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Mathematical Modeling and Control for A Single Winding Bearingless 
Flywheel Motor in Electric/Suspension Mode

Yuan Ye*, Huang Yonghong†, Xiang Qianwen* and Sun Yukun**

Abstract – With the increase of the production of energy from renewable, it becomes important to 
look at techniques to store this energy. Therefore, a single winding bearingless flywheel motor 
(SWBFM) specially for flywheel energy storage system is introduced. For the control system of 
SWBFM, coupling between the torque and the suspension subsystems exists inevitably. It is necessary
to build a reasonable  radial force mathematical model to precisely control SWBFM. However, 
SWBFM has twelve independently controlled windings which leads to high-order matrix 
transformation and complex differential calculation in the process of mathematical modeling based on 
virtual displacement method. In this frame, a Maxwell tensor modeling method which is no need the 
detailed derivation and complex theoretical computation is present. Moreover, it possesses advantages 
of universality, accuracy, and directness. The fringing magnetic path is improved from straight and 
circular lines to elliptical line and the rationality of elliptical line is verified by virtual displacement 
theory according to electromagnetic torque characteristics. A correction function is taken to increase 
the model accuracy based on finite element analysis. Simulation and experimental results show that the 
control system of SWBFM with radial force mathematical model based on Maxwell tensor method is 
feasible and has high precision.
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1. Introduction

The flywheel energy storage system (FESS) [1], with 
its advantages of long life [2], high energy storage 
density [3], and low rotational loss [4-5], is considered the 
most competitive and promising energy storage technology 
especially in the field of renewable energy, and has 
recently elicited research attention [6-8]. The materials 
for flywheel, the type of electrical machine [9-10], the type 
of bearings, and the confinement atmosphere determine the 
energy efficiency of FESS. 

Conventional mechanical bearings are a source of 
energy losses and require lubrication to relieve mechanical 
friction, i.e., a fast rotational speed of the flywheel rotor 
in motoring mode corresponds to a large friction loss
because of wearing The flywheel stores mechanical energy 
that interchanges in the form of electrical energy via an 
electrical machine/generator with a bidirectional power 
converter. Thus, the 5 degrees of freedom (DOF) low 
consumption FESS is realized with 3-DOF magnetic 
bearings (MB) [10-11] and bearingless motor.

The flywheel in the FESS is rotated by an electric 
machine that operates as a motor in an electric-energy 
storage mode. In case of a breakdown of the electric 

current, the flywheel rotated by its inertia under vacuum 
conditions makes the electric machine operate as a 
generator. A reliable, fail-safe, robust, compact and low-cost
electric motor is needed for FESS with high temperatures 
or extreme temperature variations. As the core of the 
energy conversion unit, the type of motor/generator used 
for the high-power FESS considerably affects the overall 
performance of energy storage device. The bearingless 
switched reluctance motor (BSRM) [12] possesses these 
characteristics. Given that the stator structure of MB is 
similar to that of switched reluctance motor (SRM) [13], 
the bearingless technology is applied to enhance high-
speed performance of SRM. BSRM is not only capable of 
rotating, but also realizes levitation. 

Research on BSRM key technologies primarily consists 
of the following: (1) Mathematical model of radial force 
and torque [14]. (2) Structure parameter optimization 
design [15]. (3) Design of control strategy [16]. (4) 
Optimizing the number of sensors [17]. (5) Suppression 
for torque ripples and noise [18]. (6) Decoupling control 
[19]. (7) Fault operation technique [20]. (8) Generation 
mode research [21-22].

At present, the structure of BSRM is divided into three 
types-additional suspension winding type, wide/narrow 
poles type and single winding type. For additional 
suspension winding type BSRM, the suspension winding 
increases the complexity of the motor structure and reduces 
input power utilization. For wide/narrow poles type BSRM, 
the torque power is sacrificed to realize decoupling control 
of radial force and torque. For single winding type BSRM, 
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the magnitude of the suspension current component is 
adjusted in real time according to the external disturbance 
force with the advantages of high efficiency, flexible 
control and strong fault tolerance.

In this paper, the mathematical modeling and control 
method for a single winding bearingless flywheel motor 
(SWBFM) is studied in electric/suspension mode. The 
coupling between the torque subsystem and the suspension 
subsystem exists inevitably, thus it is necessary to build a 
correct radial force mathematical model to realize the 
precise control of SWBFM. However, SWBFM has twelve 
independently controlled windings which leads to high-
order matrix transformation and complex differential 
calculation in the process of mathematical modeling based 
on virtual displacement method. In this frame, a modeling 
method with Maxwell tensor method is present. The 
simulation and experimental results show that the 
mathematical model based on the proposed method is
feasible and has high precision.

