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BIPROJECTIVITY OF MATRIX BANACH ALGEBRAS
WITH APPLICATION TO COMPACT GROUPS

FEREIDOUN HABIBIAN ®#* AND RAZIEH NOORIP

ABSTRACT. In this paper, the necessary and sufficient conditions are considered for
biprojectivity of Banach algebras &,(I). As an application, we investigate biprojec-
tivity of convolution Banach algebras A(G) and L?(G) on a compact group G.

1. INTRODUCTION

The Banach algebras &,(I), where p € [1,00] U {0}, have been introduced and
extensively studied in Section 28 of [4]. Recently, amenability, weak amenability
and approximate weak amenability have been studied by H. Samea in [8](see also
[5]). The present paper is going to investigate biprojectivity of Banach algebras
€,(I), together with their applications to a number of convolution Banach algebras
on compact groups.

Let H be an n-dimensional Hilbert space and suppose that B(H) is the space
of all linear operators on H. Clearly we can identify B(H) with M, (C) (the space
of all n x n-matrices on C). For A € M, (C), let A* € M, (C) by (4*);; = Aji
(1 <i4,7 <n), and let |A| denote the unique positive-definite square root of AA*.
A is called unitary, if A*A = AA* = I, where I is the n x n-identity matrix.
For E € B(H), let (\,...,\,) be the sequence of eigenvalues of the operator |E|,
written in any order. Define ||E|,. = maxici<y [Ai|, and || Ell,, = -0, |)\i|p)%
(1 < p < 0). For more details see Definition D.37 and Theorem D.40 of [4].

Let I be an arbitrary index set. For each ¢ € I, let H; be a finite dimensional
Hilbert space of dimension d;, and let a; > 1 be a real number. The x-algebra
[Lic; B(H;) will be denoted by &(I); scaler multiplication, addition, multiplication,
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and the adjoint of an element are defined coordinate-wise. Let E = (E;) be an
clement of €(I). We define ||E||, := (3, aiHEl-ng)% (1 <p<o0),and |Flec =
supjes | Billpo - For 1 < p < oo, €,([) is defined as the set of all E € &(I) for which
1B, < . V

For a locally compact group G and a function f : G — C, f is defined by
f(z) = f(z™) (z € G). Let A(G) (or R(G), defined in 35.16 of [4]) consists of all
functions h in Cy(G) that can be written in at least one way as > 2 fy * g, where
frsgn € L2(G), and 3°°0 || full2llgnll2 < oo. For h € A(G), define

[hllag) = inf {Z I fallzlignllz s h =" fox dn} :
n=1 n=1

With this norm A(G) is a Banach space. For more details see 35.16 of [4].

As [1], let (A, ||.||) be a normed algebra, and let I, ..., I;, be ideals in A, then I;...1,
is an ideal in A; we transfer the projective norm from /1 ® ... ® I, into I;.....I,. So
that, for A € I4.....I,, we have

m
lallx = inf { 3~ flar|
j=1

Clearly ||.||x is an algebra norm on I;.....I, with ||a|| < ||a||x (a € I1...I;;); the norm
I-llx is again called the projective norm. In particular, we may consider .|| on
A?. Let A be a Banach algebra. Then the continuous linear map 74 : AQA — A
such that m4(z ® y) = ab (a,b € A) is the projective induced product map and
I, = kerma. The quotient norm on the image m4(A®A) = (k’zgﬁ)

|-z, so that

is denoted by

lalllx = inf { 3 laglibsl s a =3 abs }(a € ma(ASA).
j=1 j=1

Note that by 2 -1 - 15 of [1],
(1.1) lall < llalllx < llallx (a € A?).

A normed algebra A has S-property (w-property) if there is a constant C' > 0 such
that

lall= < cllall (lllalllx < cllall) (a € A%).
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Clearly, If A has S-property, then A has m-property. A Banach algebra A is bipro-
jective if 74 : A® A — A has a bounded right inverse as an A-bimodule homomor-
phism. By proposition 2.8.41 of [1], if A is biprojective then m4(A®A) = A and A
has m-property.

2. MAIN RESULTS

In this section, among other results, we obtain the necessary and sufficient condi-
tions such that &,(I) for p > 1, has m-property and as a result we apply m-property
of €,(I) to find the necessary and sufficient conditions for biprojectivity of &,([).

