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ON THE MINUS PARTS OF CLASSICAL POINCARE
SERIES

SoYoung CHor*

ABSTRACT. Let Si(N) be the space of cusp forms of weight &k for
Io(N). We show that Si(IN) is the direct sum of subspaces S; ()
and S, (N). Where S} (N) is the vector space of cusp forms of
weight k for the group I'f (N) generated by I'o(N) and Wy and
Sy, (IV) is the subspace consisting of elements f in Sk (V) satisfying
fl«Wn = —f. We find generators spanning the space S, (V) from
Poincaré series and give all linear relations among such generators.

1. Introduction and statement of results

Let N be a positive integer and k£ be a positive even integer greater
that 2. Let Si(N) be the space of cusp forms of weight k for T'o(N)
and S, (N) be the subspace of Sj(N) consisting of cusp forms f with

fleWn = f, ie.,

Sy (N) = {f € S(N)| flxWn = [},
where Wy = ( _1/0 \/ﬁ) is the Fricke involution. We define the
subspace of S(N) as:

Sy (N) :=={f € Sk(N)| flxWn = —f}.
For each f € Si(N), we see f = f+f|2’“WN + f_fg“WN. We notice that
M+W € S/ (N) and M+M € S, (N). We call the cusp form
f+f‘+‘”” the plus part of f and the cusp form M+% the minus part

of f. We can show that Si(N) is the direct sum of subspaces S} (IV)
and S, (), that is,

Sk(N) = S (N) €D S (V).
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Here, in fact S;(N ) is the vector space of cusp forms of weight & for the
group I'§ () generated by I'g(INV) and Wy

For each positive integer m, we define the classical cuspidal Poincaré
series P(m, k, N; z) as follows:

eQmm'yz

P(m,k,N;z) := Z ma

’Yeroo\FO (N)

where z € H and H is the complex upper half plane, and Toe = {£ ({7 ) |
n € Z}. It is well known that the Poincaré series are cusp forms in Si(N)
and the set {P(m,k, N;z) | m > 1} spans the cusp form space Si(N).
In [6], Iwanic raise an open problem that ask to find all linear relations
among the Poincaré series. In [7] it is shown that linear relations among
the Poincaré series P(m,k, N;z) are given by certain weakly holomor-
phic modular forms. The Poincaré series P(m,k, N;z) can be splitted
into
P(m,k,N;z) = Pt (m,k,N;2) + P~ (m,k,N;z2),

where Pt (m, k, N;z) := P(m’k’N;ZHP;m’k’N;Z)"“WN and P~ (m, k,N;z) :=
P(m’k’N;z)_Pém’k’N;z)|‘“WN. Indeed, P (m,k, N;z) is just the Poincaré

series related to the group I'{ (V) as follows:

627mm'yz

Pt (m,k,N;z) := Z GrdF

'YGFOQ\F(J)r (N)

In [4] the author and Kim considered the Poincaré series P (m, k, N; 2)
that is the plus part of P(m,k,N;z) and found all linear relations
among PT(m,k, N;z) by giving certain weakly holomorphic modular
forms of weight 2 — k for I'f(N). For given g € S, (N), we have
g9(z) =3, amP(m, k, N; z) for some a,, € C. Thus we have

g9(z) = Z am P~ (m,k,N; z)

which implies that the set {P~(m,k,N;z) | m > 1} spans the space
S, (N). In this paper, following the argument in [4, [7] we find all linear
relations among the series P~ (m, k, N; z). With the notations above we
can state the result.

THEOREM 1.1. Let I be a nonempty finite subset of N. Then the
following are equivalent.

(1) X hecramP~(m,k,N;z) =0 for some a,, € C.
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(2) There exists a weakly holomorphic modular form g of weight 2 — k
for T'o(IN) with the principal part at oo

>
mk—1
mel

and zero principal part at all cusps except oo.

