b |1 ) kzo(bl,~--abs§‘J)k 1% (4 )k
where
(alu-”yar)k - (ahq)k:"'(ar;q)ka
with

k—1

1—aig’) if k=1,2,3,...
(ai; @) = ]H( 7
1 if k=0.

For two general families of ¢-hypergeometric polynomials, Verma [21] derived
the following expansion formulas:

(ar), (ct) 2 (), (e , g ut3—t—k
r+t¢s+u< " ' Z t k ) yj |:(—]_)Jq(2)]
_ (ced’), (exq’)
t+kPu+1 7q2j+1, (dqu)
q;wq
(bS)’ (ek) >
in powers of yw as given in [6, (3.7.9)] to find the solution of the inversion

(bs), (du) = ), v4759);
q;yqj(u+2tk)>
a7, (ar)
(3.1) Cr2Pstk (
problem for polynomials of the Askey scheme and its g-analogue. Here, the

notation (a,) means r parameters of the type ai, as,..., a, and the notation
(ar-¢’) means r parameters of the form a1¢?, as¢’,. .., a,¢’. The method is the
following.

We choose u =t =0, and k = 1 in (3.1). Then for w = z and v = 0, we
obtain
> ' j) 2 0 ,
q;yw> Z =y Gqy

a7, (ar) .
.r+1¢s< (b.) ‘q,qm).

Expanding the left-hand side, the coefficient of y” is

_ @)@ 1 gyng ()]
22 (4 On((bs); @) [( " } :
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Moreover, the right-hand side can be rewritten as

— ' —1)hq(3) »
a” —1)i¢(®) QM h+j q7, (ar)
;);;) (4:9); [( Dq } (@ Dn Yy r41Ps (b.)

Q§q$>~

C]§q$>a

so that the coefficient of y™ in this expression is now

n—~£

n (_1)n—5q2(§)q( 2 )q(n—f)ﬁ q—f7(ar)
(33 g (2:0)e(q @)t o (bs)

From (3.2) and (3.3) we get

(=)D "z, ez,
(bla b2a ey bé? Q)n
—k

i(_l)km q(g)rﬂqbs( ¢ 502 Ori

k=0 q b17b27"')b8

(3.4)

q; qx) )
already given in [2, (3.3)].

It should be mentioned that until now, the coefficients ar and bg appearing
in (3.3) are independent of the summation index k. However, in some families
belonging to the Askey scheme and its g-analogue, one of the numerator pa-
rameters depends on k in the form as + k (Askey scheme) or asq® (g-analogue).
In these situations and in case of polynomials belonging to the g-analogue of
the Askey scheme, the following formula (see [2, (3.5)]) should be used:

Q§q$>~

By applying the expansion formula (2.3) and using relation (2.14), it is not
difficult to prove the following theorem.

((71)’”(1(2))877,(0‘3; KRS a?“—i—l)n 2"
<b17 b27 ey bs; q)n

&
S n (_1)kq(2) q_kva'?qkaa/?n"'aa‘r-‘rl

35) — 10,

(35) ZMQ( kL), +19 bi, b, ..., by

k
a a
k=0 24~, a2q

Theorem 3.1. Let {f,(L“) () }nen, be a one-parameter sequence of q-Appell
polynomials generated by (2.1) with the parameter o replaced by . Then each
of the following q-addition formulas holds true.

n n n _1\k (’;) r—sTT° .
f,(l“)(x@q y) = Z Z {k] [ﬂ ((=1)"q Tll Hezl(bz,Q)ka(i)k(y)

j=0 \ k=j J =2 (C% Q)k
q; qu)

i (J q_jaa/2a"'7a7‘+l
3.6 —1)7¢®), 16,
(3.6) X (=1)7¢\* 1119, .
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and
k