Theorem 2.1. Suppose that p > 1 and A € €z(I). Then there are B,C € €(I)
1

such that A = B.C and ||B|l, = ||C]l, = || A||2-
2

Proof. First suppose p # oco. By Notation D.26 (i) of [4], for i € I,|A;| can be

written uniquely in the form |A4;| = ijl 7@}, where the bg s are distinct positive

numbers and Q;s are projections onto pairwise orthogonal nonzero subspaces of H;

and [Ai} = Y, (b])?Q!. Therefore, |A;] = |Ai{}.|A;|%. For i € I, according to
the polar decomposition, there is W; € U(H;) (the set of all unitary operators on
H;) such that

Ay = AW, = |47 4|2 W,
Let B; = |A1|% and C; = |A@]%WZ By Lemma 1.1 of [?]

1 P
I1Billg, = IlAd=11Z, = 143

9

[SiS]

therefore,

1 P 2.1 1
1Bl = (X aillBill,)" = (X ailldillz,)" * = 14113 < oo.
7 %

So B € €,(I). The rest of the proof follows easily from Theorem D. 41 of [4] and

Lemma 1.1 of [5]. For p = co the proof is similar. O
Corollary 2.2. Ifp > 1, then (’Eg(I) Ce&,(I)eEyI).

Let A be a Banach algebra. We set A2 = A.A = {ab : a,b € A} and A% =
linAR = linA.A = {30 b an,...,an € C,ay, ..., an, by, ..., by, € A}.

Theorem 2.3. If p > 1, then €3(I) = 61[32}([) = Q‘Eg(I).
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Proof. It is enough to show that if E,F € &,(I), then EF € ¢y (I). By using
Theorem 2 - 3 of [5] for p = ¢, and applying Holder inequality, we obtain

o (EF )|
el Bl 17
5ot 1Bl 3,07
(SiailEdr,)?

(121)* (17

Bk
S

P
|EF|;

IN
w\»—‘E

IA
[N '11 ‘GM\'B

H‘Pp 1
2
S aillElP),)

< 0.

IN

iShS]
——

Theorem 2.4. Ifr >p > 1, then €,(I) < &, (I).

Proof. By Theorem 28.32 of [4], €,(I) C €&,(I). Let A € &, (I) and B € €,(I).
For each i € I, we denote the sequence of eigenvalues of A; by s;(A;). Now, if
A;, B; € B(H;) , then by 2.2 and 2.3 of [3],

5;(AiBi) < || Aillpos -55(Bi),

55(BiA;) < || Aill po -85 (Bs).
Thus

1

1 1
|AiBillg, = ZS] AiB;)P)r Z [Aill8-55(Bi)")? = [|Aill ol Bill oy -
But A € €,.(I), hence A € € (I) and

IAB|; = Z%HA Billg, < ZaZIIA 5. 1Bill, < IAlSIBI, < oo

Yp —
Therefore, AB € €,(I) and the proof is complete. O
Corollary 2.5. If p > 1, then @g(]) <E,(1).

Let |.||x,p and |||.|||x, be the projective norms on &,(I)€&,(I) and the quotient
norm from €,(1)®@€,(I), respectively. Let

U(E(I)) = {(Ei)ier € €I) : E; € U(H,)},
U,V elU(€(I)) and E € €,(I). By Theorem D.41 of [4], we have

1 1
IVEUll, = ZGZIIVEU le,)7 = ZazHE 15,)7 = [1E]lp-
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By polar decomposition, for ¢ € I, there is a unitary operator U; such that U; E; =
|E7,| Let U = (Uz')iel then

(2.1) [Ellp = IUE|xp = [(1E:iierllxp-

Since the square root of a matrix is hermitian, then is diagonalizable, i.e. there is
a unitary operator V; such that Vl_l\E,]V; = T;, where T; is a diagonal matrix. Let
V = (Vi)ier. Then

I(EiDierllxp = IVIElllxp = [ (Toierlx.p-
By (2.1), ||E|lxp = |I(Ti)icrllxp- By the similar procedure, we can prove that
1E|||7p = |||(T3)icr|||x,p- Consequently, for analyzing |||, and |||.|||xp it is enough
to focus on E = (E;);er of €,(I), where each E; is a diagonal matrix with positive
diagonal entries.

For the rest of the section we set p = max{1, £}.

Theorem 2.6. Let 2 < p < co. Then for each E € €5(I),
1Ellxp = [IElllxp = 1 El|-
Proof. Suppose 2 < p < o0 and F € @1%([)- By Theorem 2.3, F € (’3%([). Using

Theorem 2.1, it follows that || Elx, < | E|ls. Also, if E = Y%, FOKU) in &,(I)
with 3772, |FO)||,|| KD, < 0o, then by Theorem 28 - 3 of [4], we have

I1Ell; = 1Elly <> IFPKEDp <> [IFD | KD, < o0,
j=1 j=1
which results ||E||5 < |||E|||xp. Then the result follows from (1.1). O

Theorem 2.7. |.||, and ||.||; are equivalent if and only if p =1 or I is finite.

