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ABSTRACT. The dual singular function method(DSFM) is a numerical algorithm to get opti-
mal solution including corner singularities for Poisson and Helmholtz equations. In this paper,
we apply DSFM to solve heat equation which is a time dependent problem. Since the DSFM
for heat equation is based on DSFM for Helmholtz equation, it also need to use Sherman-
Morrison formula. This formula requires linear solver n 4 1 times for elliptic problems on a
domain including n reentrant corners. However, the DSFM for heat equation needs to pay only
linear solver once per each time iteration to standard numerical method and perform optimal
numerical accuracy for corner singularity problems. Because the Sherman-Morrison formula is
rather complicated to apply computation, we introduce a simplified formula by reanalyzing the
Sherman-Morrison method.

1. INTRODUCTION

In order to deal with corner singularity solution, let the computational domain €2 be an open
and bounded concave polygon in R?. We assume that §) has one reentrant corner for simple
explanation. It can be readily applied on multiple reentrant corner domain and is performed
in §4. The goal of this paper is to construct the dual singular function method to solve heat
equation:

ur — pAu = f in Q,

u=g¢g on Of), (I.1)

with given initial value u(t = 0,x) = h(x) in © and thermal diffusivity ;1 > 0. Although
the given function f is very smooth, the solution of (1.1) have singular behavior near the reen-
trant corner. This corner singularity make lose accuracy of numerical solution throughout the
whole domain. To overcome this difficulty, there are several primary ways. One is locally
adaptive mesh refinement or moving mesh technique. Other ways are so called Singular Func-
tion Method (SFM) (see, e.g., [9]) and Dual Singular Function Method (DSFM) constructed in
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[1, 2,7, 8]. DSFM for Poisson equation has been introduced in [3, 4] and then it is extended to
solve Helmholtz equations in [10]:

—puAu+ku=f in Q,

u =g on Of. (1.2)

Because it is known in [5] that the singular function of heat equation (1.1) can be written by
a linear combination of that of Helmholtz equation (1.2), we can construct DSFM to solve
heat equation (1.1) by combining a time discrete scheme and results in [10]. DSFM has to use
Sherman-Morrison formula which requests linear solver 2 times for any elliptic problem, but
DSFM for heat equation does not need linear solvers per time iteration cost to standard nu-
merical algorithm. Because the Sherman-Morrison formula is rather complicated to apply real
computation, we introduce a simplified version by reanalyzing the Sherman-Morrison formula.

This paper organized as follows. In section 2, we summarize the results of DSFM for
Helmholtz equation in [10], and we establish the relationship between regular part of the solu-
tion and discrete singular functions by analyzing Sherman-Morrison formulation (see Theorem
2.4). We will construct DSFM to solve heat equation (1.1) in section 3 and present several nu-
merical results in section 4.

2. DUAL SINGULAR FUNCTION METHOD TO SOLVE HELMHOLTZ EQUATION

We denote 9S) = I';;, U I'pye, where Iy, is part of boundary including reentrant corner and
Lout = 092 — T'y,. Let w be the internal angle of 1';, satisfying m < w < 2. The singular and
the dual singular functions of Poisson equation are summarized in [3, 4] as

sp(r,0) :=r™“0(0) and spy(r,0) :=r""/“O(h), (2.1)
where
©(0) = ccos(ab) + dsin(ab). (2.2)
We note that ¢ and d will be determined to hold the boundary conditions of « near the corner
on I';,,. We introduce the following lemma in [3].

Lemma 2.1. The functions sp and spg is harmonic functions.

The singular function sy € H'(2) and the dual singular function sz74 € L?(£2) of Helmholtz
equation (1.2) have to satisfy

—ulAsg+ksg =0 and — pAsgg+ kspqg = 0. (2.3)

The functions are written by power series

su(r,0) = (1 + Z e H s a)r2i> o(0) (2.4)

and

spa(r,0) =1 (1 + Z T H e )7«2") o(h), (2.5)
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where O(#) is defined in (2.2). We note here sy7g ¢ H' (). Because r° is in H2(Q) if 8 > 1,
the singular parts of (2.4) and (2.5) are only

S(r,0) :==r™“0(0) and Sy(r,0) :=r""/“O(h). (2.6)

So we can define singular and dual singular functions as in (2.1). We note here that S(r, 0)
and Sy(r,#) are not satisfying (2.3) and it is an obstacle to construct DSFM for Helmholtz
equation.

