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STRONG CONVERGENCE OF HYBRID ITERATIVE SCHEMES
WITH ERRORS FOR EQUILIBRIUM PROBLEMS
AND FIXED POINT PROBLEMS

SEUNG-HYUN KiM? AND MEE-KWANG KANG P *

ABSTRACT. In this paper, we prove a strong convergence result under an iterative
scheme for N finite asymptotically k;-strictly pseudo-contractive mappings and a
firmly nonexpansive mappings Sr. Then, we modify this algorithm to obtain a
strong convergence result by hybrid methods. Our results extend and unify the cor-
responding ones in [1, 2, 3, 8]. In particular, some necessary and sufficient conditions
for strong convergence under Algorithm 1.1 are obtained.

1. INTRODUCTION AND PRELIMINARIES

In [1], Ceng et al. introduced an implicit iterative scheme for finding a common
element of a set of solutions of an equilibrium problem and a set of the fixed points of
a strict pseudo-contraction in the setting of real Hilbert spaces and proved a strong
convergence result for the following iterative scheme;

Let C be a nonempty closed convex subset of a Hilbert space H, ¢ : C x C' — R be
a function, T : C' — C be a mapping and x; € H, define sequences {z,} and {v,}

as follows;

gb(vn,y) + L<y — Un, Un _$n> >0 for Y € C

Tn
Tnt1 = apvn + (1 — ay)Tv, for n €N,
where {a,} is a sequence in (0,1) and {r,} is a sequence in (0, c0).
Recently, Kumam et al. [3] introduced the following iterative scheme for finding a
common element of a set of solutions of an equilibrium problem and a set of common

fixed points of a finite family of asymptotically k-strict pseudo-contraction in Hilbert
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spaces;

$(Un-1,y) + 725 (Y = V1,001 — Tp1) 2 0 for y € C
{xn = ap_1Vp—1+ (1 — an_l)Ti]ESZ;)vn_l for n >0,
where {a,}, {rn}, C and ¢ are the same first dealt, and i(n) = n(mod N), h(n) =
[+ with a ceiling function [-].
And, they modified the above iterative scheme to get strong convergence theorems
by the hybrid method as follows;

;

o = PCox7

vp—1 € C such that ¢(vp—1,y) + r— (y — vp—1,Un—1 — Tp—1) for y € C,
h

Yn-1 = an-1Vn—1 + (1 — an—l)Ti(g)vn—ly

Cpn={v€Ch:|yn-1— UH2 < ||zn-1— v||2 +0n-1},
xn = Po,x for n e N,

where Po is a metric projection of H onto C, {6,} is a sequence in (0,00) and
i(n) = n(mod N).
Very recently, Kim et al. [2] introduced the following iterative scheme with errors

for generalized equilibrium problems and common fixed point problems;

Algorithm 1.1 ([2]). Let C be a nonempty closed convex subset of a Hilbert space
H, T;,¢:C—C(i=12,---,N) be mappings and ¢ : C x C' — R be a bifunction.
For any xo € C, let {x,,} and {v,} be sequences generated by

{qb(vn—l,y) + (Yon-1,y = V1) + 7= (Y = Vn1, 01 — 1) 20 for ye O,

(n

n)

where {an}, {bn} and {c,} are sequences in [0,1) such that a, + b, + ¢, = 1,

h
Ty = Qp—1Vn—1 + bn—lTi( )'Un—l + Cp—1Un—1 fOT neN,

o0
an > k+¢e, by > ¢ for somee € (0,1), > ¢, < oo, {up} is a bounded sequence in

n=1
C, {rn} is a sequence in (0,00) such that li_)rn infr, > 0 and i(n) = n(mod N),
n—oo

n

h(n) = [§] with a ceiling function [-].

And, the authors proved the weak limits of sequences {z,} and {v,}, obtained
under the given scheme for N finite asymptotically k;-strictly pseudo-contractive
mappings {7;}Y, and a firmly nonexpansive mapping S, are the same and hence
the point is a common fixed point of {T;}}¥, and S,.

Inspired by those results, in this paper, we prove a strong convergence result
under Algorithm 1.1. Then, we modify Algorithm 1.1 to obtain a strong convergence

result by hybrid methods. Our results extend and unify the corresponding ones
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n [1, 2, 3, 8]. In particular, some necessary and sufficient conditions for strong
convergence under Algorithm 1.1 are obtained.
First of all, we recall some definitions and results which will be needed in the

main results.

Definition 1.1. Let ¢ : C x C — R be a bifunction and ¢ : C' — C a nonlinear
mapping.

