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SOME MODELS FOR PROGRESSIVE TAXATION

HonNg-JonG Kim

ABSTRACT. We define progressive tax rate functions, study their proper-
ties, and describe some smooth models. The key requirement, defining
the progressive nature of the taxation model, is that the progressive tax
rate functions should have infinite contact with the zero function at the
origin, in order to care the poor. In constructing a wide array of such
functions, assisting functions are introduced.

1. Progressive tax rate functions

Historically, progressive taxation has been used as early as 6th century BC
[2]. In practice, it is a rather complicated problem and there are many philo-
sophical questions. We deal only with simple and ideal situations. A progressive
tax rate function, which will be defined soon, has the graph which looks like
Fig. 1.
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F1G. 1: The tax rate approaches 1 as income (x) approaches co.

Definition. A function f : R — R is a progressive tax rate function, or simply
a T-function, if it has the following properties: (0) 0 < f(x) < 1.
(i) f(z) =0 when z <0, and f(x) > 0 when z > 0.
(ii) f(z) is an increasing function when x > 0.
(iii) lim f(z) =1.
T—>00
(iv) f(z) is convex when 0 < z < 1, and f(x) is concave when z > 1.
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(v) The net income function

g9(x) = z(1 = f(z)) (z>0)
is an increasing function.

In the definition of a T-function, the variable x means the total income of
a person for a certain period. The property (0) follows from other properties
(i)~(iii). The property (i) says that “No positive income, no tax. Any positive
income, some tax.” If we want “Small income, no tax”, then we may adjust
the property (i) by translating the function f(x). In (ii) and (v), “increasing”
means “strictly increasing”. The property (iv) fixes the unit z; = 1 as the
inflection point of f. The inflection value

y1 = f(z1)
depends on various models. We will discuss some tithing models which use the

traditional value y; = 1/10. The next proposition is trivial.

Proposition 1.1. The space of T-functions is convez, i.e., if fo(x) and fi(x)
are T-functions, then
fr(x) == A =t)folx) +tfi(x) (0<t<1)
are all T-functions.
Many countries use step functions, which depend on sequences
O=yo<y1 <ya<ys<---—1

and tazr brackets x1, T3, T3, ... of discontinuity. These discontinuous functions
are not suitable because they have sudden changes which cause some trouble
[Fig. 2].
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F1a. 2: A step function and a piecewise-linear function

One may consider piecewise-linear continuous models. But such models do
not care much for persons with low income. For these reasons, we consider
smooth models:

(vi) f(zx) is (continuous and) smooth (C*).

Since we are assuming that f(z) = 0 for z < 0, this smoothness condition
is equivalent to the condition

(n)
(vi)" fl(0,00) 18 smooth, and lim fim)

z—0t x

=0foralln=0,1,2,....
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In particular, the derivatives of f of all orders at the origin are zero:

f(O) :01 f/(O) :Ov f//(O) :07
This property implies [1]

(1) AC)

r—0 ™

=0 (n=0,1,2,...),

which says that the tax rate for persons with low income is very low as in
Fig.1. Our T-functions are non-analytic smooth functions. If we throw away
the smoothness condition (vi), it is still desirable to keep the “infinitely-contact-
to-zero property” (1), because this is the condition “to care the poor infinitely.”

Since we assume sufficient smoothness, the properties (ii), (iv), (v) are guar-
anteed by the following conditions:

(i) f'(z) > 0 when z > 0.

(iv)) If 0 <z < 1, then f”(z) > 0. If z > 1, then f"(x) <O0.

(v)! For & > 0, let g(z) := (1 — f(z)). Then ¢'(x) > 0, i.e.,

(zf(z)) = f(z) +af(z) < 1.

Since we have conditions (ii) and (iii), it is easy to see that the condition (iv)’
is equivalent to the condition

(iv)” x =1 is the unique solution of the equation f”(x) =0 for z > 0.

