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Conditional sojourn time distributions in M/G/1 and G/M/1
queues under P¥-service policy
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Abstract

PY-service policy is a workload dependent hysteretic policy. The policy has two service states comprised
of the ordinary stage and the fast stage. An ordinary service stage is initiated by the arrival of a customer in an
idle state. When the workload of the server surpasses threshold A, the ordinary service stage changes to the fast
service state, and it continues until the system is empty. These service stages alternate in this manner. When the
cost of changing service stages is high, the hysteretic policy is more efficient than the threshold policy, where
a service stage changes immediately into the other service stage at either case of the workload’s surpassing or
crossing down a threshold. P}/-service policy is a modification of P4'-policy proposed to control finite dams, and
also an extension of the well-known D-policy. The distributions of the stationary workload of P¥-service policy
and its variants are studied well. However, there is no known result on the sojourn time distribution. We prove
that there is a relation between the sojourn time of a customer and the first up-crossing time of the workload
process over the threshold A after the arrival of the customer. Using the relation and the duality of M/G/1 and
G/M/1 queues, we obtain conditional sojourn time distributions in M/G/1 and G/M/1 queues under the policy.

Keywords: Pﬁl -service policy, hysteretic service policy, sojourn time distribution, duality

1. Introduction

We consider queueing systems under PQ” -service policy. The policy is a workload-dependent hys-
teretic service policy with two service stages of different service rates 1 and M (> 1), i.e., there are
the ordinary service stage with rate 1 and the fast service stage with rate M. The server starts to serve
with rate 1 if a customer arrives to the server in an idle state. When the workload of the server reaches
over A, the service rate changes to M, and the rate continues until the system is empty. We obtain
the conditional sojourn time distribution of a randomly chosen customer given the amount of work
present in the server just after the arrival of the customer.

Bae et al. (2002) proposed Pﬁ” -service policy as a control policy for the M/G/1 queue, and ob-
tained the distribution of the stationary workload. The policy is a modification of P} policy proposed
by Faddy (1974) to control optimally a finite dam with the flow of water into the reservoir formed
by a Wiener process. In a finite dam under Pi‘{’ policy, the release rate of water is 0 initially, and the
rate changes to M instantaneously as soon as the level reaches A. Once the dam becomes empty, the
release rate remains zero until the level A is reached again.

P’{’ -service policy can be considered as an extension of D-policy proposed by Balachandran
(1973) as a control policy for single server queueing systems. Under the policy, the server is turned
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off at the end of a busy period, waits for the workload of the server to exceed some fixed value D, and
starts the service. D-policy is identical to PT policy if we consider the level of water in a dam as the
workload of the server, and let D = Aand M = 1.

Kim et al. (2006) considered the problem of finding the optimal value of M. They considered 4
types of costs; a switching cost for increasing service rate, an operating cost incurred when service
rate is M, a holding cost per unit of workload, and a penalty cost due to being idle of the server. They
showed that there exists the unique optimal value of M minimizing sum of the costs. Lee and Kim
(2007) considered an M/G/1 queue under Pﬁ” -service policy with an exponentially distributed set-up
time. They obtained the stationary workload distribution. Applying the duality between the M/G/1
and the G/M/1 queues, Kim and Bae (2008) obtained the distribution of the stationary workload in the
G/M/1 queue under P} -service policy. When the workload capacity is finite, Hur ez al. (2006) devel-
oped an approximation method for some performance measures such as average workload, stationary
workload distribution, and blocking probability.

Lee and Kim (2006) studied a generalization of Pﬁ” -service policy, where a fast service stage
initiated by the up-crossing of level A remains until the down-crossing of level 7 instead of being
empty of the server. The service rate depends on the workload and also on the service stage, i.e., there
exist two service rate functions r;(x) for the ordinary service stage and r,(x) for the fast service stage.
Under this service policy, they obtained the stationary workload distribution in an M/G/1 queue. The
policy they considered is also a generalization of Pﬁ’fr policy proposed by Yeh (1985) as a control
policy for a finite dam. In this policy, rj(x) = 0 and ry(x) = M.

