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EMPLOYING o-y-CONTRACTION TO PROVE COUPLED
COINCIDENCE POINT THEOREM FOR GENERALIZED
COMPATIBLE PAIR OF MAPPINGS ON PARTIALLY ORDERED
METRIC SPACES

BHAVANA DESHPANDE ®* AND AMRISH HANDA P

ABSTRACT. We introduce some new type of admissible mappings and prove a cou-
pled coincidence point theorem by using newly defined concepts for generalized
compatible pair of mappings satisfying o — 1) contraction on partially ordered met-
ric spaces. We also prove the uniqueness of a coupled fixed point for such mappings
in this setup. Furthermore, we give an example and an application to integral equa-
tions to demonstrate the applicability of the obtained results. Our results generalize
some recent results in the literature.

1. INTRODUCTION AND PRELIMINARIES

For simplicity, if x € X, we denote T'(z) by Tz. In [9], Guo and Lakshmikantham

introduced the following notion of coupled fixed point for single-valued mappings:

Definition 1. Let F': X x X — X be a mapping. An element (z, y) € X x X is
called a coupled fized point of F if

F(z, y) ==z and F(y, z) =y.

In [3], Bhaskar and Lakshmikantham gave the notion of mixed monotone property
and proved some coupled fixed point theorems for a mapping having mixed monotone
property in partially ordered metric spaces.

Bhaskar and Lakshmikantham [3] introduced the following:

Definition 2. Let (X, <) be a partially ordered set and endow the product space
X x X with the following partial order:
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(u, v) < (z, y) & x> uand y 2 v, forall (u, v), (z, y) € X x X.

Definition 3. Let (X, <) be a partially ordered set. Suppose F': X x X — X be a
given mapping. We say that F' has the mized monotone property if for all x, y € X,
we have

T, x9 € X, 11 S 10 = F(a}1, y) = F(:L‘Q, y),
and

Y1, y2 € X, y1 Jye = F(z, y1) = F(z, ya).
Lakshmikantham and Ciric [13] extended the notion of mixed monotone property
to mixed g—monotone property and generalized the results of Bhaskar and Laksh-
mikantham [3].

In [13], Lakshmikantham and Ciric introduced the following:

Definition 4. Let F': X x X — X and g : X — X be two mappings. An element
(z, y) € X x X is called a coupled coincidence point of the mappings F' and g if
F(z, y) = gz and F(y, =) = gy.

Definition 5. Let F': X x X - X and g: X — X be two mappings. An element
(z, y) € X x X is called a common coupled fixed point of the mappings F' and g if
z=F(z, y) =gz and y = F(y, z) = gy.

Definition 6. The mappings F' : X x X — X and g : X — X are said to be

commutative if
gF(z, y) = F(gz, gy), for all (z, y) € X x X.
Definition 7. Let (X, <) be a partially ordered set. Suppose F': X x X — X and

g: X — X are given mappings. Then F' has the mixed g—monotone property if for
all z, y € X, we have

1, T2 S X7 gri jng - F(xh y) j F(x27 y)
and

Y1, Y2 € X, gy1 2 gy2 = F(x, y1) = F(z, y2).
If ¢ is the identity mapping on X, then F' satisfies the mixed monotone property.
In [5], Choudhury and Kundu gave the notion of compatibility in the context

of coupled coincidence point and used this notion to improve the results of Laksh-
mikantham and Ciric [13].
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Definition 8 ([5]). The mappings F': X x X — X and ¢g: X — X are said to be

compatible if

lim d(gF (zn, yn), F(gzn, gyn)) = 0,
nlLIIgod(gF(yn» zn), F(gyn, gzn)) = 0,

whenever {z,,} and {y,} are sequences in X such that

lim F(z,, y,) = lim gz, ==z,

n—oo n—o0

lim F(y,, z,) = lim gy, =y, for some z, y € X.
n— o0 n—oo

In [11], Hussain et al. introduced a new concept of generalized compatibility of a pair
of mappings defined on a product space and proved some coupled coincidence point
results and also proved some coupled fixed point results without mixed monotone
property.

In [11], Hussain et al. introduced the following:

Definition 9. Suppose that F, G: X x X — X are two mappings. F' is said to be

G —increasing with respect to < if for all z, y, u, v € X, with G(z, y) < G(u, v) we
have F(z, y) < F(u, v).

