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TWO VARIABLE HIGHER-ORDER FUBINI POLYNOMIALS

DAE San KiMm, TAEKYUN KiMm, HYuck-IN KwoON, AND JIN-WOO PARK

ABSTRACT. Some new family of Fubini type numbers and polynomials
associated with Apostol-Bernoulli numbers and polynomilas were intro-
duced recently by Kilar and Simsek ([5]) and we study the two variable
Fubini polynomials as Appell polynomials whose coefficients are the Fu-
bini polynomials. In this paper, we would like to utilize umbral calculus
in order to study two variable higher-order Fubini polynomials. We derive
some of their properties, explicit expressions and recurrence relations. In
addition, we express the two variable higher-order Fubini polynomials in
terms of some families of special polynomials and vice versa.

1. Review on umbral calculus

The aim of this paper is to apply umbral calculus in order to study two
variable higher-order Fubini polynomials. For this, we need to go over some
of the basic facts about umbral calculus. For a complete treatment, one may
want to see [10].

Let C be the field of complex numbers. By F we denote the algebra of all
formal power series in the variable ¢ with the coefficients in C :

F= f(t):Zaky ar € C
k=0 ’

Let P* denote the vector space of all linear functionals on P. Here P = C[z]
is the ring of polynomials in « with the coefficients in C. For each L € P*, and
each p(z) € P, by (L|p(x)) we denote the action of the linear functional L on
p(z). For f(t) = > po, ak% € F, we let (f(t)]-) denote the linear functional
on P given by

(f()|2") = an, (n=0), (see [2,6,8,11]).

For L € P*, let fr(t) = 350, (L|2*) & € F. Then (fr(t)|a") = (L|2™) for
all n > 0, and the map C' +— f(t) is a vector space isomorphism from P* to
F. Then F may be viewed as the vector space of all linear functionals on P as
well as the algebra of formal power series in ¢. Hence an element f(¢) € F will
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be thought of as both a formal power series and a linear functional on P. F is
called the umbral algebra, the study of which is the umbral calculus.

The order o(f(t)) of 0 # f(t) € F is the smallest integer k such that the
coefficient of t* does not vanish. Let f(¢), g(t) € F, with o(g(t)) = 0, o(f(¢)) =
1. Then it is known that there exists a unique sequence of polynomials S,,(z)
(deg Sp(z) = n) such that

(1.1) {gt)f()F] Sn(x)) = nld, s for n,k > 0.

Such a sequence is called the Sheffer sequence for the Sheffer pair (g(t), f(¢)),
which is denoted by S, (z) ~ (g(t), f(t)).
It is a basic fact that S, (z) ~ (g(t), f(¢)) if and only if

1 : — tn
1.2 - emf() = S, (2)—,
(12) LG R Rl
where f(t) is the compositional inverse of f(t) satisfying f(f(t)) = f(f(t)) = t.
For S, (x) ~ (g(t), f(t)), we have the Sheffer identity:
(13 Sule+y) = Z_j (})Su(@Pacsto, (sce 2511,
where P, (z) = g(t)Sn(z) ~ (1, f(1)).
The following recurrence formula holds:

for Sy, (x) ~ (g(t), f(t)),

(1.4) Spia(x) = (x _ *‘;((tt))) %msn(x).

For any h(t) € F, p(x) € P,
(1.5) (h(t)| zp(x)) = (Ouh(t)| p(x)) -

The last thing we need is the following: for S, (z) ~ (g(t), f(t)), rn(x) ~

(h(8),1(1)),

(1.6) Su(x) = Copri(),
k=0
where
_ L /RE®) k] o
(1~7) Cn,k - E < g (f(t)) (l (f(t))) x > .

2. Introduction

The two variable Fubini polynomials F,(f) (z;y) of order r are defined by

xt

e = N
(2.1) A=y —D)y ZEE )(l’»y)av

n=0
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where r is a positive integer. Here, in this paper y will be an arbitrary but
fixed real number so that F\” (x;y) are polynomials in z for each fixed y. Note
here that

(2.2) FD(x3y) ~ (L= y(e' = 1))",1).