There are some studies on Pﬁ’fr
than compound Poisson processes of M/G/1 queues. Abdel-Hameed (2000) studied P%T policy in
an infinite dam when the input is a compound Poisson process with positive drift. Abdel-Hameed
and Nakhi (2006) studied the optimal control of the finite dam under P%T policy when the input is a
diffusion process and the release rate is state dependent. Abdel-Hameed (2011) analyzed an infinite
dam under Pﬁf’T policy when the input is an increasing Lévy process. Bekker (2009) considered a
single server queue under a variant of P%T policy. He assumed Lévy input processes, and the Lévy
exponents are different in each stage. He obtained the Laplace transform of the stationary workload.

Most studies on queues with workload dependent hysteretic service policy focus on obtaining a
stationary workload distribution. In this paper, we obtain the conditional sojourn time distribution of
a customer in M/G/1 and G/M/1 queues under PAM -service policy when the workload of the server
just after the arrival of the customer is given. We reveal that there is a relation between the sojourn
time of a customer and the first up-crossing time of the workload process over the level A after the
arrival of the customer. From the relation and the duality of M/G/1 and G/M/1 queues, we obtain the
conditional sojourn time distribution.

The paper is organized as follows. In Section 2, we represent the sojourn time distribution using
the conditional sojourn time distribution and the steady state distribution of the workload. In Section 3,
we show the relation between the conditional sojourn time of a customer and the first up-crossing
time of the workload process over the level A. In Section 4, we obtain the conditional sojourn time
distributions of M/G/1 and G/M/1 queues under Pﬁ” -service policy.

policy and its variants when input processes are more general

2. The conditional sojourn time

We consider a G/G/1 queuing system. Inter-arrival times of customers are independent and identically
distributed (iid) with cumulative distribution function (cdf) A(:), and amounts of work brought by
customers are also iid with cdf B(-). We assume that A(0) = 0 and B(0) = 0. Let @ and g8 denote
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expectations of the inter-arrival times and the amounts of work, respectively. We define the workload
of the server at time ¢ as the amount of work present in the queueing system at time . We choose
random a customer, and shift the arrival time point of the customer to 0. We call this tagged customer.
Let Y be the amount of work present in the server before time 0, and let W, be the amount of work
brought by the tagged customer. If we define X = Y + W, then T, the sojourn time of the tagged

customer, is defined as
!
f r(u)du = X} R
0

where r(¢) is the service rate at time t. We define T, as the conditional sojourn time of the tagged
customer when X = x.
If x > A, then the service rate is M until the system is empty. Thus,

T = min {t

T, = T x> A (2.1)
For the case of 0 < x < 4, the service rate is 1 at time 0. Depending on the evolution of the workload
process after time 0, the rate can be changed to M before the departure of the tagged customer. Thus,
T is not a deterministic function of x, but a random variable dependent on x. We denote by F'(¢|x) the
cdfof T, x > 0.
Since Y and W, are independent, the cdf of X is the Stieltjes convolution of Fy(-) and B(:), i.e.,

F(x) = fo B(x—y)dFy(y), x>0,

Then, the stationary sojourn time distribution is given by

Pr{T <1} = f ) F(t)x) dFx(x). 2.2)
0

Due to equation (2.1), T = x/M for x > A. Then, we have

00

A
Pr{T <1} = f Ftlx) dFy(x) + f 1(19) AF (%), 2.3)
0 1 M

where I(-) is the indicator function. The second term in the right hand side of equation (2.3) is
evaluated as:

Fx(Mt) — Fx(A), t

fml(% < t) dFx(x) =
A

Note that T, € (x/M, x] for x < A, which will be shown in Proposition 1. It implies that F(¢|x) = 0
for t < x/M, and that F(#|x) = 1 for t > x. The first term in the right hand side of equation (2.3) is
evaluated as:

A
2_’
M
A
0, < —
M

FX(/l), t Z /l,

A
F dF — MINA
| rawaro =1, [ Fawar.  r<a
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where Mt A A means min{Mt, A}.
The sojourn time distribution is obtained by conditioning on the value of X as follows. From the
above, we can see that for t < A/M,

Mt
Pr{T <t} = Fx(t) + f F(t|lx) dFx(x),

and for A/M <t < A,
y
Pr{T <t} = Fx(t) + f F(t|x) dFx(x) + Fx(Mt) — Fx (),

and fort > A,

Pr{T <t} = Fx(My).

3. The first upcrossing time over the level 4

Let W;, i = 1,2,..., be the amount of work brought by the i customer after time 0, and U;, i =
2,3,..., the inter-arrival time of the (i — 1)"* and i"* customers. U; denotes the arrival time of the first
customer after time 0. Then, A(-) is the cdf of W;,i = 1,2,...,and B(:)isthe cdfof U;,i = 1,2,....
We consider the following process, for 0 < x < 4,

N(t)
X(t)=x+ZW,-—t, t>0, (3.1)
i=1

where N(7) is the number of customers arrived during (0, 7], and N(0) = 0. Then, {X(¢), 7 > 0} is the
workload process of the queueing system until it crosses up the level A or becomes to be negative.
Note that the process {X(¢), # > 0} is right-continuous.

The first up-crossing time over the level 4 is defined as

T, =inf{t >0: X(@®) >}, O0<x<A (3.2)

For x > A, we let 7, = 0. The assumption of B(0) = 0 says that there is no arrival except the tagged
customer at time 0, and that for 0 < x < A, 7, > 0 almost surely. We denote by G(f|x) the cdf
of 7,. Then, G(0|x) = 0 for 0 < x < A. From the following Proposition 1, we can see that it is

sufficient to obtain the explicit form of G(#/x), 0 < x < A, in order to obtain the conditional sojourn
time distribution F(¢]x).

Proposition 1. For 0 < x < A, the support of T is (x/M, x]. The distribution of T is given by
Pr{T, = x} = 1 — G(x|x), (3.3)

and

F(tIx)zG( - X x), X cr<n (3.4)

(- 3)

M-1 M M

Proof: Suppose that 0 < x < A. If 7, > x, then the service rate during [0, x) is 1. The amount of work
served during the time interval is x, which means that 7, = x. Conversely, the event {T, = x} implies
that 7, > x in the same reason. Thus, we can see that

Pr{T, = x} = Pr{t, > x}, (3.5)
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which gives equation (3.3).

If 0 < 7, < x, then the amount of work served during [0, 7,] is 7,. After time 7,, (x — 7,) amount
of work needs to be served before the completion of the service for the tagged customer. Therefore,
we have

T:=1+

M
x M-1 (3.6)

=M+ Vi Tx.

From equation (3.6), we can see that T is an increasing function of 7, and has values in (x/M, x) for
0 < 7, < x. equation (3.4) follows from equation (3.6). Since 7, > 0 almost surely, we can see that
the support of T is (x/M, x]. ([l

From equations (3.5) and (3.6), it follows that for 0 < x < 4,

M-1

T, = i

+

Ty A X,

NE

which gives

x M-1
ElT]= =+
M M

(Eltalty < x] Pr{7y < x} + xPr{r, > x}).

