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ABSTRACT. We derive sharp upper bound on the initial coefficients and Hankel deter-
minants for normalized analytic functions belonging to a class, introduced by Silverman,
defined in terms of ratio of analytic representations of convex and starlike functions. A
conjecture related to the coefficients for functions in this class is posed and verified for the
first five coefficients.

1. Introduction

Let 8 be the class of univalent analytic functions of the form
(1.1) f(2) =2+ a2 +azz® + -

defined in the unit disk D := {z € C: |z| < 1}. It is well-known that the coefficient
of the functions in the class 8 satisfy |a,| < n. This result was put before, as a
conjecture, by Bieberbach in 1916, and it took around 68 year to prove and was
finally affirmatively settled by de Branges. In those 68 years many researchers
tried to prove or disprove it which lead to explore many subclasses of the class
8. The class 8* of starlike functions is a collection of functions f € § for which
Re(zf'(2)/f(z)) > 0 for all z € D. However, the class X of convex functions is
a collection of all those functions f € 8 for which Re(1 + zf"(2)/f'(z)) > 0 for
all z € D. These subclasses are among the most studied subclasses of 8. In 1997,
Silverman [18] investigated a class of normalised analytic functions involving an
expression of the quotient of the analytic representations of convex and starlike
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functions. For 0 < p <1, he defined the class G,, as follows:

L2 () FE)
/) 1‘ < ’“‘}

and proved that the function in the class §,, are starlike of order 2/(14++/1 + 8b). He
also investigated many sufficient conditions for functions to be starlike and convex
of positive order. Further, this result was improved by Obradovi¢ and Tuneski [12].
In 2003, Tuneski [19] investigated the condition for functions in the class G, to be
Janowski starlike. For further related results reader can refer [1, 7, 11] and the
references cited therein.

Recall that for analytic functions f and g, we say that f is subordinate to g,
denoted by f < g, if there is a Schwarz function w with |w(z)| < |z| such that
f(2) = g(w(z)). Further, if ¢ is univalent, then f < g if and only if f(0) = ¢(0) and
f(D) C g(D). In view of this definition, we can write

1+ 2f"(2)/f'(2)
2f'(2)/f(2)

The sharp bound on the functional |azas — a3| for starlike and convex functions
were obtained by Janteng [5]. He proved that for starlike and convex functions, this
quantity is bounded above by 1 and 1/8, respectively. This functional is related to
the Hankel determinants. Recall that for given natural numbers n, g, the Hankel
determinant Hg,(f) of a function f € A is defined by means of the following
determinant

SM::{fEA:‘

SM::{fEA: <1+uz}.

(7% an+1 e an+q—1
Ap41 Qp42 - An4q
Hq,n(f) = . . . . 5
An4q—1 Qn4q " (n42(g—1)

with a1 = 1. The quantity Ha1(f) = a3 — a3 is the well-known Fekete-Szego
functional. The second Hankel determinant is given by the expression Hs o(f) =
asas—a3. Further, the quantity Hs, 1(f) := as(azas—a3)—as(as—azasz)+as(az—a3)
is called the third Hankel determinant. The Hankel determinant H, ,,(f) for the class
of univalent functions was investigated by Pommerenke [14] and Hayman [4]. For a
chronological development in this direction till 2013 reader may refer [8].

The results related to the Hankel determinants usually are derived by relat-
ing the functions in the class under consideration to the Carathéodory functions.
For this purpose we recall the definition of this class. Let P denote the class of
Carathéodory [2, 3] functions of the form

(1.2) p(z) =1+ ipnz" (z € D).

The following results shall be used as tools:
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Lemma 1.1.([9, 10, Libera and Zlotkiewicz]) If p € P has the form given by (1.2)
with p1 > 0, then

(1.3) 2p2 = pi + 2(4 = p})

and

(14)  dps=pi+2p1(4 - pi)z — pi(4 - pi)2® +2(4 - p1) (1 — [z[*)y

for some x and y such that |x| <1 and |y| < 1.

Lemma 1.2.([17, Ravichandran and Verma]) Let &, B,’y and a satisfy the inequal-
itiess0<a<1,0<a<1 and

8a(1—a)[(aB —29)? + (a(a+a) — B)?]+a(1 —a)(B —2aa)? < 4aa2(1—a)2(1 —a).
If p € P has the form given by (1.2), then

|9p1 + ap3 + 2ap1ps — (3/2)Bpips — pa] < 2.