In particular, if » = 1, then F,(x;y) = Ffll)(aj; y) are called two variable Fubini
polynomials and they were introduced by Kargin in [4].

For z = 0, FT(LT)(y) = FT(LT)(O;y) and F\" = Fy(f)(l) = Fy(f)(();l) are re-
spectively called the Fubini polynomials of order r and the Fubini numbers of
order r (see [3,7-10]). Further, in the special case of y = 1, F,ST)(Q:; 1) are
the ordered Bell polynomials of order r and they are denoted by ob” (z);
F{(1) = F{"(0;1) are also called the ordered Bell numbers of order r and

they are also denoted by Obg). So Obg) (z) and Obg) are respectively given
by

(T)
(23) ooy Z ob;

(2.4) ZOb(” , (see [3]).

2—et

In this paper, by using umbral calculus we will consider the two variable higher-
order Fubini polynomials and derive their properties, recurrence relations and
some identities. In particular, we will express the two variable higher-order Fu-
bini polynomials as linear combinations of some well-known families of special
polynomials and vice versa.

3. Some properties

Let us first consider the higher-order Fubini polynomials FT(LT)(y).

oo

S EDG)L = (1t~ 1)
n=0 :
72 r4k— 1)k kll(e —1)F

_Z (r+k—1) kykZSQ n,k 1'
= Z (Z(?‘ +k— 1)k52(n,k)yk> %n'
n=0 \k=0 ’
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Thus we have

n

(3.1) F{(y) = (r+k—1)gSa(n, k)y",
k=0

and hence

(3.2) Ob) =Y "(r+k — 1)kS2(n, k).
k=0

As was shown in [8], we have

(7 )=§I(+Z et

In particular, y = % gives

1 r+k—1\k"
(m) — p(M (1) =
(3.3) Ob) = F{V(1) = o Z( . >2k
k=0
From (1.3), (2.2), and (3.1), we obtain
(3.4) m:O N
= ZZ( ) T+k—1)k52(m k‘) nom k,
m=0 k=0
and
) F(?") . — n F(v) . n—m
(35) CRETIED O (N L

From (3.1)-(3.4), we get the following theorem.

Theorem 3.1. Forn > 0, we have the following:

PO = 3

m

<:1> (r+k — 1),.So(m, k)z"~my".
In particular,
FD(y) =Y (r+k = 1)Sa(n, k)y*
k=0

Also, the ordered Bell numbers Obgf) of order r can be expressed by

n

, 1 r+k—1\k"
Ob) = "(r+k —1)iSz(n, k) = QTZ( . )2k

k=0 k=0



TWO VARIABLE HIGHER-ORDER FUBINI POLYNOMIALS 979

For r > 2, writing m as
1 B 1 1
(I—ylet =1))"  (1—ylet — 1)) A —ylet = 1))’
we easily obtain

(36) FOW =Y (1)F Y Fn)

m

m=0
Before we turn to our next result, we recall that the Frobenius-Euler polyno-
mials " (u; ) of order r are given by

(3.7) ( 1= “) et — ZHn(u;x)g, (see [1,3,5-7]),
n=0 '

el —u

where u # 1.
For y # 0, we see that

oo 1+y T
tn 1 1—7
(") (e )2 — xt _ y xt
R A (e ‘( —> )

e
Y
0 n
:ZHT(LT) <1+y‘x) t—'
n=0 Yy n
Hence we have
oy ) (LY
(3.8) E))(x;y) = H, —\z ), (y#0).

From (3.6) and (3.8), we have the following result.

Theorem 3.2. Forn > 2, we have

FOW =Y (1) Fnt. 22

. o1+
F") (z;y) = HY (yy‘w> (y #0).

For the next discussion, we first observe the following.

(1 -y = 1) = 3 (-9) (e~ 1)
1=0 )
o0 o0 k
(39) = 00 S Salk 1)y
=0 k=l ’
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Now, from (2 1) and (3.9), we get

3 (r)iSa (k. 1)( ) ZF(”xyt—'

=0

:Z (Z (r)1Sa(k, 1) (=) P, (2 y)) g

n=0 \k=0 =0

o

ﬁw

b
Il
o

Thus we obtain

Pﬂ@ﬁﬁ=

ES]
Il
=)

?r
RS
> 3
\_/

(Z) 1Sk, 1)(=) ) (w39)
(3.10) 0

r)iSa(n — k, 1) (—y) L (23).