2. A Novel Bearingless 5-DOF FESS with SWBFM

2.1 A novel bearingless 5-DOF FESS

A novel bearingless 5-DOF FESS with fully integrated
structure is shown in Fig. 1. The FESS mainly consists of a
bearingless motor, 3-DOF MB and an auxiliary bearing. 

Fig. 1(a) shows a novel 5-DOF FESS with characteristics
of short axial length, compact structure, flexible control 
strategy and low loss.  

Fig. 1(b) shows the schematic of SWBFM which is made
up of and eight poles outer rotor. Twelve poles interior 
stator is divided into A phase, B phase and C phase. Winding
current of each stator pole is controlled independently. ia1 is 
defined as the winding current in A1 pole, ia2 is defined as 
the winding current in A2 pole, ia3 is defined as the winding 
current in A3 pole, ia4 is defined as the winding current in 
A4 pole. 

Fig. 1(c) and (d) show the configuration of the 3-DOF
MB (axial control coils are hidden in active view) which is 
made up of a radial stator with four poles, four radial
control coils, a rotor lamination, an axial stator with two 
radial control coils and an axial magnetized permanent 
magnet.

2.2 Principle of radial force generation for SWBFM

The winding current should be equivalent to suspension 
current component and torque current component. Air gap 
1 is defined as the air magnetic circuit between the stator 
and the rotor of A1 pole. q is defined as the rotor angular 
position and q =0 is the aligned position of the A1 pole. 
When current ia3 is smaller than ia1, the magnetic flux 
density of air gap 1 is greater than that of air gap and the 
radial force is generated at the direction of a positive 

direction. Correspondingly, 2-DOF radial force can be 
controlled.

Fig. 2 shows the bias magnetic field flux density scalar 
at θ = -π/12 and θ =0. From Fig. 2(a) and Fig. 2(b), 
conclusions can be obtained as follows: (1) As the rotor 
rotates toward to the position, the influence of magnetic 
saturation is obvious gradually. (2) For phase A, the radial 
force achieve the maximum value at the aligned position. 
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Fig. 1. A bearingless 5-DOF FESS: (a) Overall structure of 
FESS, (b) Schematic of SWBFM, (c) Configuration 
of 3-DOF MB, (d) Exploded view of 3-DOF MB
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3. Modeling Process for Radial Force

3.1 Modeling method with straight and circular lines

The paths is usually built the with straight-circular lines 
as shown in Fig. 3 is built. 

As in Fig. 3, the integral path surrounds the rotor, and 
the values of Δ 1d , Δ 2d and Δ 3d  are approximately equal 
to zero. The gap permeance Pa1 can be divided into three 
parts of permeance P1, P2, and P3, where P2 and P3 

comprise straight and circular magnetic paths.
The Maxwell force per unit area along a certain 

dimensional mechanical angle on the rotor surface is 
expressed as

2

0

( , )
( )

2

B θ t dS
dF θ

μ

×
= (1)

where μ0 is the permeability of the vacuum, S is the 
magnetic field area that surrounds the rotor and B is the 
magnetic flux density.

The length of the integral path is
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Fig. 3 Paths assumed with straight and circular lines

where l0 is the air gap length, l12, l34, l23, l45, l56 are the 
selected integral paths and r is the radius of the rotor.

In calculating the radial force, the following assumptions 
are considered: 1) Magnetic saturation is neglected at the 
first step of this study. 2) The rotor displacement and air 
gap length are far less than the rotor radius, i.e., 0l r<< .3) 
Flux path, which does not link a rotor or flows between 
stator poles and the rotor interpolar area, can be neglected. 
4) Fringing fluxes only at the aligned position are 
neglected.

Assumptions (1) and (2) allow the radial force 
expression of one pole to be written as

2 2
56 23 45

0

[( ( )]
2

fpt mpt

h
F B l B l l

μ
= + + (3)

where h is the stack length, m is each phase number, and t
is each pole number. Bmpt is the major magnetic flux 
density in the overlap area, and Bfpt is the fringing magnetic 
flux. Thus, major magnetic flux density Bma1 expressions of 
the A1 pole is

1 0/ma1 o aB μ Ni l=  (4)

Fringing magnetic flux density fa1B  expressions of the 
A1 pole is 

0 1

0

4

4
a

fa1

μ Ni
B

l πrθ
=

+
(5)