The following result is due to Prokhorov and Szynal [15]. Since the result is
lengthy, so we are quoting here some specific part of their result which we need in
our further investigation.

Let B be the class of analytic functions w(z) = Y 07, ¢,2" (2 € D) and
satisfying the condition |w(z)] < 1 for z € D. Consider a functional ¥(w) =
lez +acica + B3| for w € B and «, B € R. Define the sets 2, Qg, Q3, Q4 and Q4 by

Q :={(a,8) ER*: |a| < 1/2, -1 <B <1},

4
<lal <2 gal 1P~ (al+ D < <1},

N | =

Oy = {(a,ﬂ) cR?:
Q3 :={(a,8) ER*: |a| <2, B>1},
Q= {(a,ﬂ) €ER?:2<a| <4, B> 112(a2+8)},
and
0 = {(0.8) € lal 2 4. 5> 2(lal - 1)}

Lemma 1.3.([15, Lemma 2, p. 128]) If w € B, then for any real numbers o and
the sharp estimate U(w) < ®(a, B) holds, where

1, if (o, B) € Q1 UQ,

@(076):{|ﬁ|, if (o, B) € Q3 U QU Q5.
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Lemma 1.4.([13, Ohno and Sugawal) For any real real numbers a, b and c, let the
quantity Y (a, b, c) be given by

Y(a,b,c) = max {|a + bz + cz?| + 1 — |z*},
z€D

where D := {z € C: |z| < 1}. If ac > 0, then

Vo= [l =20 )

Further, if ac < 0, then

—lal+ 1 |C|) if —4ac(c™? —1) <b? and |b] < 2(1 —|¢]),
Y(a,b,¢) = {1+ la| + 1+\C|)’ if b < min{4(1 + |c|)?, —4ac(c™2 — 1)},
R(a,b,c), otherwise,
where
lal + [b] — ], if e[([b] + 4fal) < |abl,
R(a,b,c) = { —lal + [b] + ], if |abl < [c[(|b] — 4[al),

(Iel + lal)y/1 — £, otherwise.

2. Coefficient Bounds

The following theorem gives the sharp upper bound for the initial coeflicients
for functions in the class G,,.

Theorem 2.1. Let f € G,. Assume that o =~ 0.335 be the smallest positive root
of

236196 — 2932686 — 563472° + 8764817u* + 693282015
(2.1) — 1565402415 — 1396915217 + 229029128 = 0

Then the following sharp inequalities hold:

(1) faz] < p,
£ 0<pu<1/4;
49 = ’
® “3§{ e, 1/a<p<l,
L 0<p<1/3;
9> = )
®) “4<{ wo 1/3<p<,

5) las —va?| < Emax {1;4ulv — 1|}, v € C.
2
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Proof. Since f € G, it follows that there exists a Schwarz function w(z) = 1z +
c22? + c32% + -+ € B such that

2f"(z) _ 2f'(2)
(2.2) 1+ = (14 pw(2)).

f'z) 1)
To prove the result we use the relation w(z) = (p(z) — 1)/(p(z) + 1) between the
Schwarz function w and the Carathéodory function p(2) = 14+p1 2+pez?+p323+--- €
P. On comparing the coefficients of like power terms in (2.2), we get

1
(2.3) az = Gp1. az = Jeul(du — p® + 2pal,
and
(2.4) a3 = 5[4 = 200+ 360%)p® — 2(8 — 2112)pip2 + 16ps]

(1) & (2) Using the well-known facts (see [6, 16]) |pn| < 2 and for any complex
number v, |ps — vp3| < max2{1,|2v — 1|}, the upper bound on |az| and |as| follow
immediately.

(3) To find the estimate on the fourth coefficient we shall write the coefficients (a;)
in terms of Schwarz’s coefficients (¢;) by equating the coefficients of similar power
terms in (2.2) as follows:

1 1 7 1
(2-5) az = ¢y, az = ZM (02 + 4MC12) , Q4 = §M (3,u2013 + 1#0162 + 303)

On setting o = 21u/4, B = 9u?, we can write

(2.6) lag| = g|03 + acieo + Bcl3| =: %H(a,,@).