Proof. The sufficient condition is evident. Let

(2.2) Kl lp < Il < M|l [lp,

for some K, M > 0,and p# 1. If 1 <p < 2, then p =1 and by (2.2), ||.|l1 < M||.|p,
that implies &,(/) C &;(/) which is contradict with Theorem 28.32 of [4]. We can

repeat the same argument for the case p > 2. ]

For each ¢ € I, and 1 < m,n < d;, let &,,, be the elementary d; x d;-matrix such
that for 1 < k,1 < d;,

(Eon)er = 1 ifk=m,l=n
mJkL T 0 otherwise.
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Theorem 2.8. Let 1 <p < 2. If M = sup,c;a; < oo, then for each E € (’3127([)
1l = 1Ell < [[[Elllrp < |Ellrp < M| El; = M| E]L

Proof. Suppose that £ = 372, FUKU) in &,(T), where PO | FOD,|| KD, < oo.
Then Hélder inequality and Theorem 28 - 3 of [4], imply that

1Bl < Y IFDED | <Y NFD KD 2 < Y IFD | KV, < cc.
j=1 j=1 j=1
Therefore, | E|1 = ||E|l; < |||E|||xp- Let 6 : I — R be defined by 6;(j) =1ifi =y
and 6;(j) = 0 if i # j. Then (Ej)ier = ;7 £;6; and

(2.3) I(Eictllzp <1 Eibjllnp < ZIIE 6jllzp
jerl
where ,
A0 .0
0 M ... 0
E;=1|. ? _ )
0o 0 ... )\fij
This gives
Z Nk
1<k<d;
and
DB Gillep <Y D M ehillrg-
J J 1<k<d;

In addition,
J.0 _\JI-d J.J
Ne€rkk = NeCrk Ak

SO
1

INCekillmp < Xaja

'c\’—‘

Combining the above two inequalities, we have
11
Y NEGillep <D D Majaj.
J J 1<k<d;
By using (2.3)
11
IEietllnp <D D Najaj,

Jj 1<k<d;

Pl =30 3 X

1<k<d;

and moreover
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Now, since
2

2
0<--1<1=a; <a; <M,
p J

we have
[Eerlp < 3 Mar oy <MY a; Y N = M|E|,
j 1<k<d; j 1<k<d,
and hence
1E < [I[Elllxp < [[Ellrp < MIE:-
O

The following two corollaries follow from Theorem 2.6, Proposition 2.7 and The-

orem 2.8.
Corollary 2.9. Let p > 2. Then &,(I) has S-property if and only if I is finite.

Corollary 2.10. Let 1 < p < 2 and sup;cya; < co. Then €,(I) has S-property if
and only if p=1.

Remark 2.11. The above two corollaries can be similarly proved for the case 7-

property.

3. BIPROJECTIVITY OF €,(])

In the following proposition which the proof is straightforward, we use @1 to

denote the ¢1-direct sum of Banach spaces.

Theorem 3.1. If E, (for ao € A) and Fg (for B € B) are Banach spaces, then
(®1Ea)&(®1F3) = ®1(Ea®Fp)

From now on, we put a; = d; for each ¢ € I. Let M; stands for the algebra of
d; x d; matrices with ||T|| = &;||T|1 = di(trace(T*T)%), and M;; for the algebra of
did; x d;d; matrices with ||T'|| = d;d;||T||1. It is easy to see that &1M; and &;([) are
isometric. Similarly by Proposition 3.1, & (I)®€;(I) and &; (I x I) are isomeric with
691(M,-®Mj) and @1M;; respectively. The norm-decreasing maps p; ; : M¢®Mj —
M;; give a norm-decreasing map p : €;(1)@€;(I) — & (I x I).

Theorem 3.2. If sup;c; d; < oo, then & (I)&€ (1) = & (I x I).
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Proof. Injectivity of p follows from injectivity of the corresponding map between
@®1(M;®M;) and @®;M;;. But M;; may be realized, as a linear space, as MZ®M]
Because these spaces are finite dimensional, the linear isomorphism between M; ;
and M; QM j is bounded with both bounds dependant only on the dimensions. Hence
if the dimensions are bounded, then the maps between the ¢;-direct sums enjoy the

1

same property. Therefore, p~" exists and is bounded. O

Theorem 3.3. The following assertions are equivalent.
(1)€1 (1) is biprojective.

(i) €1 (1) is weakly amenable.

(iil) sup;erdi < oo.