Therefore, the radial force Fa produced by the A1 pole is 

2 2
1 1 0

2
1

[ ( /12 ) ] / 2α ma fa

fa a

F h B πr r θ B r θ μ

K i

= - +

=
(6)

where Kfa is the radial force coefficient, and 
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Fig. 2. Bias magnetic field flux density of SWBFM: (a) 
Flux density at θ =-π/12 (b) Flux density at θ = 0
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Therefore, the flux 1af of the air gap Pa1 can be written 
as 

1 1 1a a a=P Uf (8)

where 1aU is the magnetic potential difference of the 
air gap in the A1 pole. Thus, the magnetic energy 1aW

stored in the A1 pole can be derived as 

2
1 1 1 1 1

1 1

2 2
a a a a aW = U P U=f (9)

On the basis of the virtual displacement method, the 
torque Ta1 produced at the A1 pole can be derived from the 
derivative of the magnetic energy 1aW with respect to the 
rotor angular position θ. Ta1 can be derived as follows:
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where Ta1 is a function of the rotor angular position θ and 

is proportional to 1aP

θ

¶

¶
.

The derivative of 1aP  can be expressed as

1 31 2( ) aP PP P
g θ

θ θ θ θ

¶ ¶¶ ¶
= = + +

¶ ¶ ¶ ¶
  (11)

where, 

012
1 0

0

01

0

π
θ μ hr

P dθ
l

μ hrP

θ l

-ì
=ï

ï
í

¶ï = -
ï ¶î

ò ，

      (12)

0
2 3 0

0

3 02

0

4

4

θ μ hr
P P dθ

π
l rθ

P μ hrP

πθ θ
l rθ

ì
= =ï

+ï
ï
í

¶¶ï = =
ï ¶ ¶

+ïî

ò ，

(13)

The instantaneous torque at the aligned position should be 
zero based on the torque basic characteristics, i.e., when

θ=0, 1(0) aP
g

θ

¶
=

¶
=0. However, when 0θ -® and 0θ +® , 

one obtains

1 3 01 2

0

1 3 01 2

0

(0 )

(0 )

a

a

P P μ hrP P
g

θ θ θ θ l

P P μ hrP P
g

θ θ θ θ l

- ¶ ¶¶ ¶ì
= = + + = -ï ¶ ¶ ¶ ¶ï

í ¶ ¶¶ ¶ï + = = + + =
ï ¶ ¶ ¶ ¶î

(14)

That is, 

(0) (0 ) (0 )g g g-¹ ¹ +   (15)

With (15) and (10) combined, the calculation value of 
the torque derived using the straight lines and the circular 
lines is not zero and continuous at the aligned position. 
This problem must be solved by revising the flux path to 
realize a stable control system.

3.2 Fringing magnetic path assumed with elliptical 
line

The improved flux path with elliptical line is shown in 
Fig. 4. In Fig. 4(a), the which the semi-minor axis of the 
elliptical line is defined as rθ , and the semi-major axis is 
expressed as 0l krθ+
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Fig. 4. Fringing magnetic path assumed with elliptical line: 
(a) Improved path; (b) Numerical distribution with 
FEA; (c) LS fitting with numerical distribution
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Accordingly, the average cross section area S of dP3 or 
dP2 can be approximated as

( 1)

2

h k r
S dθ

+
= (16)

FEA and least squares (LS) fitting are combined to 
obtain the relationship of k and 0/rθ l  when / 24θ π=
in Fig. 4(b) and Fig.4(c). 

The conditions of FEA are shown in Table 1.

Table 1. FEA conditions

ia1 ia2 ia13 ia41 q FEA

conditionA1 7A 3A 3A 7A -p/24 1ms
conditionA2 7A 3A 7A 3A -p/24 1ms
conditionA3 7A 0A 0A 0A -p/24 1ms

On the basis of Fig.4 (b), k is a function of 0/rθ l , 
approximately: 0/k rθ l a rθ= + . Fig. 4(c) indicates that 
the value of a is 1.2 in condition A1, the value of a is 1.22 
in condition A2, and the value of a is1.19 in condition A3. 
Thus, a can be considered a constant calculated with LS. In 
this paper, a can be derived as 1.2. Consequently,
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With Formulas (10), (11), (12), and (17) combined, if the 
fringing magnetic path is assumed with an elliptical line, 
when θ=0, then (0) (0 ) (0 )g g g-= = + and 1 0aT =  are 
obtained.