To get the desired estimate, we now consider the following cases. For this we first
assume that the symbols Q1,5, Q3,2 and Q4 are as defined in Lemma 1.3 with
the choice o = 21p/4 and 8 = 9pu?.

(i) Let 0 < p < 2/21. Tt is a simple matter to verify that |o| = o <1/2, -1 <
B <1 hold for all € (0,2/21) and so («, ) € Q.

(ii) Let 2/21 < u < 1/3. Here, in this case, we see that the conditions
1 1 .
S <lol <2 and (la]+1)° ~(la] +1) < f <1
are equivalent to
2 <p< 8 and i(21,u +4) (441p° + 168 — 92) < 9p® < 1
217 — 21 432 - -
which hold for all p € (2/21,1/3) and so (a, 8) € Q.

235
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(iii) Let 1/3 < p < 8/21. In this case, it is seen that the inequalities | <
2 and S > 1 hold good. Therefore (o, 8) € Qs.

(iv) Let 8/21 < pu < 16/21. Now we see that 2 < |a| <4 and 128 > o2 + 8 hold
for all such values of p and hence (a, 5) € Q4.

(v) Let 16/21 < p < 1. We can easily verify that |a] > 4 and 38 > 2(|la| — 1)
hold for all such values of p and hence (o, 8) € Q5.

Now in view of Lemma 1.3 and the cases (i) and (ii), we conclude that if 0 < p < 1/3,
then H(«, 8) < 1. Further, the cases (iii)—(v) and Lemma 1.3 give H(a, 8) < 3, for
1/3 < pp < 1. Thus, the result follows from (2.6).

(4) We now find the estimate on the fifth coefficient. Comparing the coefficients
of 2% on both sides of (2.2), we have

(2.7) as = K’BS[(—IS + 107 — 276° + 288u°)p1* + 4(27 — 107 + 1381%)p1 *po

+16(201 — 9)p1ps + 36((3p — 2)p2” + 4pa)]
Let us denote
9—20u 4

1 1
= =(2— A= = (27 -1 13812
a 4( 3u), & TR 54 54( 7— 107 + 138u7)

and

1
Y= —— (18 — 107 + 2762 — 288u3).
7= 1l W+ 27610 )

Using the above notations, (2.7) can be re-written as
2.8 — Pl § 3y, 2 2 A2
(2.8) las| = 35 [3p1” = 58p1"p2 + 24p1p3 + ap2” — pa).-

Here it is a simple matter to verify that the inequalities 0 < a <1l and 0 < & < 1
hold for 0 < p < 9/20. Now a computation shows that

8a(1 — a)[(6B — 24)%) + (a(a + &) — )]
(2.9) +a(1 — &) (B — 2a&)? — 4a62(1 — &)%(1 — a)
(—236196 + 2932686.% + 5634721° — 8764817u*

~ 3779136
— 69328204° + 156540244° 4 139691524" — 229029124%).

It is easy to check that the right hand side of (2.9) is negative if 0 < p < po =~
0.335. Here pg is the smallest positive roots of the Equation (2.1). Thus all the
conditions of Lemma 1.2 are satisfied for 0 < p < p and from (2.8), we deduce
that |as| < 1/16.
(5) From (2.3), for any complex number v, we have

dp(v—-1)+1 ,

(2.10) lag — ua22| = g D2 fpl

= %max{l,4u|u —1]}.
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This is the desired estimate. The equality holds in case of the function f defined
by (2.2) with choice of the function w(z) = z.

For n = 2,3,4 and 5, the equality of estimates on |a,| in the case 0 < p <
(n—1)=2/("=2) holds for the function f defined by (2.2) with choice of the function
w(z) = 2" !, whereas in the case (n — 1)~2/("=2) < ; < 1 equality holds for the
choice of w(z) = z. This ends the proof. o

Theorem 2.2. Let f € G,. Then the following sharp inequalities hold:

u? O<p<
(1) Jazas — az?| < { Wlian? 1
g6(7+15p,) g<mu=l

(2) lazaz — a4 < §.

Proof. (1) Proceeding as in the proof of Theorem 2.1, and using (2.3) and (2.4), we
have

o (T2, M6p =T, 36p° 64>
@204 = A = 30t P T T agr PUPR T gagaP? T gppPPe
2
(2.11) = 2/;04 (7= 120)p1™* + 4(6p — T)p1®pa — 36pa® + 64p1ps] .