To obtain another representation of 7, in equation (3.2) for 0 < x < A, we consider the following
random walk {S,,n =0, 1,2,...} associated with the G/G/1 queue:

So=x,

X+zn:Wi—Ui, i=1,2,....

i=1

Sn

Since we have assumed that the tagged customer arrives at time O and the inter-arrival times are
Ui, U, ..., the arrival time of the n customer after time 0 is t, = Y.}, Uy for n > 1. From equation
(3.1), it follows that

S,=Xt), n=0,1,2,...,
where ty = 0. Therefore, for an n, §,, > A if and only if X(z,) > 2. We define
N =min{n>0:5, > A4}. (3.7
Then, the process {X(7), t > 0} crosses up the level A first at time 7y, i.e.,

T, = Z U, (3.8)

N
i=1

The first up-crossing time over the level A is related to the initial busy period of a dual queue of
the G/G/1 queue. In the dual queue, there is A — x amount of work before ¢ = 0, and the first customer

arrives at time 0. The n™ customer arrives at 7, = Z,’Qf W, n =2,3,...,1ie., inter-arrival times of



448 Sunggon Kim

customers are Wy, Wy, . ... The amount of work brought by the n™ customer is U,, n = 1,2,.... The
dual queue is a G/G/1 queue with initial workload A — x, where the inter-arrival times are iid with cdf
B(+) and amounts of work brought by customers are iid with cdf A(-). The initial busy period means
the period from time O to the first epoch of being empty of the server. Applying the argument used in
Cohen (1969) and Prabhu (1997), we show that 7, can be represented using the length of the initial
busy period of the dual G/G/1 queue as follows.

Proposition 2. Let 7, be the length of the initial busy period of the dual G/G/1 queue when there
is y amount of work in the dual queue before t = 0. Then, for 0 < x < A4,

Ty =4 Ta—x — (A = X), (3.9)
where =4 means the same in distribution.

Proof: Suppose that 0 < x < A. We consider the following process:

N@)
X(r):A—HZU,-—t, t>0,

i=1

where N(7) is the number of customers arrived during [0, #] in the dual queue. From the definition of
the dual queue, N(0) = 1. We can see that X(¢) is the workload of the dual queue at time ¢ during
the initial busy period. The process {X(¢),¢ > 0} is a right continuous process with left limit. Since
I, = ;’:_]1 Wi,n=2,3,..., we have

n—1
X(fn—)z/l—x+ZUi—W,-, n=23,....

i=1

If X(7,—) > 0 for i < n, then the initial busy period of the dual queue continues after time 7,. Let N be
the number of the customers served during the initial busy period. Then, X(7,—) > 0 for n < N, and
X(#,—) < 0 for n = N + 1, which implies

N=min{n >0:1-x+ U;,— W; <0}. (3.10)

i=1

By comparing equation (3.10) with equation (3.7), we can see that N and N have the same distribution.
Since the length of the initial busy period of the dual G/G/1 queue is equal to the amount of work
served during the initial busy period, we have

N
Frox :/l—x+ZUi. @3.11)
i=1

Applying above equation to equation (3.8) completes the proof. (|
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4. Conditional sojourn time distributions in M/G/1 and G/M/1 queues

Suppose that the customers arrive according to a Poisson process with rate v, i.e., v = 1/a and
A(x) = 1 —e™,x > 0. Then, the explicit form of G(f[x), 0 < x < 4, is given in the following
proposition.

Proposition 3. Suppose that A(x) = 1 — e, x > 0, and define

o ()
e k!

where B"(-) is the n-fold Stieltjes-convolution of B(-). Then,

Hu,f) = e B (u),

!
G(tM)zl—% f H(u,t)du,
0

and for(0 < x < A,

G(t|x)=1—H(/l—x+t,t)+f ﬁ(f_uH(y,t—u)dy)duH(/l—x+u,u). 4.1)
o I— 0

Proof: We can rewrite 7, in equation (3.2) as: for 0 < x < 4,

T, =inf{t > 0: A - X(1) < 0}

N
:inf{t>0:/l—x+t— W,~<O}.
i=1

We denote 1 — x + ¢ — Zfi <1’) W; by Y(#), t > 0. Then, {Y(¢¥),t > 0} is a Cramér-Lundberg surplus
process with initial surplus 4 — x and premium rate 1. Then, 7, is the time to the ruin of the process
{Y(?),t > 0}, and G(#|x) is the cdf of the ruin time. An explicit form of it is given in Asmussen (2000,
pp-104-106), which completes the proof. O