On the basis of the Maxwell tensor method, the length of
fringing magnetic path 1l

* is as follows:

01
4

π
l l krθ* = + (18)

The improved torque Ta1 in the A1 pole expression is:
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The improved torque Ta1 possesses the property: 

a1 a1 a1( , 0) ( , 0 ) ( , 0 ) 0T i T i T i- += = = , which verifies the 
rationality of the fringing magnetic path using an elliptical 
line.

3.3 Modeling for radial force

The integral path in Fig. 6 indicates that the radial force 
mathematical model for the A1 pole can be derived as

* 2 2 2
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0
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Consequently, the radial force mathematical model in a
direction is derived as
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where a3i is the current of A3 pole in A phase, and
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In order to verify the accuracy of radial force
mathematical model, conditions 1, 2, 3, and 4 are taken 
into consideration in Table 2 based on FEA.

Table 2. Conditions 1, 2, 3, and 4

ia1 ia2 ia3 ia4 FEA

condition1 2A 1A 0A 1A 1ms
condition2 4A 2A 0A 2A 1ms
condition3 6A 3A 0A 3A 1ms

condition4 8A 4A 0A 4A 1ms
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Fig. 5. Contrast of RFMM and FEA: (a) Contrast of 
RFMM and FEA in condition 1; (b) Contrast of 
RFMM and FEA in condition 2
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The numerical value contrasts of radial force 
mathematical model (RFMM) and FEA in conditions 1 and 
condition 2 are shown in Fig.5.

When θ = 0, the maximum values of calculated RFMM
and FEA results are 20 N and 16.5 N in condition 1, and 
the maximum values of the calculated RFMM and FEA 
results are 82 N and 70 N in condition 2, which indicates 
that the FEA results do not agree well with the calculated 
radial force mathematical model and the relative error is 
roughly 12%. Nevertheless, when θ=-π/12, the minimum 
values of the calculated results and the FEA results are
equivalent and approach zero.

Above analysis shows that the RFMM is not accurate 
due to the following factors: 1) The radial force produced 
by core (except stator pole) and the rotor pole is neglected. 
2) The accuracy of the Maxwell tensor method depends on 
the selection of the integral path, and the line that connects 
the element that surrounds the rotor pole would also cause 
certain errors

Thus, a correction factor ( )k θ* is necessary to revise the 
radial force expression,

2 2
1 3( ) [ ]α a a aF k θ K i i*= - (24)

The correction function ( )k θ* is derived by LS fitting 
as

2( ) 0.7038 0.819 0.8136k θ =- θ θ* - + (25)
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Fig. 6. Contrast of revised-RFMM and FEA: (a) Contrast 
of revised-RFMM and FEA in condition 3; (b) 
Contrast of revised-RFMM and FEA in condition 4

Fig. 6 shows the contrast of the revised radial force 
mathematical model (revised-RFMM) and FEA in 
conditions 3 and condition 4.

When θ = 0, the maximum values of calculated revised-
RFMM and FEA results are 156.33 N and 157 N in 
condition 3, and the maximum values of the calculated 
revised-RFMM and FEA results are 270.7 N and 269 N in 
condition 4, which indicates that the FEA results agree well 
with the calculated radial force mathematical model, and 
the relative error is roughly 2.5％. 

Moreover, the minimum values of the calculated results 
and the FE results are still equivalent and approach zero. 
The correctness of the model and the feasibility of the 
method are verified. The expression of radial force based 
on the Maxwell tensor method has been revised.

The bold dotted line indicates that rotor eccentricity 
occurred only in the a direction and that the eccentricity 
length is a . The bold solid line means that rotor 
eccentricity occurred in both in the a  and b directions and 
that eccentricity lengths are a and b, respectively. 

With the rotor eccentricity only in the a direction, lg

can be expressed as follows:

g 0l l α= - (26)

For rotor eccentricity both in the a  and b directions, on 
the basis of the geometrical relationship in Fig. 10, usually, 

2

π
θ <<  and ,α β r<< , which obtains
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Consequently, with the use of the cosine theorem, in 
triangle 2 1O O B , the following is obtained:
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Thus, with rotor eccentricity both in the a  and b
directions, lg can be expressed as follows:

0
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θ
l l α β= - - (29)

Fig. 7 Calculation relation schema of average length
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In general, the radial force mathematical model based on 
the proposed method is

2 2
1 3
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4. Simulation and Experiment

Since SWBFM is applied in 5-DOF FESS, it has three 
operation modes: electric/suspension mode in energy storage
stage, no load mode in standby stage and generation / 
suspension mode in energy release stage. In the paper, 
control strategy is reached for electric/suspension mode 
with 15° working interval of each phase winding.