(a) ¢ is said to be monotone if ¢(z,y) + ¢(y,x) <0 for all z,y € C.

(b) % is said to be monotone if (Y — py,z —y) > 0 for all z,y € C.

Definition 1.2. A mapping T : C — C is asymptotically k-strictly pseudo-

contractive if there exist a sequence {k,} C [1,00) with lim k, =1 and k € [0,1)
n—oo

such that

| Tz —Ty||? < k2 ||z —y||>+k||(I -T™)z— (I —-T")y||* for all z,y € C and n € N.

Lemma 1.3 ([4, 7]). Let H be a real Hilbert space, then we have the following
identities;

(i) llz = ylI* = ll2|* = lly* = 2(z = y,y) for z,y € H,

(id) llaz + by + 2|12 = allal]2 + bllyll? + el 2112 — ablle — yl|? — belly — 2|12 — cal = — |
forx,y € H and a,b,c € [0,1] witha+b+c=1,

(#ii) if {xzn} is a sequence in H weakly converging to z, then

lim sup ||z, — y||* = hm sup ||z, — 2||* + ||z — y||* for y € H.
n—oo

Lemma 1.4 ([7]). Let {ayn}, {cn} and {5,} be nonnegative real sequences satisfying
the condztzon apy1 < (1 + 0p)ay, + ¢, forn € N,

If Z On < 00 and Z ¢, < 00, then hm a, exrists.

n=1 n=1

Lemma 1.5 ([2]). Let C be a closed convexr subset of a Hilbert space H. Assume
that a function ¢ : C x C' — R satisfies the following conditions;

(i) ¢(xz,x) =0 for all x € C;

(ii) ¢ is monotone;

(iii) ¢ is upper hemi-continuous in the first variable;

(iv) ¢ is conver and lower semi-continuous in the second variable.

Let ¢ : C — C be a monotone nonlinear mapping. For r > 0 and x € H, define a
mapping Sy : H — 2¢ by

Sir={z€ 0 6(z,y) + b2y~ )+ {y—22-2) 20 for all y € C).
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Then the following holds;
(a) for each x € H, S,x is a singleton;
(b) Sy is firmly nonexpansive, i.e., for any x,y € H,

1Srz — Spyl|? < (Spx — Spy,x — y);

(c) The set F(S,) of all fired points of S, is a closed and convex subset of C' as a
solution set of the following equilibrium problem considered in [6]: finding x € C
such that ¢(x,y) + (Yz,y —x) >0 for ally € C.

Lemma 1.6 ([8]). Let H be a real Hilbert space, C' a nonempty subset of H and
T :C — C be an asymptotically k-strictly pseudo-contractive mapping. Then the

fized point set F(T) of T is closed and convex so that the projection Pr 7y is well-
defined.

Lemma 1.7 ([5]). Let C be a closed convex subset of a real Hilbert space H, {x,} be
a sequence in H and g = Pou. If W(xy) := U{A({xn,}) : {zn,} is a subsequence
of {zn}} C C and ||z, — u|| < ||u—q|| for n €N, then x,, — q as n — oo.

2. MAIN RESULT

Now, we consider two strong convergences, one is founded on Algorithm 1.1 and

the other is on hybrid algorithm.

Theorem 2.1. Assume the following conditions;

(i) C is a closed convex subset of a Hilbert space H;

(i) T; : C — C is asymptotically k;-strictly pseudo-contractive with k; € [0,1) and
o0

sequences {kn;}o2, in [1,00) satisfying Y (k2; —1) < oo fori=1,2,---,N;
n=1

(i1i) a bifunction ¢ : C x C — R satisfies the conditions (i)-(iv) in Lemma 1.5

and ¢ : C — C is a monotone nonlinear mapping with a nonempty set F =

N
(N FE)NFS).
Then, for any fized xoy € C, two sequences {x,} and {v,} generated by Algorithm
1.1 converge strongly to the unique same element of F' if and only iflirginf d(xn, F) =
n oo

0, where d(z, F') denotes the metric distance from the point x to F.