" n] K] (DR T (b )
e = ([ [f] Pl )

i—o \kmy e g =3 (a5 q)k

(—1)161(;) q7j5a2qj7a37~--7ar+1

3.7 _ : 10 gz |.
8.7) (a2q7, agq®+1;q); " b1, b, ... bs i

Remark 3.2. Corollary 3.3 below, which involves such classical g-orthogonal
polynomials as the Little g-Laguerre, the Little ¢-Legendre, the Little ¢-Lagu-
erre, the g-Laguerre, the ¢g-Bessel and the Stieltjes-Wigert polynomials, can
be deduced by suitably specializing Theorem 3.1 or (alternatively) by directly
applying (2.1) in conjunction with the following known polynomial expansions
(see [19)):

o the Little g-Jacobi polynomials

k . (3
o\ R (=1)7¢®) (ag; )i .
@y =3 H T e ia. ).

e the Little q-Legendre polynomials

k , “_1ig®) (g
(3.9) ab =Y (-1y m( C @D b,

= 1 (@*59)i (625 q)n—;

e the Little q-Laguerre polynomials
k

(3.10) o= 318 dD s salo.

Jj=0

e the q-Laguerre polynomials

k
k| U=meatrsivrty) (G59)5 , i, o
(3.11) o = Z(_l)J { } q 3 M@ﬁ +1§Q)k7jL;‘ )(x;q)_
q

Jj=0

e the q-Bessel polynomials

k (i
k (_1)]q(2)
3.12 zF = [} . - i(x;alq).
(38.12) 7; j q(_QQJQQ)j(_aq2j+1§Q)k—jyj( 2
e the Stieltjes- Wigert polynomials
b k| G=mEitetD) 2
1y = N[ S s ),
§j=0 q

Corollary 3.3. Let {ﬂ(l”) (%) }nen, be a one-parameter sequence of q-Appell
polynomials generated by (2.1) with the parameter « replaced by p. Then each
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of the following q-addition formulas holds true.

Z” k] (=1)7¢®) (ag; g)1. f <>

fr(LH)(x @q y) = Z : i1, 2 2 p (1. a b|q)a
=0 \k=j k1 L] (abg7*1: q)j(abg®
L (&) (K] (—17e®) kf”
99 (2 By y) = . : P;(z|q),
22l bl e
@ @gy) =) k| | (-1’4 (ag; g p;(x;alq),
j=0 \k=; - Hat’dq
[ <= [n] [] G=nearsitern (¢iq N
f(#)( ):Z Z k| 1J 1 J(]-‘roé) (q]Jr o HO)k
7=0 \k=; - dql’dq q
L3 (z3 ),
9o =Y Zm m V) y;(w; alq)
] 2j7+1.
S\ 1k, L, (ag7:0);(—ag® T g)i
and
~ ~ An| k| G=mGitk+1) 2
e =3 [ e ] [ way | sy,
=0 \k=j qdq

4. A g-umbral-calculus generalization of the addition theorems

In 1978, Roman and Rota vewed the classical umbral calculus from a new
perspective and proposed an interesting approach based on a simple but inno-
vative indication for effect of linear functional on polynomials, which Roman
later called it the modern umbral calculus [17]. Roman, also, proposed a sim-
ilar approach under the area of nonclassical umbral calculus which is called
g-umbral calculus, [13-16]. In what follows, we adopt the notations of [8].

Let C be the field of complex numbers and F the set of all formal power
g-series in the variable ¢ over C. In other words, f(¢) in an element of F if

o0

(4.1) =3 W’“, .

where ap € C. Let P be the algebra of all polynomials in the variable = over
C and P* be the vector space of all linear functionals on P. The formal power
series (4.1) defines a linear functional on P* by setting

(4.2) (f@)]z™) = an (n € Np).
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Lemma 4.1 (see [8]). Let {h,(2)}nen, be a g-Appell sequence for the function
h(t). Then, for any polynomial p(x),

0 (x
(4.3) oy = 3 LOPT@), 0,

2
where pU) (z) denotes the g-derivative of p(z) of order j.

Theorem 4.2. Let {fn(x)} nen, and {gn(x)}nen be the g-Appell sequences
corresponding to the functions f(t) and g(t), respectively. Then

n n—k ] —j
n (g(t)|Dg[z"~7])
an  ne) =3 |1 A X Ty ),
k=0 - -4 j=0 Ja:
Proof. The proof follows directly from Lemma 4.1 and Proposition 2.2. O
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