We call this condition the inflection condition.
1.1. Assisting functions

A smooth function
h:(0,00) = (0,00)

will be called the assisting function of a T-function f, if

1
f(z) = e V/h@), ie, h(z)=—"=
) )= Log(1/7@)
for x > 0. In particular, h is an increasing function such that
Ilirgh h(z) =0, wll)r{.lo h(z) = 0.
For the inflection value y; := f(1) € (0, 1), we have
1
hy:=h(l) = ———.
L) o)

If we use the tithing system y; = 1/10, then hy = 1/log 10 ~ 0.43.
Proposition 1.2. Suppose that a function h : (0,00) — (0,00) has the Hélder-

continuity at the origin, i.e., for some a > 0,

2) T M) o

x—0t+ %

Then the function f(x) := e~ /") has the property (1).
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Proof. Take N € R so that aN > n. Then
f(:c) efl/h(z) efl/h(z) h(x)N

0<lim —= = lim ——— = lim ———F———
z—=0 " g0t " =0t h(z) xn

AN (h(x))NxaN_

< lim =
xa

im0+ tN O g0+

x’ﬂ
Thus we have the property (1). O

Theorem 1.3. Suppose that a positive differentiable function h : (0,00) — R
satisfies a differential equation

xh'(z) = P(z, h(z))

for some polynomial function P(x,y). Then the function f(z) := e~ /") has
the property

(3) f<n>(x)—M () (n=1,2,3,...)

22" ()"
for some polynomial P,(x,y). Moreover, if h(x) has the Hélder continuity at
the origin, then f(x) is smooth at the origin in the sense of (vi)'.
Proof. Smoothness of h(z) and f(z) for x > 0 is trivial. Note that
W (x) P(z,h(z))
’ o _ s )

Thus when n = 1, the relation (3) holds with P;(z,y) = P(x,y). General case
follows from the induction. Finally, suppose h has the Holder continuity (2).
Then given a positive integer n, take a positive integer N large enough so that

w = lim Pn(x,h(x))e—l/h(m)

lim

a0t @ a—0t 2" HHp(x)2"
) h(.'L') N xaN ) e—l/h(;v)
= g Poette) (52 ) i i, e =0
This completes the proof. [

1.1.1. Inflection condition for the assisting function. Note that

o= () (22)") o

(@)1 = 2h()) + h(2)*h ()

Thus the “inflection condition” (iv) (or (iv)’, (iv)”) means that the equation
(4) R (z)2(1 = 2h(x)) + h(z)*h"(x) =0 (x> 0)

has a solution z = 1 and there are no other solutions.
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1.1.2. Net income condition for the assisting function. Since
oy zh'(x)
) +af @) = (14 5050 fia).
the condition (v)’ is equivalent to the condition:

(v)" Hijé? /@) (g > 0).

Lemma 1.4. Suppose that a differentiable function h(x) satisfies the inequality
0 < zh/(z) < h(x) (x> 0).
Then the inequality (v)" holds.

A proof of the above lemma follows from the observation

li
LE@) 1 ne,

h(z)? = h(z)
2. The least upper bound of personal net income

Given a T-function f, the net income function is g(x) = x(1 — f(x)). Let
M be the limit
M := lim g(x).
xr—r 00

Then using the assisting function h(z), we have

1 — e /) x
5 M= lim 2(1— /") = Lim — = lim —,
(5) Jim x(l—e )= lim hz)  1/h(z) w00 h(2)

We will consider both the unbounded model (M = oo) and the bounded
model (M < o0).

2.1. Two unbounded models

In this case, the assisting function h(x) satisfies the condition:
. . x
2590 = B pmy =M=
2.1.1. High Tax model. Here we consider a model with high tax for high in-
come persons. For real numbers £ > 2 and 0 < a < 1, let

f(x) = e */" (x> 0).

In other words h(z) := %x“. We will soon determine the values of k£ and a.

When = > 0, f'(z) = akz~ 17 f(z), and hence
(6) f(x) = ake % (akz ™2 — (1 + @)z~ %) f(x).

In general, one can see easily by induction that for each nonnegative integer n,
there exists a polynomial p, (z) of degree n, such that

fM (@) =2 "pa(a™) f(x)  (n=0,1,2,...).
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Thus
(n)
limw:O (n=0,1,2,...).

z—0t x

This implies that f(x) is smooth at = 0. In fact, we may use Theorem 1.3
directly to see the smoothness of f at the origin.
Moreover, from (6), z = 1 is the unique inflection point of f(z) if

a=——¢€(0,1).