We substitute equivalent expressions for ps and p3 in terms of p; from (1.3) and
(1.4) in (2.11). Thus we have

2

azas — a5 = Sh [12p0°(4 = ) — (T 4 36)(4 — pr )
(2.12) +32p1 (4 — p1*)(1 — |2[*)y.]
Since p € P, without loss of any generality, we can assume that p; = |p1| =: s €

[0,2]. Further since |z| < 1 and |y| < 1 for some z,y € C, using this facts and the
triangle inequality in (2.12) we can write

2 2

7 o | |31s 7s*+36 5
2.1 —a3?] < =s(4- Py = =
(2.13)  Jagaqg —az®| < 725( s){ g " 305~

+1—|x2].

We note that for s = p; = 0, and s = p; = 2 from (2.12), we have |azas — a3?| <
©2/16 and |azay — as?| = 0, respectively.
Now we assume that s € (0,2). Then form (2.13) we obtain

2
(2.14) lagay — az?| < 55(4 — s%)F(a,b,c),
where

F(a,b,c) := |a+ bz + cx?| + 1 — |z|?,

with P
3us s“ 4 36
=0, b:=—and ¢c:=———.
a , 3 and c 395
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Here it is easily seen that ac =0 and |b] > 2(1 — |¢|). Therefore

2
lazas — s’ < Eos(d—*)F(abie)
B /ﬁ 3us?(4 — s?) N (75 +36)(4 — 5?)
T2 8 32
2
o
= Eg(s)v

where the function g : (0,2) — R is defined by

_ 3us?(4 — s?) N (75 +36)(4 — 52)'

g(s) 5 39

To find the maximum of g, we shall consider two cases namely, (i) 0 < p < 1/6
and (i) 1/6 < p < 1. Tt is easy to verify in the first case when 0 < p < 1/6, the
function ¢ has no critical point in (0,2) and so |agas — a3z?| < p?/16. Further in
the second case when 1/6 < p < 1, it can be easily verified that ¢’(s) = 0 holds for
s =80 = 24/6p—1/y/7+ 12u and the second derivative of ¢ is negative at sg. So
by the second derivative test, it is clear that g has its maximum at sy and

2 2 4+3M)2
TR R U Gk 0
la2a4 = as| < 25 9(s0) 36(7 + 12p)

For the case when 1/6 < p < 1, the equality occurs for the function f defined by

) ) (L ple)
) - S (”“

For the function defined above, on comparing the coefficient of like power terms,

1 122
1+ ) with p(z) = :

p(z) +1 1 —spz 4227

we have )
o — /6 — 1 o (1242 — 5 — 4)
T Vipy1 2(124 + 7)
and
p (1083 — 81p% — 961 — 16) /6y — 1
a4 = .

18(12p + 7)3/2
A computation gives

- 36(12u+7)"

On the other hand when 0 < 1 < 1/6, the equality holds in case of the function 2.2
for the choice of the function w(z) = 22.
(2) We shall now find the estimate on |azas — a4|. For this using (2.3) and (2.4),

we can write

23 42
|(12(14—CL32| /L(:u+ )

(2.15) asaz —ay = % {Bu—1)p1® + (2 — 3u)p1(2p2) — 4ps } -
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Substituting expressions for py and p3 in terms of p; from (1.3) and (1.4) in (2.15)
and using the facts that |z| <1 and |y| < 1 for some z,y € C, we can write

lagas —as4] < %(4 —5?) [|-3usz + sm2| +2(1 — |z*)]
K 2 3ps S 2 2
= Pu- B 1-
36( S)H 5 T+ |a:|]
(2.16) = %(4_ s2)G(A, B, 0),

where p; = |p1| =: s € [0,2], A:=0,B := —3us/2 and C := s/2 and the function
G : [0,2] — R is defined by

G(A,B,C) = }A+Bm+0x2| +1— |z

Now from (2.16), we see that if s = 0, then |azas — a4] < p/9 and if s = 2, then
|a2a3 — a4| =0.