We need to use a cut-off function to be 0 boundary condition, because S(r,#) and Sy(r, 6)
of (2.6) is not 0 on I',,;;. To do this, we use notation

B(ri;re) ={(r,0) :r1 <r <rgand 0 <60 <w}NQ.
We now define smooth cut-off function 7, as
1 in B(0;3p),
no(r) =1 »(r) in B(gp;p), 2.7)
0 in Q\B(0; p),
with p(r) is a very smooth function and p is a parameter determining the range of p(z). Then
the solution u of (1.2) can be rewritten by
u=w+ an,s, (2.8)

where « is called the stress intensity factor and w € H?(S) is regular part of solution. The
main idea of DSFM is to find o and w instead of computing u ¢ H?(€2). We start to construct
DSFM with rewriting the Helmholtz equation by inserting (2.8) into (1.2)

—pAw + kw + o —puln,S + knpS) = f in Q,

w=g¢g on . (2.9)

Since 1), equals 0 identically in I',,; and S = 0 on I';,, the function 77,us becomes 0 on 9f).
So u and w have same boundary values. To derive DSFM for heat equation, we test (2.9) by
v € H} to get

(Vw, Vo) + (kw, v) + a (—pln,S + kS, v) = (f, v) . (2.10)
The variational formulation (2.10) has 2 unknowns (w, «v), so we need one more equation and
the equation is

e a single equation, because « is a real number.
linearly independent to above system.

not disappeared o.

computable near the singularity corner.

So we test with the dual singular function Sy(r,6) ¢ H*(Q) to obtain
(—pbw + kw, n2pSa) + a (—pln,S + knpS, m2pSa) = (f , 12pSa) - (2.11)

We have a crucial lemma which is proved in [10].

Lemma 2.2. Dual Singular function S has the following properties.
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1. S5; € L? and Sy ¢ H'.
2. (=A@, m2pSd) = (¢, —An2pSa), forall € H.

In conjunction with Lemma 2.2, (2.11) can be re written by

1

= E(ﬁf —(w, —puAn2pSaq + kSa)), (2.12)

S

where 3y = (—pAAn,S + kS, 12,Sq) and 5y = (f, 12,54). DSFM is an algorithm to solve
the system (2.11) and (2.12).

In order to construct fully discrete algorithm of the system, we introduce finite element space

V= {’Uh € H&(Q) : Uh‘[( S P(K) VK € T},

where P(K) is a polynomial function space degree < p. In light of inserting « in (2.12) into
(2.11), the discrete system becomes wy, € V}, and oy, € R satisfying, for all v, € Vj,

a

1
(Vwp,, Vop) — — (wp , —pp2pSq + knopSa) (—pln,S + knpS , vp)

Bs 5 (2.13)
+ (kwp , vn) = (f , vn) — Bff (—nls1pS + knpS, vp) -
The matrix form of (2.13) is
(A4 abD)wy, = F, (2.14)

where the matrix A is the discrete linear operator of the Hehmholtz equation. Also a, b* and
F'in are generated by (—pAn,S + kn,S , vg), i (W, —pA12,Sq + knopSa) and (f , vp) —

g—f (—pAnpS + kn,S , vp), respectively. The linear system (2.14) can be solved by the Sherman-
Morrison formulation in [6]:
A labT AT
A+abt)yt=at - — — —_ 2.15
(4 +ab7) a+bTA1la @.15)

The well posedness of (2.13) has been proved and obtain the following finite element approxi-
mation in [10].

Theorem 2.3. Let (w, ) be the solution of (2.9) and w € H*(Q) N H}(Y). And let (wp,, ap,)
be the solution of the system (2.12) and (2.13). Then there exists a positive constant hg such
that h < hy, for all h, satisfying

lw —wnlly < ChlIfllo,  w—whlly < CA| flo,

oo — ap| < CR| ]l

The Sherman-Morrison formulation (2.15) is crucial to solve (2.14), but (2.15) requires lin-
ear solver 2 times and is rather complicated to apply to real computation, especially multiple
singularities problems and time evolution problems like heat equation. So we reanalyze the
Sherman-Morrison formulation (2.15) with solutions up, and zp, of

<vuha vvh> + <kuh7 Uh> = <fa Uh> ) V’Uh € Vh’ (216)
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and
(Vzp, Vop) + (kzn , vn) = (—pdneS + knpS , vp) , Vo € Vp, (2.17)
receptively. Then we arrive at the following result.