Proof. Let p € F. By Algorithm 1.1 and Lemma 1.5 (a), v,—1 = Sy, ,Zn—1 and
lvn—1 — pl| = |Sr,_1Zn—1 — S, Pl < |&n—1 — p|| for n € N. From Algorithm 1.1
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and Lemma 1.3 (ii), we have

n)

h
lzn — pII? ZHWPKwhl—p%+%fﬂ,f1M1—-)+Qhﬂw%1—pw2

n)
h
< aanH'Unfl - p”2 + bnflnle(n) Un—1 — 711(7%1)]0”2 + CanHUnfl - p||2
h
- an—lbn—IHT%(,(g)Un—l - Un—l”Z

< an1|vn —p||2+bn_1{<k; D2l[vn-1 = plI* + KII(I — T<;)’>vn_1

- - Tl )pH b en—1lun— l_pH — ap—1bn— IHT(n Un—1 — Un— 1||

< (k) lon—1 = D> = bu-r(@n—1 = BT vnr = v |
(2.1) + cp1l[tn_1 — p|?
(22) <[4 (k) = Dlllza—s =l + comfluns = Il

where k = max{k; : 1 <i < N} and k,, = max{k,; : 1 <i < N} for each n € N.
Since ) (k,zu — 1) < o0, by Lemma 1.4, li_>m ||z, — p|| exists. On the other hand,
=1 n—oo

n—=
since a, >k + ¢, b, > ¢ for some ¢ € (0,1)(n € N), we have

(khiny) -1 = plI* = llen = pl* + o llun—1 — p|I®

> bn—l(an—l_ )HTz(n) Un—l_'vn—IHQ
h
T Y

Since lim kh = 1 and lim ¢, = 0, taking the limits as n — oo in the above

inequality, we have

. h
(2.3) 7&3;H7kg?vn_1——vn_ﬂﬁ _—
Observe that

n)

h
Hxn - Un—l” = ||an—1vn—1 + bn—lirl(,fl) Un—1+ Cp—1Up—1 — Un—l”

= = (1= an 1)W1 = T vn 1) + en1(tn1 = T3 v )|

< (1= ) on1 = T vnall + enallun1 — Ty vn -

From (2.3), it follows that

lim ||z, —vp—1|| = 0.
n—00

By the firm nonexpansiveness of S, , and Lemma 1.3 (i), we have
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|vn—1 _pH2 = 1Sr,_1Tn—1 — Srn_1pH2 < (S, 1Tn-1— Sr,_1P,Tn-1— D)

= <Un—1 — P, Tn—1 — p> = _<_(xn—l - Un—l) - (xn—l - p)axn—l - p)

1
= =5 (ln—1 = vnal® = @ = plI* = lon-1 = p[*),

and hence |[v,—1 — p||? < ||[2n—1 — p||* = [|2n—1 — vn—1]|*>. Applying this inequality to
(2.1), we have

lon = PI* < (i) *(lon1 = PII* = llan-1 = vaa?) + entlfun—1 = pI*.
Since lim ||z, —p| exists and_ lim k) =1,

(2.4) lim ||zp—1 — vp—1]| = 0.

n—oo
Since 0 < d(zp, F) < ||z — vn|| + ||vn — pl|, from (2.4), we have lim inf d(z,,, F') = 0.
n—oo
Conversely, we asuume that liminf d(z,,, F) = 0. From the fact that 1 4+ = < e* for

n—oo

x >0 and (2.2), we have
||xn+m _pH2 < [1 + {(k;z(n+m))2 - 1}]Hx(n+m)fl _p||2 + C(ner)leu(ner)fl _pH2

< oFhinrm)’—1 2 2

> € Hx(n-‘rm)—l p” + C(n-l—m)—l““(n-i—m)—l p”

k; -1
< e UL+ (K 1)) = D2y — b
+ c(n+m)72Hu(n+m)72 - pHZ} + c(n+m)71Hu(n+m)71 - p”2

2_ 2—
< e(kZ(TH—m)) le(k;L(n-ﬁ—m—l)) ! H.’,U(n_i_m)—Q - p”2

- Bhm? 1, P e
(n—i—m)—QHU(n—i-m)—Q Dl +C(n+m)—1Hu(n+m)—1 pll
< ...
n+m n+m
> Ak ;)13 32 (k) ;)2 -1y
<em M = plP e m Y el —
j=n
n+m
< Mllzn —pl* + MN Y _ ;.
j=n
n+m 5
2 ARy =1} 9 L&
where e/=" =M and |lu; — p||*=N for some M, N > 0. Since) ¢, <00,
=1
n+m "
for any € > 0, there exists K € N such that ) ¢; <e for m,n > K,
Jj=n

|Znem — plI> < M2 — p||*> + MNe for m,n > K.
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Letting € — 0, we have ||2p+m — p||* < M||z,, — p||* for m,n > K. By Lemma 1.4,
we get lim d(x,, F) = 0.
n—oo
Now, we show that {z,} is a Cauchy sequence. For given ¢ > 0, there exists

K; € N such that d(z,, F) < 2\5M for n > K. Put Ko = max{K, K}, then for
n > K27

A

|Zntm — Tall < [|Tnem — pll + |20 — Pl
VMlzg, —pll + VM[zk, —pl|

3 9

Thus, {z,} is a Cauchy sequence. Assume that x,, — z*(€ H), then d(z*, F) =

IN

IN

li_>m d(xy, F') = 0. Since T; is an asymptotically k;-strictly pseudo-contractive map-
n o

ping, from Lemma 1.6 and Lemma 1.5 (c), F is also closed and convex. Consequently,
z* € F. Since ||v, — x| — 0 as n — oo, we conclude that both {x,} and {v,}

converges strongly to an element of F'. O

The following strong convergence result founded on hybrid method is our main
result.