Letting z = 0, we get

n n—k
(3.11) ZZ() JiSa(n — k. 1)(~ >IF,§”<y>={(1)’ nZo

k=0 1=0 ’

Equivalently, (3.11) can be stated as

F7(y) =1,
(3.12) n—1ln—k '
F(y ZZ< > )iSa2(n — k,1)(— )lF,sT)(y) for n > 1.
k=0 1=0

The next theorem follows from (3.10) and (3.12).

Theorem 3.3. Forn > 0, we have

n n—=k

ZZ( ) )1S2(n k,l)(—y)lF,ET)(x;y),

k=0 1=0
and

n—1ln—=k
Fr(lr) (y) = — Z Z (Z) (r)1S2(n — k’l)(_y)leET) (y) forn>1,

with F{" (y) = 1.
Invoking (1.5), for n > 1, we have
(3.13)
ezt

{7 (zy) = <(1_yet

~(Oa=emar) ) ey @

x"1>.



TWO VARIABLE HIGHER-ORDER FUBINI POLYNOMIALS 981

Clearly, the second term of (3.13) is zFTET_)l(z; y). On the other hand, the first
term of (3.13) is

T < 1 e
Ny )™

Thus we have derived the next result.

(z+1)t

x”> = ryF, 0 (2 4+ Liy).

Theorem 3.4. Forn > 0, we have

F) (w3y) = 2F0 (@5y) + ry FUH ) (@ 4 1 y),
and
FM (y) = ryFU9 (1),

Using (1.4) and (2.2), we obtain

(") 9'(t)) (r)
3.14 F.l(zy) = <:c F.(z;y),
with g(t) = (et —1))".
Since £ ( = #@yfl) (3.14) is equal to

t
F(r) ) — rye FO) (o
n+1( 7y) (‘T—’_ l—y(et—l) n (x,y)
n
:a;F()(xy)+rye1 ) Z( ) F0) (y)zm ™

=0
= ch +TyZ( >F(T) Fr— m(x+1 y)

= aF{" (z3y) + ryF Y (2 + 1 y).

This gives another way of obtaining the results in Theorem 3.4.

4. F(")(x;y) in terms of some special polynomials

Here we will express the two variable higher-order Fubini polynomials

F,ST) (z;y) as linear combinations of some well-known families of special poly-
nomials.

We first recall from (2.2) that F(T)( iy) ~ (1 —y(et —1))",t). Let

(4.1) Z CrmSm(
with Sy (x) ~ (h(t),I(t)). Then, from (1 7) we note that
1 1
Chm = — h(t)(1(t)™ ﬁxn
(4.2) 771” < (I —y(e' —1)) >

= — (RO F (@)

m!
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Throughout this section, we will use (4.2).
Let B, (x) be the Bernoulli polynomials with S, (z) = B,(x) ~ (ett_l,t).
Then

1

1 ()
F )]
n—m-+1 [ nm+1(t5Y)

1 n+1 (r) )
= n+1 ( m ) (Fn—m—i-l(l;y) - Fn_m+1(y)) .

Thus we obtain the following result.

0

Theorem 4.1. Forn > 0, we have

. 1 < /n+1 . ,
FD (@) = = > < o ) (Fﬁ_)mﬂ(l;y) —F£3m+1(y)) B ().
m=0

Let H,(u|z) be the Frobenius-Euler polynomials with S, (x) = H,(u|z) ~
(etu t). Then

1—u’?
n el —u|
= _— F M
Cn;rn (m) < 1 —u nfm(xa y)>

(1) (R = uE D)

m

Hence we get the following theorem.

Theorem 4.2. Forn >0, we have

FO @) = 1 30 (1) (F0) — 0B 0)) Honlal).

1—u m
m=0

Here we let (x), be the falling factorial polynomials with S, (z) = (x), ~
(1,e! —1). Then
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=~ 1
— k ) (e
= E k'SQ(k:,m)<t ‘F,(L)(x,y)>

_Z ( )52kmF,§”k()

So we have the following result.