Theorem 2.4. If we define (), = (vy, , —ptA12,Sq + kn2pSa), for any function vy, € Vi, then
wp, which is the solution of (2.13) is

5]” Cuh >
wp, = Up, — Zh (2.18)
( /BS (Zh
Proof. In light of definition of ¢y, , (2.13) can be rewritten by, for all v, € V},,
(Vwy , Vop) + (kwp , vp) — CBS (=nlnpS + knpS , vn)
By
=(f, vn) - B (=plnpS + knpS , vp) -
Since bT A~ F € R, the Sherman-Morrison formulation (2.15) yields
—1, 3T g—1
wp = AVF — A" ab A
a+bTA-1la
T o1 (2.19)
= AP - vAr ~la
B 1+bTA g ’
From (2.16) and (2.17),
By
AR =y, — —zh
Bs
Also, A~'a = z;, and b1y, = —Cv,, / Bs. for vp, € Vj, implies that
_ — —Su B
M A= G, /. and VTATF = + e,
Therefore, (2.19) becomes
G B
. _ & . 5: + Fé(zh
Wy = Up, Bth —1_4@ Zn
Bf BsCuh _Bfgzh)
=up,—|————"——""| 2z,
</83 Bs(ﬁs - Czh)
< 65 (/85 - Czh> /35 <zh
the proof is complete. U

We so construct the following DSFM using (2.4).

Algorithm 1 (FE-DSFM for Helmholtz equation). Let wy, be discrete smooth part and let avy,
be discrete stress intensity factors in (2.13).



106 D.-K. JANG AND J.-H. PYO

Step 1: Find (uy, 25,) as the solution of (2.16) and (2.17).
Step 2: Compute wy, by (2.18).
Step 3: Compute o, by second part of (2.13).

We now apply Algorithm 1 to more complicated problem including several reentrant corners.
The solution u can be expressed by

n
uw=w+ Y mSi,
i=1
and the Helmholtz equation becomes

—lqu + kw + Z Oéz ,UATIpzS + k"?pz 1) f in Q

gt (2.20)

w=g on 0N.

We can choose cut off functions 7,; and 72,,; to have mutually disjoint support to hold
(—AnpiS; + kSi , m2p5Sq;) = 01if @ # j. In light of testing (2.20) by 72,;S4;, we readily

obtain
oy =

5. (sz (w, —pAN2piSai + kSqi)). (2.21)

The finite element weak form of system (2.20) and (2.21) is to find wy, € Vj and ap; € R,
1 =1---n, satisfying, for all v, € V},

(Vwy , Vop) + (kwp,, vp) + Zahi (=nlnpisSi + knpiSi s vn) = (f 5 vn)
— (2.22)
1
Qi = F(ﬁfz' = (wn, —plnnpiSai + knpiSai)),

and its matrix form becomes .
(A+) aib"yw, = F
i=1

Let v, = (Un, —1AN2piSqi + kSqi) and z;;, be the solution of

(Vzin, Von) + (kzin , vn) = (—ulnpiSi + knpiSi , vp) , Yop € V. (2.23)
In conjunction with Theorem 2.4, w;, would be
wy, = up — Z <5fl C“h> Zih- (2.24)
i=1 /BS’L gzlh

Finally we arrive at DSFM to solve Helmholtz equations (1.2) on domain 2 including several
reentrant corners.

Algorithm 2 (Multiple singularities version of Algorithm 1). Let wy, be discrete smooth part
and let o, be discrete stress intensity factors of «;

Step 1: Find uj and z;,, ¢ = 1...n, as the solution of (2.16) and (2.23).
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Step 2: Compute wy, by (2.24).
Step 3: Compute o, by second part of (2.22).

3. DUAL SINGULAR FUNCTION METHOD FOR THE HEAT EQUATION

In this section, we extend Algorithm 1 to solve the heat equation (1.1) using the backward
Euler time discrete formula (BDF1) and the second order backward Euler time discrete formula
(BDF2). We first consider BDF1 for heat equation:

n+l _ ,n

u u _ IU,Aun—’_l — f’n'i‘l. (31)

We already know in [5] that the form of singular solution is same to that of Helmholtz equation.
It means that the solution of (1.1) can be expressed by

u(z,t) = w(z,t) + a(t)n,S, (3.2)
and (3.1) can be rewritten by
(w" T — prAw™) £ @™t (n,S — prAn,S) = 7T 4w + a™p,S. (3.3)