In equation (4.1), d,H(A — x + u, u) means H(A — x + du, u). Note that H(u, 1) = Pr{3*" W; < u},

i.e., for t > 0, H(u, t) is the cdf of the total amount of work arrived during (0, #]. Clearly, it has a point
mass H(0,7) = e at 0. When B(-) has a density b(-), the total amount also has the density given by

h(u,t) = 0H(u,1t)/0u, i.e.,
N O
h(u, t) = Z ¢ W,
k=1

where b®(x) is the k-fold convolution of b(x), i.e.,

bV (w) = b(u),

bP(u) = f b* V- yb(y)du, k> 2.

0

In this case, equation (4.1) is rewritten as:

f
1
G(tlx)zl—H(/l—x+t,t)+f—
0 r—u

(f_uH(y,t—u)dy)h(/l—x—i-u,u)du.
0
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By change of variable w = ¢t — u, we have
!
G(tlx)=1-HQ—-x+1,1)+ f R = x + w, w)e ™ dyw
0

+f lh(z‘—w+/l—)c,t—w)(j‘wyh(w—y,w)dy)dw. “4.2)
0w 0

The above form of G(#|x) is also obtained by Stadje and Zacks (2003) in a different manner from
Asmussen (2000). Let g(#|x) be the probability density function of the conditional sojourn time 7',. To
obtain g(#|x) from equation (4.2) is not easy. Stadje and Zacks (2003) also obtained the explicit form
of g(t]x) as:

A—x+t
gtlx) =ve Bl —x+1) + vf h(u, ) B —x +t — u)du
0

-y f WA = x +u,w)e”” "Bt — u)du — v f i f u(u — Wh(y, u)B(u — y)dydu. (4.3)
0 0 0

Applying Proposition 3 to Proposition 1, we obtain F(#[x) for 0 < x < A. Since the tagged
customer is chosen randomly, the system is in the stationary state at the arrival of the tagged customer
due to the property of PASTA. It implies that Y follows the stationary workload distribution. An
explicit form of Fy(:) is obtained by Bae et al. (2002).

Now, we consider the case that the amount of the work brought by customers are exponentially
distributed, i.e., B(x) = 1 — ¢ x > 0. In Section 2, we have assumed that the tagged customer
arrives at time 0 and the workload of the server just after the arrival of the tagged customer is x. Then,
the queueing system under consideration is the G/M/1 queue with X(0) = x. The dual queue of the
G/M/1 queue is an M/G/1 queue with initial workload A — x, which is defined in Section 3. The
Laplace transform and the cdf of 7, the length of the initial busy period of the dual M/G/1 with
y = A — x, is obtained in equations (4.94) and (4.95) of Cohen (1969, p.261), respectively, as:

-7y 1 (J/(S) )}
E v = — — s, 4.4
[e ] €xXp { y (S + 4.4)

where ¥(s) is the Laplace transform of the length of the initial busy period of the dual M/G/1 with
y = 0, i.e., the length of the ordinary busy period, and

o k
Zf e_és—(X)dsBk*(s—y), t>y,
y

Pri7, <1} ={ & Bk! \s (4.5)
0, <y,
where B%(-) is the Heaviside step function. Proposition 2 says that
E[e™™] = " VE[e™],
and that G(#|x) = Pr{7,_y <t + A — x}. Then, from equations (4.4) and (4.5), we have
E[e™™] = exp {—(/l A _[f(s)} , (4.6)
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and

© k
_stx (§+ A — X) ( A—x ) s
G(tlx) = B dB™(s), t>0. 4.7
(tlv) gofoe T oy LA 47)
Applying equation (4.7) to Proposition 1, we obtain the conditional sojourn time distribution of a
customer in the G/M/1 queue with P}/ -service policy.
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