Theorem 2.2. Let C, H, ¢, 1, {Ti}f\il, {kni}, k, k], and F be the same as Theorem
2.1. Forx € H and Cy = C, let {z,} and {v,} be two sequences generated by the
following algorithm;

(20 = Poyz,

Un—1 € C such that ¢(vp—1,y) + (Yvp_1,y — Un_1) +
for y e C,

rnl,l (Y = Un—1,Vn—1 — Tn_1)
Yn—1 = Qn—1Up—1 + bn—1TZ~}E$)vn—1 + tp—1Un—1,
Cp={v € Cpr: lyn—1 — v|* < [[2n—1 — 0[|* + On1},
xn = Po,x for n €N,

(2.5)

where 0,1 = {(k:;l(n))2 — 131 —ap_1 — cp1)p?_{ + 172 — 00 as n — oo,
pn—1 = sup{[[zn—1 — v[|} <00, -1 =sup{[un—1 —v[[} < oo, {an}, {bn} and {c,}
are seqieerfces in [0,1) such that a, + giF—i— en =1, a, > k+e¢e, by, > e for some
e € (0,1), i cn < 00, {up} is a bounded sequence in C, {rp} is a sequence in
(0,00) suchn;mt nh_}n;o infr, >0 and i(n) = n(mod N), h(n) = [§] with a ceiling
function [-].

Then, {xn} and {v,} converege strongly to Ppx.
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Proof. First of all, we show that F' C C), for n > 0 by the induction. It is obvious
that F' C C = Cy. Assume that F' C C;_; for some j € N, then for p € FF C C}_y,
from the fact that v;_; = Srj_lxj_l, we get

lvj—1 = pll = 1S,y 25—1 = Sr;_ypll < [lj1 = pl|-
By Lemma 1.3 (ii), we have
-1 =PI = llaj-1vj-1 + b1 Ty vt + a1 = (a1 + byt + ¢-1)p|]
= [laj-1(vj-1 =) + b1 (Tgey vj—1 =) + -1 (w1 = )]
= aj-1]lvj-1 —pl*+b;- 1HT(n) vj-1 = plI* + ¢jmtllujr — pl®
—aj1bj1|lvj-1 — (2))7}3 1|| —bj_1cj| Z(n))vj 17— Uj— 1||
— ¢jraj1llvj-1 — w1

h(n
< aj1l[vjr = pI? + b1 {(Rhuy)2llvj-1 — plI? + KT — T4

) )vj-1
h(n
— (I =TI} + ¢jallujr — pIP = aj-1bjallvj1 — ToH v |2

= a1 [[vj-1 = PIP+bj-1 (k2o =PI + by R Ty v = vy |2

Vo ?

+ ejlluj1 = pl* = aj1bjflvj1 — TS
< (Itaj—1+ g1 = Dllvjor = ol +(1 = aj—1 = ¢j-1) Ky l0j—1 = ]1?
= by r(agr = k)1 = T vyl + ejalluj1 — plf?
= [lvj—1 = pl® + (1 = ajo1 — - ) {(Kp))? = BHlvj—1 —p?
(2.6) = bj—1(aj—1 = k)|lvj-1 — Tf(bfg)
< llzj—1 = plI* + (1 = aj-1 = ¢j-1){(khn))® = LHlzj-1 — 2l
+ejlluj—1 —p?

< ||mj—1 — pl* + 0;-1.

vji—1|* + ¢j—tlluj—1 — pl|®

Therefore, p € Cj, which implies that ' C C,, (n > 0).
Next, we prove that C,, (n > 0) is closed and convex. It is obvious that Cy = C
is closed and convex. Suppose that Ci_; is closed and convex for some k € N. For

v € Cy_1, we know that [|yx_1 — v||* < ||zg—1 — v||? + Ok_1 is equivalent to
2ap-1 — Yr—1,0) < [[ar-1)® = llyr-1]l* + 01

So, C} is closed and convex which shows that C,, is closed and convex for n > 0.