Since (3.3) and (2.9) have similar expression, the same strategy to Algorithm 1 leads us the
solver of (3.3): find w”Jrl €V}, and a”“ € R satisfying, for all v, € V},

uT <VwZ+1 Vo) + <w"+1 h) + anH (NpS — pTAn,S , vp)
=T <f"+1 vh> (Vwy, , Vup) + o (0,5, va)

Cm-‘r ﬂs ( Bn-‘rl <wn + annps’ 772de> — Cwn+1> y

/Bs = <np5 - MTATIPS7 772de> ; n+1 <f tn+ 772de>>

Cunrr = (W' 02, Sq — uTAnszd> :
The matrix form of the system becomes (2.14) and it can be solved by (2.15). To construct
algorithm for heat equations, we denote zj be the solution of

put (Vzy, Vop) + (zn, vn) = (=1 A0S + 1,5, vp) , Yo, € V. (3.5)

Then we arrive at DSFM with BDF1 scheme to solve heat equation.

34

where

Algorithm 3 ( FE-DSFM with backward Euler for Heat equation). Let z; be the solution of
(3.5) and set uA?L =0, Repeatfor1 <n < N:

Step 1: Find UZ—H as the solution of

uT <Vu2’+1, Vvh> <u2+1, vh> =T <f”+1 , vh> + (uy , vp), Yo € V.

Step 2: Compute w"Jr1

An —
wZJrl UZJrl B (Tﬁf + <uhﬁa 772pgsd> CUZH) .
s = Szp
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Step 3: Compute aZH by second part of (3.4).
Step 4: Update ;"' = w4 o} t1n,S.

Remark 1. The Sherman-Morrison formulation (2.15) requires to solve linear system 2 times
for Poisson and Helmholtz equations, but Algorithm 3 need to apply linear solver only 1 at each
iteration, so this algorithm use same linear solvers per each time iteration to standard method.
And Algorithm 3 has optimal accuracy behavior for corner singularities problem, in contrast

standard numerical method.

We now construct DSFM for heat equation with backward Euler formula (BDF2) time dis-

cretization:
3un+1 — 4y + un—l
27
By the same manner with the case BDF1, (3.2) leads us

o ,uAu”H — fn+1.

3w — 2pr Aw™t 4+ o™ (31,5 — 2uTAn,S)
= 27" A" + a™ppS) = (W' + e i, S),
and testing (3.6) with v, € V3, and with 72,;54; yield
2uT <Vw2+1 , Vop) +3 <w2+1 , Un) + a1 (30,8 — 2uTAn,S , vp)
=927 <f”+1 , Up) + 4A((Vwyp , Vo) + of (0,5, vg))
— (<Vw2_1 , Vvh> + a’,f_l (npSs vn)), Yon, € Vi,

1
aZ—H — 7(F;;+1 _ ngﬂ),

Bs

where
Frh =27 (f™ mo,Sa) + 4((w™ , m2pSa) + " (1,5, n2p5a))
— (<wn_1 , 772de> +a" ! <77p57 n2psd>)v

Cunt1 = <w"+1, 31204 — QMTAngde> and B = (31,8 — 2utAn,S , 12,54) -

Since this system also constructs a linear system of the form
(A + ab)wy, = F,
we can find wy, by Theorem 2.4, that is
Fn+1 - C n+1
h u
wn—H _ un+1 o h 2
h h 58 - Czh ’

where 2z, is the solution of

2ut (Vap, Vop) + 3 (2n, vn) = (=2u1Ln,S + 30,5, vp) , Yo € V.

(3.6)

3.7

(3.8)
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If we denote uj = wj +ajn,S and ﬂz_l = wz_l +o/,;—177ps, then uZ'H becomes the solution
of, for all v;, € V},,
2uT <Vu2+1 Vvh> + 3< ntl vh>
=27 (" up) 4@, o) — (T o).
Finally, we arrive at BDF2 DSFM to solve heat equation (1.1).

(3.9

Algorithm 4 ( FE-DSFM with BDF2 for Heat equation). Let w”+1 be discrete smooth part
and ah+1 be discrete stress intensity factors of «/(t) of n + 1 step. Initially given u?, set w,%b
and ah using the backward FE-DSFM. Repeatfor 1 <n < N

Step 1: Find u”+ as the solution of (3.9).
Step 2: Compute wi ! by (3.8).
Step 3: Compute a"+1 by second part of (3.7).