This paper is organized as follows. In Section 2 we give basic prop-
erties of Harmonic weak Maass forms. In Section 3 we give the proof of
Theorem [L.11

2. Harmonic weak Maass forms

A smooth function f : H — C is called a harmonic weak Maass form
of weight 2 — k for I'g(IV) if it satisfies:

(1) For all v € T'o(N) we have fla_xy = f.

(2) Ao f = 0, where Ay_j is the weight 2 — k hyperbolic Laplace
operator.

(3) There is Fourier polynomial Pr(2) = >, < C;f(n)q" € Clg ]
such that f(z) = P¢(z) + O(e™%Y) as y — oo for some € > 0. And
analogous conditions are required at all cusps. Here g = €™ as
usual.

We denote Hy_1(N) the space of harmonic weak Maass forms of weight
k for To(N). Let H) ,(N) be the subspace of Hy_;(N) consisting of
elements G satisfying G|o_1 Wy = G and H, ,(N) be the subspace of
Hy_;(N) consisting of elements G satisfying G|o_ Wy = —G. Then we
can show that Hy_j(N) is the direct sum of H ,(N) and H, ,(N).

Harmonic weak Maass forms are related to cusp forms in terms of
differential operator. We define a differential operator

D
&y =20y e

Then we have
(2.1) §o-k(Gl2-k7) = (§2-1G)[ky  for all v € SLy(R).

PropoOSITION 2.1. The differential operator £;_ define a surjective
map from H, ,(N) to S™(N) and the kernel of {3_}, is the space of
weakly holomorphic modular forms f satisfying flo_tWn = —f.
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Proof. Given g € S, (N), take G € Hy_j(IN) such that & G = g.
Then 29 = & kG — (&-kG)WN = &-k(G — Gl2-xWn) and G —
G|lxWy € Hy ,(N). So &_y, is surjective. It is well known that ker £,
is the space of weakly holomorphic modular forms of weight 2 — k for
[o(N). Thus ker & NH. o1 is the space of weakly holomorphic modular
form G of weight 2 — k for I'g(N) satisfying G|o—xWxn == G since G
satisfies Glo_xWn = —G for G € H,_(N). O

PROPOSITION 2.2. If f € Hy_j(N) is not weakly holomorphic mod-
ular form then the principal part of f is non-constant for at least one
cusp.

Proof. 1t follows form the work of Bruinier and Funke [I]. O
For s € C, let
MS,H(y) = ‘y|7§M%sgn(y)7s—%(’y|)7
where M, (%) is the usual M-Whittaker function. We define

Q(_m7k7Na Z) = Z (SD*—m|2—k’7)(z)a

Y€l \Lo(NV)

where ¢, (2) = My , , (—47my)e ?™™* and z = z + iy € H. We let
27
Q (—m,k,N;z):=Q(—m,k,N;z) — Q(—m, k,N; 2)|o_rWhn.

ProprosiTION 2.3. With the notations above we have the following:
(i) @ (—=m,k,N;z) € H, ,(N) and its principal part at co equals
to I'(k)g~™ and its principal part at the cusps other than oo are

constant.
(i) €2 1(Q~ (—m, K, N; 2)) = (4zm)*=L(k — 1) P~ (—m, k, N; 2).
Proof. 1t follows from (2.1]) and the results in [2]. O

3. Proof of Theorem [I.1]

We assume that

Zam (m,k,N;z) =0.

mel

Define f € H,_(N) by
F=> ,HQ —m, k,N;z).

me[
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Then we have from Proposition that &_rf = 0. So by Proposition
Proposition and Proposition we see that f/T'(k) is weakly
holomorphic modular form of weight 2 — k for I'o(N) that we desire.

Conversely we assume that f is such a weakly holomorphic modular
form. Define f by

~ 1 Am o~
fZ: —f‘i‘%ZWQ (—m,k,N;z).

mel
Then f € H, ,(N) has constant principal parts at all cusps. It then

follows from Proposition that §g,k(f) = 0 and hence by Proposition
2.3 we have the desired relation.
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