This implies that {x,} is well-defined. From Lemma 1.5, the sequence {v,} is also
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well-defined. From (2.5), z, = Pc,z (n > 0), we have
(x — xp,xp —y) >0 for y e C,.
Since F' C C,,, we get (x — xp,x, —p) > 0 for p € F and n > 0. Hence, we have

0 < (2—nan—p) = (@ — T, 20— + 7 — p)

—(xn — Ty — ) + (T — Ty, T — D)

IA

—lan =2l + |z = @al| - |lz = pl,
which implies that
(2.7) |zn, — 2| < ||z —p|| for pe N and n > 0.

Thus, {z,} is bounded. It follows that {y,} is also bounded. From the fact that
ZTp—1= Pe, v and z, = P,z (€ C, C Cp_1), we have

(28) <37 —Tn—-1,Tn-1 — xn> > 07

which implies that

0 < <x_$n—1axn—1_l‘n>
= (T —Tp_1,Tp-1— T+ T — Ty)
< —flz—zna P+ |z = 2nall - llz — 2

and hence ||z —z,—1| < || —xy||. Thus, {||x, —z||} is non-decreasing, so lim |z, —
n—oo

x|| exsits.
Next, we show that li_>m |zn, — zp—1]] = 0. From (2.8), we have
n—0o0o
|2n—1 — anQ = [zp1—z+z— anz

= zno1 — 2|+ 2(xn1 — z, 2 — x) + ||z — ||
= |zt — 2|+ 2&p 1 — T, Tt — xp) + |7 — 20|
e 4 i ol E e

Since nh_}n(lo |xn — x|| exists, we get

(2.9) |xn—1 — zn|| = 0.

lim
n—oo
On the other hand, z,, € C},, we obtain

Hyn—l - anZ < Hxn—l - anQ + gn—l-

So, we have lim ||y,—1 — x| = 0. It follows that
n—oo

(2.10)  |lyn—1 — Tn—1ll < |Yyn—1 — x| + |Tn — Tp—1]| = 0 for n — co.
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Next, we claim that lim ||z, —v,|| = 0. Let p € F. Since v,—1 = S;,,_,Tp_1, We
n—oo

have
lva—1 =pI* = [ISr_12n-1 = Sp,_1pl”
< (Sr_1Tn-1— Sp, 1P, Tn-1— D)
= (Un-1—D;Tn-1—D)
= (Un-1—Tn-1+Tp1—D;Tn-1— D)
= (—(zn-1—vp-1) + (Zn-1 — ), Tn—1 — D)
= —((@n-1 —vn-1) = (@n—1 — p), Tn—1 — D)
= S(llvn- = pl? = llzn—1 = vna|® + a1 — p?)
and hence
(2.11) [vn-1 = p)1? < llzn-1 = plI* = 201 — vaa]*.

From (2.6) and (2.11), we have

IN

[Yn—1 —p||? [vn—1 = p|I* + Op—1

IN

H$n—1 —PH2 - Hlf'n—l - Un—1”2 + 01,

which implies that

IN

|21 = vn1][? a1 = pI* = llyn—1 — Pl + s
< len1 = vnall(lzn—1 = pll = [[gn—1 = pl) + On—1.
From (2.10) and the boundedness of {z,} and {y,}, we have
(2.12) nl;rréo |zpn—1 — vp—1] = 0.
From (2.9) and (2.12), we obtain
[vn = vp—1l < [lon = @l + [[#n — Zn-1ll + [2n—1 — vn-1l] = 0 as n — oo,
which implies that
lim |on — vnjl| =0 for je{1,2,--- N}

h(n)

From the fact that y,—1 = ap—19p—1 + bp— 1T(n) Un—1 + Cn—1tp—1(n € N),

we have
h
bn—lHjji(i:;)vn—l - xn—l” - Hyn—l — Ap—-1Un—1 — Cn—lun—l_(l_an—l - cn—l)wn—IH
<|Yn—1 — Zpn—1|| + an—1l|vn—1 — Tpn—1||

+ Cnleunfl - ajnle-
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Applying (2.10) and (2.12), we have
(2.13) Tim (70 o1 = @ | = 0,
From (2.12) and (2.13), we obtain

h h
1T o1 = vn | < T on 1 = @l + o1 = 2nal| = 0 as 0 — oc.

By using the same method as in the proof of Theorem 3.2 in [2], we can obtain

lim || Tjv, — v,|| =0
n—oo
and
W(zy) C F.
Hence, the strong convergence of {z,,} to p = Ppz is guaranted by Lemma 1.7 under
(2.7). From (2.12), we also have the strong convergence of {v,} to p = Prz. O
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