4. NUMERICAL TEST

In this section, we document the computational performance of each algorithm within a
polygonal domain with reentrant corners. We use cut-off function in (2.7) with

158 4r 4r 3 1/4r 5
R GRCRURH RO RHCEON)
p(r) 16{15 (p 305 5\p
All computations are performed with the conforming P; finite element and 6 points quadrature
rule.

Example 4.1. We consider Helmholtz equations (1.2) on the I" shape computational domain
([-1,1] x [=1,1]) ~ ([0, 1] x [—1,0]). We choose the smooth part of the solution as

{ sin(2r2)(1/2y% +y)(y* — 1), (y <0)

sin(2m2)(=1/2y° +9)(y* = 1), (y >0),
and set the exact solution
u=w+ an,S
with o = 3.0 and p = 0.4. Also, the singular function S is given by

S(r,0) = r™/* sin(zﬂ)

w

with w = %77. The forcing term f is determined to become k£ = 1.0 and v = 1.0.

Table 1 is the error decay of the standard finite element method for Example 4.1. The losing
convergence orders is natural behavior because of u ¢ H?({2). Table 2 is the error decay of the
DSFM with Algorithm 1 and displays optimal error decay in contrast with results in Table 1

The next example is a multiple corner singularities case.
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TABLE 1. Error table for Example 4.1 with Standard FEM.

llw —unll Hu — un|l llu — unlly
h Errors Order Errors Order Errors  Order
1/8  7.162e-02 1.065e-01 1.604e-00

1716  2.502e-02 1.52 3.922e-02 1.44 6.641e-01 1.27
1732 7.051e-03 1.83 2.460e-02 0.67 2.183e-01 1.60
1/64  2.120e-03 1.73 1.573e-02 0.64 8.899e-02 1.29
1/128 6.745e-04 1.65 9.932¢-03 0.66 4.868e-02 0.87
1/256 2.372e-04 1.51 6.263e-03 0.67 2.980e-02 0.71

TABLE 2. Error table for Example 4.1 with Algorithm 1.

llw —wnll, [ {w — wall, |lw —wnll, o —
h Errors Order Errors Order Errors Order Errors  Order
1/8 2.312e-02 1.085e-02 1.879e-01 3.639¢-03

1/16 5.974e-03 1.95 2.713e-03 2.00 5211e-02 1.85 2.081e-03 0.81
1/32 1.506e-03 1.99 6.785e-04 2.00 1.502e-02 1.80 5.095e-04 2.03
1/64 3.773e-04 2.00 1.696e-04 2.00 4.567¢-03 1.72 9.663e-05 2.40
1/128 9.437e-05 2.00 4.239¢-05 2.00 1.464e-03 1.64 2.484e-05 1.96
1/256 9.360e-05 2.00 1.060e-05 2.00 4.884e-04 1.58 5.627e-06 2.14

Example 4.2. Let the computational domain be ([—2,2] x [-2,2]) ~\ ([-1,1] x [-1.1]) in-
cluding 4 reentrant corners. Let smooth part of the solution be given by

sin(mz)(1/2y° +y)(y + Dy +2), (y<0)
sin(ra)(—1/2y° + y)(y — Dy —2), (y>0).

In this experiment, we choose £ = 1.0, v = 1.0 and set the forcing term f to be the exact
solution

u = w + a1n,151 + a2mp252 + a3np3S3 + anpaSy,

where p; = p2 = p3 = p4 = 0.4 and stress intensity factors a; = —1.0, ao = 2.0, a3 = —3.0
and oy = 4.0.

Table 3 is the mesh analysis of Algorithm 2 which is based on (2.24). This results also
display optimal error decay rates.
We now perform numerical simulations for the heat equations.

Example 4.3. We consider heat equation with I" shape computational domain ([—1, 1] x
[—1,1]) ~ ([0,1] x [—1,0]). We use ¢ as time variable and we perform Algorithms 3 and
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-2 -1 0 1 2

FIGURE 1. Domain, mesh and nm-SZ-, (2 =1---4) for Example 4.2

TABLE 3. Error table for Example 4.2 with Algorithm 2.

llw —wnll [ {w — wall, lw—wal,  Xiey lai — ainl
h Errors Order Errors Order Errors Order Errors  Order
1/4  5.984e-02 1.442¢-02 3.938e-01 4.322e-02