Proof. By 5.3.13 of [7], (i) implies (ii) and if &;(I) is weakly amenable, then by
8], sup;e;di < oo. Let sup;c;d; < oo, then by Proposition 3.2, €;(I)®@€(I) =
€ (I x I). Define o : & (I) — €& (I x I) by o((E;)) = (Eidus). It is easy to
check that o is a bounded €;(I)-bimodule morphism which is the right inverse for
71 € (1)®E(I) — & (I) and so &;([I) is biprojective. O

Corollary 3.4. &,(I) is biprojective if and only if p =1 and sup;c;d; < 0o or I is
finite.

Proof. The sufficient condition is evident. Let p = 1 and sup;c;d; < oo, then by
Proposition 3.3, &;([) is biprojective. Also it is evident that &,(I) is biprojective if
I is finite. Now let &,(I) is biprojective. Since &,(I) has m-property, the result can
be deduced from Corollary 2.9 and Corollary 2.10. O

4. APPLICATIONS

Let G be a compact group with dual G (the set of all irreducible representations
of G). Let H, be the representation space of 7 for each w € G. The algebras ¢(G)
and Qip(@) for p € [1,00] U {0}, are defined as mentioned above with each a, equals
to the dimension dy of 7 € G (c.f Definition 28.34 of [4]).

A unitary representation m of G is primary if the center C'(), i.e., the space of
interwining operators of the representations 7 and 7, is trivial. The group G is said
to be of type I if every primary representation of G is a direct sum of copies of some
irreducible representations (for complete discussion and proof of the following two

theorem, see [2]).
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Theorem 4.1. Every compact group is of type I

Theorem 4.2. If either Gy or Go is of type I, then there exists a bijection between
G1 x Gy and G x Gs.

The following proposition is a consequence of Proposition 3.2, Theorem 4.1 and
Theorem 4.2.

—

Theorem 4.3. Ifsup,__ady < oo, then ¢(G)%€,(G) = € (G x G).

Corollary 4.4. Ifsup __adr < oo, then A(G)RA(G) = A(G x G).

Proof. By Theorem 34.32 of [4], the convolution Banach algebra A(G) is isometri-

~

cally algebra isomorphic with &;(G). O

Remark 4.5. By Theorem 1. of [6], there is an integer M such that d(7) < M for

all T € G if and only if there is an open abelian subgroup of finite index in G.

Corollary 4.6. If G has an open abelian subgroup of finite index, then A(G)®A(G) =
A(G x G).

Theorem 4.7. Let G be a compact group. Then,
(1) (A(G), ) is biprojective if and only if sup_ . drx < 00 and if and only if (A(G), *)
is weakly amenable.

(i) (L3(Q),*) is biprojective if and only if G is finite.

~

Proof. By above, (A(G),*) is isometrically algebra isometric with &;(G), also by
28.43 of [4](Weyl-Peter Theorem) (L%(G), ) is isometrically algebra isometric with

~

&5(G). O

Corollary 4.8. Let G be a compact group. Then (A(G),x*) is biprojective if and

only if there is an open abelian subgroup of finite indezx in G.

ACKNOWLEDGMENT

The referees have reviewed the paper very carefully. The authors express their

deep thanks for the comments.



180

2FAC
IRAN

FEREIDOUN HABIBIAN & RAZIEH NOORI

REFERENCES

H.G. Dales: Banach Algebras and Automatic Continuity. London Math. Soc. Monogr.
Ser. Princeton Univ. Press, Princeton, 2000.
G.B. Folland: A course in abstract harmonic analysis. CRC Press, Tokyo, 1970.

. 1.C. Gohberg & M.G. Krein: Introduction to the theory of linear non-selfadjoint oper-

ators on Hilbert spaces. Amer. Math. Soc. Transl. Ser. 2, 1965.

E. Hewitt & K.A.E. Ross: Abstract harmonic analysis. Vol. II, Springer, Berlin, 1970.
M. Lashkarizadeh Bami & H. Samea: Amenability and essential amenability of certain
Banach algebras. Studia Sci. Math. Hungar. 44 (2007), no. 3, 377-390.

C.C. Moore: Groups with finite dimensional irreducible representations. Trans. Amer.
Math. Soc. 166 (1972), 401-410.

V. Runde: Lectures on amenability. Lecture Notes in Math. Vol. 1774, Springer, Hei-
delberg, 2002.

H. Samea: Derivations on matrix algebras with applications to harmonic analysis. Tai-
wanese J. Math. 15 (2011), no. 6, 2667-2687.

ULTY OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, SEMNAN UNIVERSITY, SEMNAN7

Email address: fhabibian@semnan.ac.ir

PFACULTY OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, SEMNAN UNIVERSITY, SEMNAN,

IRAN

Email address: raziehnoori@semnan.ac.ir