On the other hand
zh'(z) < h(z)

and hence Lemma 1.4 implies that the net income function g(x) is increasing.
Now with y1 := f(1) = 15,

1
og Y1 og 10 3, « Tog 10— 1 0.8
In this case, the graph of f(x) looks like Figure 3.
1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Vi /./—/-' -

X1
FIG. 3: An unbounded model f(z) = e~ /="

2.1.2. Low tax model. We discuss another model which pays less tax than the
previous model for high income persons.
For positive real numbers k£ and a, let

h(z) = klog(l 4 ax)

be the assisting function. This is clearly an unbounded model. The values of
k and a will be soon determined. Then for x > 0,

_ pan(1/log(l + ax))

f(n)(:c) (1t az)"

f(z) (n=0,1,2,...)

for some polynomial ps,(x) of degree 2n. Thus f(x) is smooth everywhere.
Now

(7) hi = klog(1l + a).

We follow tithing condition: h; = 1/log 10 ~ 0.43. On the other hand

ka ka?
= h// = .
1+ ax’ (z) (14 ax)?

h'(x)



SOME MODELS FOR PROGRESSIVE TAXATION 829

Since xh/(x) < h(x), Lemma 1.4 implies that the net income function g(x) is
increasing. The inflection condition (i.e., the condition that x = 1 is the unique
solution of the equation (4)) means now that the equation

k(log(1 + ax))? + 2klog(l +az) —1=0
has a unique solution x = 1. Then
k(log(1 + a))? + 2klog(1+a) —1=0

and from the condition (7), we have

log(1+a)=(1-2hy)/h1 (ie., a=~=0.35), k=

In this model the graph of f(z) is in Fig. 4.

Vil - x
X1

FIG. 4: f(x) = e~/Flog(1+az) (Dotted curve is from Fig. 3.)

2.2. A bounded model

If the least upper bound M of personal net income is finite, then from (5),
we have the asymptotic relation

h(zx) ~ % (x — 0).

This M is meaningful only when it is sufficiently large. In particular M is
larger than the inflection point x = 1: M > 1.

We will find an assisting function h(z) for large M, which obeys the tithing
rule: y; = %0, ie, hy = ﬁ ~ 0.43.

For positive real numbers k and o € (%, 1), we consider the assisting function

h(z) = i + kz“.
We now explain how to determine the values of k and a, when given M is large.
Note that it is easy to check that the T-function f(z) is smooth everywhere.
In fact, smoothness follows from Theorem 1.3. Moreover, we have the equality

hi = ﬁ + k, i.e.,
(8) k=hy —1/M.
Thus if M is very large, then k is very close to hi. The value of a will be soon
determined in the interval (2,1). On the other hand
1

B (z) = vt kax® .
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y= c(a+1/kM)>?

Fia. 5: Two parabolas

Thus, for z > 0,

zh'(x) = % + kaz® < % + kz® = h(z).

Now from Lemma 1.4 again, the condition (v)”, or the condition (v) holds.
Moreover

R (z) = ka(a — 1)z* 2.

Now from (4), the “inflection condition” is that the equation
L + kaz® ! : (1 -2 (i + kx“)) + (i + kx"‘)Q kala — 1)z 2 =0
M M M B

has a unique solution x = 1. The left hand side of the above equation is

1
(9) e + 12 4 o@D —ean — cp1® — epp?@! — g2
for some positive numbers cy,...,cg. Therefore if % < a < 1, then (9) is a

(strictly) decreasing function and hence has a unique, if exists, zero. Now if
x = 1 is a solution, then

2
<z\14 + ka) (1 —2hy) + hika(a —1) = 0.

In other words

k(1 = 2hy) 1\?
h%(‘”kM) =a(l—a),

where k is given by (8). From Fig. 5, we see immediately that there are two
«’s between 0 and 1 satisfying the above equation, when M is sufficiently large.
We take the larger solution as the value of a:

2—4h1+h§Mz+h1M(3h1—2+\/4h1—7h§+2h§(3h1—2)M+h;1M2)
2(1=2h1+h1 (3h1 —2) M+h2 (1—hy) M?) )

o =

From this when M approaches infinity, the limit of « is hy/(1 — hy) =~ 0.77.
Thus % < a < 1 for large M. This gives a bounded model.
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3. Conclusion

Various smooth models for progressive tax rate functions are discussed. The
key requirement of the progressive tax rate functions is that they should have
infinite contact with the zero function at the origin. We regard these models
better than any discontinuous or piecewise-linear continuous models, since they
care the poor more.
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