1/8 1.642e-02 1.87 3.976e-03 1.86 1.280e-01 1.62 2.878e-02 0.59
1716  4.175e-03 1.98 9.890e-04 2.01 4.058e-02 1.66 4.921e-03 2.55
1/32  1.047e-03 2.00 2.516e-04 1.98 1.328e-02 1.61 8.64%¢-04 2.51
1/64 2.626e-04 2.00 6.315e-05 1.99 4.485e-03 1.57 2.715e-04 1.67
1/128 6.562e-05 2.00 1.582e-05 2.00 1.545e-03 1.54 6.048e-05 2.17

4 with smooth part of solution
sin(t) sin(2m2) (1/2y% + y) (v — 1), (y <0)
sin(t) sin(2rz)(—1/2y% + ) (y* — 1), (y >0),

and exact solution
u=w+exp(t)n,S in[0,1] x Q,
where p = 0.4 and forcing term is also determined by v = 1.0. In this example, the stress
intensity factor depends on variable ¢ and Tables 4~6 are mesh analysis at ¢ = 1.
Since backward Euler method is only 1st order scheme for time, we set 7 = 16h? to check
the optimal convergence rates and Table 4 shows the optimal results of Algorithm 3.

We apply the BDF2 time discretization scheme, Algorithm 4, for the same example. Since it
is second order method, we set 7 = %h, and so this computational cost is much more effective
than Algorithm 3.

Table 5 is results of the standard finite element method with BDF2 time discretization for
Example 4.3. Since u ¢ L?([0, 1] : H?), the errors do not decay with optimal order.
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TABLE 4. Error table for Example 4.3 with Algorithm 3.

llw —wnll, [ {w — wal|, lw —wnll, lov — aun
h T Errors Order Errors Order Errors Order Errors  Order
1/8 1/4  2.009e-02 1.032e-02 1.615e-01 6.415e-03

1/16  1/16  5.205e-03 1.95 2.600e-03 1.99 4.475e-02 1.85 6.552e-04 3.29
1732 1/64 1.314e-03 1.99 6.520e-04 2.00 1.284e-02 1.80 1.798e-04 1.87
1/64  1/256 3.293e-04 2.00 1.634e-04 2.00 3.887e-03 1.72 7.150e-05 1.33
1/128 1/1024 8.236e-05 2.00 4.085e-05 2.00 1.240e-03 1.65 1.733e-05 2.04
17256 1/4096 2.060e-05 2.00 1.021e-05 2.00 4.126e-04 1.59 4.825¢-06 1.84

TABLE 5. Error table for Example 4.3 with Standard FEM with BDF2 time discretization.

llw —unlly 1w — un|l llu —unll,
h T Errors Order Errors Order Errors  Order
1/8 1/16 6.447e-02 9.646e-02 1.452e-00

1/16  1/32 2.254e-02 1.52 3.551e-02 1.44 6.013e-01 1.27
1/32  1/64 6.361e-03 1.83 2.228e-02 0.67 1.977e-01 1.60
1/64 1/128 1.916e-03 1.73 1.425e-02 0.64 8.061e-02 1.29
17128 1/256 6.101e-04 1.65 8.999e-03 0.66 4.410e-02 0.87
17256 1/512 2.148e-04 1.51 5.675e-03 0.67 2.700e-02 0.71

TABLE 6. Error table for Example 4.3 with Algorithm 4.

lw —wll [{w — wall, lw —wnll lov — aun
h T Errors Order Errors Order Errors Order Errors  Order
1/8 1/16 1.956e-02 9.283e-03 1.587e-01 2.984e-03

1/16  1/32 5.057e-03 1.95 2.324e-03 2.00 4.402e-02 1.85 1.738e-03 0.78
1732 1/64 1.275e-03 1.99 5.813e-04 2.00 1.267e-02 1.80 4.257e-04 2.03
1/64 1/128 3.195e-04 2.00 1.453e-04 2.00 3.851e-03 1.72 8.058e-05 2.40
1/128 1/256 7.990e-05 2.00 3.632e-05 2.00 1.233e-03 1.64 2.072e-05 1.96
1/256 1/512 1.998e-05 2.00 9.079-06 2.00 4.113e-04 1.58 4.690e-06 2.14

Table 6 is error table for Algorithm 4 for Example 4.3 and the errors converge to 0 with
optimal rate. So we can conclude that DSFM for heat equation has optimal convergence rate
for corner singularity problems.

Finally, Figure 2 is error evolutions of smooth part of u on the L? space and errors of stress
intensity factors. It displays smooth error propagation on time.
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FIGURE 2. Error evolution of Example 4.3 with Algorithm 4.
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