Theorem 4.3. Forn >0, we have

Fme:Z<ZX@&wmﬁ$@%mw

m=0 \k=m

Finally, let Bel,(x) be the Bell polynomials with S,(x) = Bel,(z) =
Yo Sa(n, k)z* ~ (1,log(1 +t)). Then it is easy to see that

@m=<;w%u+mﬂEWmm>
_Z ( )51 (k,m)E ().

Thus we have the following theorem.

Theorem 4.4. For n >0, we have

FO ()= S <Z ( )Sl(k m)Fff)k(y)> Bely ().

m=0 m

5. Some special polynomials in terms of F(" (z;y)

In this section, we will express some families of special polynomials as linear
combinations of the two variable higher-order Fubini polynomials Fff) (z;9).
For this, it is more convenient to use (1.1) than (1.7).

Let p(x) € C[z] be a polynomial of degree < n. Then we can write

px) =Y amF) (x;y)
m=0
for unique a,, € C(y).
Now, from (1.1) and (2.2), we note that

n

<(1_y(et_1))rtm|p( :Zal< 1— y(e' —1) tm|F(r)xy)>

all!§m7l

Il
I M: T
o

la

I
3
3
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Thus, from (3.9) and (5.1), we further observe that

= % < (1 —yle' — 1))Ttm|p(x)>
1 =1 b 1| ym+k
(5.2) = i 2 1 2 MiSalk D) | 7 p(a)
T \k=0 " 1=0
1 & Ly Lok
= o Z(?‘)l&(k,l)( y) (1|t p(a))
k=0 " 1=0

Throughout this section, we will use (5.2).
For p(x) = Bn(x)a

1 n—m 1 k
A = ) jx] Z(T)ISQ(IC’ l)(_y)l(n)m+k3n—m—k
(53) n—mk:kO N
_ V) )0Sa (e 1) Bk (— )
e
Similarly, for p(z) = Hy(ulx),
n—m k
Apm = ") 018 memk(u) (=)
60 = S ) O Hans)

Here H, (u) = Hy,(u|0) are the Frobenius-Euler numbers.
On the other hand, for p(z) = ",

i (Z) (n ;m) (r)1Sa(k, 1) (—y) (1 2"k

1=0
() () st 005

(Z) (M)iSa(n —m, (=)

n—m

=3

k=
n—

o

3
|

(5.5)

(]

o
(=)

3
3

=

o

Collecting our results in (5.3), (5.4) and (5.5), we have the next theorem.

Theorem 5.1. Forn > 0, we have

Bu() = 3 (mZ (") <r>zsz<k,z>Bnmk<—y>l)F£ﬁ (5:9),

Hy(ulr) = 3 (mzkj (") <r>zsg<k,z>Hnmk<u><—y>l>Fx> (z:9),
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and

= (i (];) ()i Sa(n m7z><—y>l) ) (@),

Now, applying (5.2) to p(z) = Bely(z) = Y_7_, Sa2(n, j)a’, we get

n—m k
1 1
(5.6) am=—> o > ()82 (k) (—y) (L[t Bel,, (x) ) -
k=0 1=0
Here
<1 |tm+kBel Z Sa(n, j <1 |tm+’c >
j=m+k
(5.7)
Z 52 n ] m+k5j m—+k
j=m+k

= Sa(n,m+k)(m + k).

Combining (5.6) and (5.7), we obtain

nd (
n—m k m+k
(5.8) am = Z Z ) (r)1S2(k, 1) Sa(n, m + k) (—y)*.
=0 1=0
Similarly, application of (5.2) to p(z) = (), = >-7_( 51 (n,j)x? gives
n—m k m+k
(5.9 -3 o B) st 51+ B
=0 1=0
Finally, from (5.8) and ( .9), we have the following theorem.
Theorem 5.2. Forn > 0, we have
n n—m k
+k
Bel,(x) = ( <m >( )52k, 1) Sa(n,m + k) (= ))Fﬁf)(x;y),
m=0 \ k=0 [=0
and
n n—m k m+k
@ =3 (Z (" )<r>zsz<k,1>sl<n,m+k)(—y)l) F(r:).
m=0 \ k=0 1=0
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