Fig. 8 shows the control system diagram of SWBFM
which consists of a torque subsystem and a suspension 
subsystem. A position/speed sensor is used to obtain the 
rotor position signal and four displacement sensors are 

applied to track the radial displacement of the rotor in 
two degree of freedom (b direction and a direction). 
Coupling between the torque subsystem and the suspension 
subsystem exists inevitably, i.e., radial force model and 
torque model need to be considered in the modeling 
process. SWBFM has twelve independently controlled 
windings which leads to high-order matrix transformation 
and complex differential calculation in the process of 
mathematical modeling based on virtual displacement 
method. Maxwell stress method with the advantages of 
universality, accuracy, and directness does not need 
detailed derivation and complex theoretical computation.

The A phase current control strategy can be expressed as

1A ma saα A3 ma saα

A2 ma saβ A4 ma saβ

i i i i i i

i i i i i i

= + = -ì
í = + = -î

   (31)

where isaa, isab are the suspension current components and 
ima is the torque current component

Consequently, it yields
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and the synthetic radial force can be expressed as
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where 2
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The advanced angle qm is the angle from the middle 
point of the conduction period of square-wave current to 
the aligned position of rotor and stator poles, qon is the 
turn-on angle and qoff is the turn-off angle. It yields

,
24 24

on m off m

π π
θ = θ θ = θ

ì
- - -í

î
  (35)

Combine (35), (37) and (38), it yields

( ) ( )
2

2
avg 2t m ma s m

ma

F
T =G θ i G θ

i
+ (36)

where ( ) 2t mG θ = CA , ( ) 2
0

1

16
s m

f

G θ = CA
K

,

(a)

(b)

Fig. 8. Control system diagram of SWBFM: (a) Control 
principle diagram; (b) Experiment platform
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The maximum radial force formula is:

sam

2 2 2 2
m on mm16 ( )fF K θ i i= (37)

The maximum average torque formula is:

off

on

2 2
avg m

212
(2 Δ )sam 

θ

m t mθ
T J N i i dθ

π
= +ò   (38)

where imm is the amplitude of ima, sam i is the amplitude of 

saαi and saβi

Rewriting formula (39), it yields

( )avg

2
ma avg m/ 2 ( )ti T T P G θ= + -    (39)

Where
avg

2 24 ( ) ( )t m s mP=T G θ G θ F- .

4.1 Simulation

Fig. 9 shows the simulation waveforms of currents and 
displacements for SWBFM. 

Fig. 9(a) shows the displacement in  a direction and b
direction. Fig. 9(b) shows the twelve winding currents in 
A phase, B phase and C phase. It is seen that under the 
related control system and control strategy, the displacement
fluctuation in a direction and b direction is much smaller 
than the value of the air gap. The electric/levitation 
function for SWBFM is realized.

4.2 Experiment

Fig. 10 shows the displacement waveforms of the rotor
based on the mathematical model proposed in this paper.

Motor speed is accelerated from 2000 r/min to 5000
r/min. As shown in Fig. 10(a) and 10(b), the fluctuation 
of unilateral eccentricity in the a   and b   directions is 
approximately 40 µm at the speed of 2000 r/min, 16% of 
the length of the air gap. As shown in Figs. 10(b) and 10 
(c), the fluctuation of unilateral eccentricity in the a  and 

b  directions is approximately 50 µm at the speed of 5000 
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Fig. 9. Simulation waveforms of currents and displacements: 
(a) Displacement waveforms in electric/suspension
mode; (b) Current waveforms of 12 poles windings
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r/min, 20% of the length of the air gap. The eccentricity
fluctuation is far less than the length of the air gap.
Experimental results show that the radial force mathematical
model based on the Maxwell tensor method with improved 
fringing magnetic path is feasible and has high precision.

5. Conclusion

It differs from the conventional virtual displacement
methods (equivalent magnetic circuit), the proposed method
based on the Maxwell tensor method in this paper has the 

advantages of universality, accuracy, and directness.
During the modeling process, we do not need to derive 
the equivalent magnetic circuit model after intensive 
analysis 

(1) Before the radial mathematical model is established, 
the fringing magnetic path is improved from straight and 
circular lines to elliptical lines, and the rationality is 
verified. (2) The influence of rotor eccentricity in two DOF 
is considered, and a correction function is taken to obtain 
an accurate radial mathematical model based on FEA. The 
expression of radial force mathematical model has been 
verified by the FEA experimental results. (3) The proposed 
modeling method also provides a guide for other structures 
and types of bearingless switched reluctance motor.
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