We now consider the case s € (0,2). Here it is easy to verify that AB = 0 for
all s € (0,2). Here we have two cases now:

(i) Let s € (0,4/(2+ 3u)). Then |B| < 2(1 — |C|) and therefore by Lemma 1.4,

we have

lasas —as] < (4 s)G(A,B,C)

36
H 2 B?
- Py (1A —2
36 ”( * '+4<1C|>)
_ _H
- 288h(8)7

where h : (0,4/(2 4+ 3p)) — R is function defined by h(s) = (2 + s)(16 —
8s + 9s2u?). Since h'(s) = 0 occurs only at s = ¢y := 4(4 — 9u?)/27u? €
(0,4/(2 + 3p)) for 2(v3—1) /3 < p < 2/3 and h"(ty) = 16 — 36p> > 0
whenever 2 (V3 —1) /3 < u < 2/3. Therefore h has a maxima at so.

(ii) Let s € [4/(2+ 3u),2). Then |B| > 2(1 — |C]). Therefore, using Lemma 1.4,
we obtain
lasas — as] = %(4 - s%)G(A,B,C)
I
= K- 241 +1B+10)

I
T
where k : [4/(2+3u),2) — R is function defined by k(s) = s(4 —s?)(3u+1).
A computation shows that the function & has its maximum at s = ro := 2/v/3

and therefore 21 + 30
1 p(1+3p
asas — as| < =—=k(rg) = ————=.

lazas = aq] < 75k(ro) 273
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Therefore, as discussed above in the cases (i) and (ii), for all s € (0,2), we have

2p(1 + 3p)
271V3

lasas — aq] <

Therefore, for all s € [0,2], we conclude that

20 (1
|a2a3 ,a4| < max{w,ﬂ} — E
273 9 9

This gives the desired estimate. The equality holds in case of the function f defined
by (2.2) with the choice w(z) = 2%. Hence the theorem. O

Using the above results, we deduce the following estimates on the third Hankel
determinant:

Corollary 2.3. Let f € G,. Then the following holds:

2
©-(81p+145) .
L’(B)T%‘HSG:; % 4+23164141015) O<ns1/b
u w b 17
[Hs,1(f)] < ( 5184(12,+7) ; ) 1/6 <p<1/4;
2 4 | q 3 2
12 (12961* +3456.3+23044% +1740141015
518A(12057) , 1/4<pu<1/3.

Remark 2.4. It should be noted that all the estimates derived so far in this paper
are sharp except the bound on the third Hankel determinant |Hjz 1(f)| mentioned
in Corollary 2.3. Finding the sharp bound on the third Hankel determinants for
many classes of analytic functions, including the class under consideration here, are
still unsettled . However, here we have a partial solution for sharp bound on the
third Hankel determinant under certain conditions.

It is known that a function f € A is said to be n-fold symmetric if f(ez) = ef(2)
holds for all z € D, where € = 2™/™. The set of all n-fold symmetric functions is
denoted by A and functions in this class are of the form g,(2) = z 4+ @, 12" +
Agn4122"t1 4+ ... In particular, any function g in the class A®) has the form
g3(2) = 2 4 byz* + b727 + -+ . Thus it is clear that |Hs 1(f)| = [b3|. Since the
functions in the class G, are starlike, it follows that f € G, if and only if g3(z) =
Y f(2%) =2+ (az/3)2z* +--- €G,. Thus by = az/3 and |Hs 1(f)| = |b7| = |az|?/9.
Now from the first part of Theorem 2.1, we have |Hs 1(f)| = |az2|?/9 < p?/9. The
result is sharp in case of the function fy defined by

fy(2) _ 2R(2)
& h)

1+ (14 pz).

Remark 2.5. A close observation on the results in Theorem 2.1 and the extremal
functions reveals the following expected results, which have already been verified
for n = 2,3,4 in Theorem 2.1. Further in the same theorem this conjecture is also
verified for n = 5 for the range 0 < p < pg = 0.335.
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Conjecture 2.6. Let f € G,. Then, for any natural number n > 5, the following
sharp inequalities hold:

o< T 0<us (0o

an| = ,u/n717 (’fL _ 1)72/(n72) < o <1.

The extremal function, in both the cases 0 < p < (n — 1)"2/("=2) and (n —
1)=2/(r=2) <y < 1, is given by (2.2) with choice of the function w(z) = 2"~!
and w(z) = z, respectively.
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