Example 10. Let X = (0, +00) be endowed with the natural ordering of real
numbers < . Define mappings F, G: X x X — X by F(z, y) = In(z + y) and G(=,
y) =x +y for all (z, y) € X x X. Note that F' is G—increasing with respect to < .

Example 11. Let X = N endowed with the partial order defined by z, y € X x X,
x = y if and only if y divides z. Define the mappings F, G : X x X — X by F(z,
y) = 22y and G(z, y) = xy for all (z, y) € X x X. Then F is G—increasing with
respect to <.

Definition 12. An element (z, y) € X x X is called a coupled coincidence point of
mappings F, G: X x X — X if F(z, y) = G(z, y) and F(y, z) = G(y, x).

Example 13. Let F, G : R x R — R be defined by F(z, y) = xy and G(=z,
y) = %(:Jc +y) for all (z, y) € X x X. Note that (0, 0), (1, 2) and (2, 1) are coupled

coincidence points of F' and G.

Definition 14. Let F, G : X x X — X be two maps. We say that the pair {F, G}

is commuting if

F(G(z, y), Gy, x)) = G(F(x, y), F(y, x)), for all z, y € X.
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Definition 15. Let (X, <) be a partially ordered set, F' : X x X — X and
g: X — X. We say that F' is g—increasing with respect to = if for any z, y € X,
gz1 = gzo implies F(z1, y) < F(x2, y),

and

gy1 = gy2 implies F(x, y1) = F(z, y2).

Definition 16. Let (X, <) be a partially ordered set, F': X x X — X. We say that

F' is increasing with respect to < if for any z, y € X,
x1 = x9 implies F(x1, y) 2 F(z2, y),

and

Y1 j Y2 lmphes F(:Ca 1/1) j F(l’, y2)

Definition 17. Let F, G : X x X — X. We say that the pair {F, G} is generalized

compatible if

lim d(F(G(zn, yn), G(yn, ¥n)), G(F(Tn, yn), Fyn, xn))) = 0,

n—oo

lim d(F(G(ym xn)a G(l‘n, yn))a G(F(ym xn)a F(:Ena yn))) = 0,

n—oo

whenever (z,,) and (y,) are sequences in X such that

lim G(zy, yn) = lim F(z,, y,) ==z,
n—oo n—oo
lim G(yn, z,) = lim F(yn, x,) =y, for all z, y.

Obviously, a commuting pair is a generalized compatible but not conversely in gen-

eral.

Recently, Samet et al. [19] defined the following definition of a—admissible map-

ping and proved coupled fixed point theorems in complete metric spaces.

Definition 18. Let F: X x X — X and a : X? x X2 — [0, +00) be two mappings.
Then F is said to be («)—admissible if

a((z, y), (u, v)) 2 1= a((F(z, y), Fy, ), (F(u, v), F(v, u))) =1,

for all x, y, u, v € X.
[e.e]
Let ¥ denote the set of all functions # : [0, +00) — [0, +00) such that > "™ (t)<

n=1

oo for all t > 0, where 1™ is the nt" iterate of ¥ satisfying

(i) v~ {0} =0,
(i) ¥(t) < t, for all t > 0,
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(#p) limy 4 1p(r) <t for all ¢ > 0.

Lemma 19 ([15]). If ¢ : [0, +00) — [0, +00) is non-decreasing and right con-
tinuous, then ¥"(t) — 0 as n — oo for all t > 0 if and only if Y(t) < t for all
t>0.

Definition 20. An ordered metric space (X, d, <) is a metric space (X, d) provided

with a partial order <.

In [15], Mursaleen et al. established the following result:
Theorem 21. Let (X, d, <) be a partially ordered complete metric space. Let
F: X x X — X be a mapping having the mized monotone property of X satisfying

(i) for all z, y, u, v € X, where x = u, y < v, there exist ¥ € ¥V and « :
X2 x X% — [0, +00) such that

a((z, y), (u, V)d(F(z, y), F(u, v)) < (d(x, u) + d(y, v))7

2
(i) F is (a)—admissible,
(1it) there exist xq, yo € X such that
O[((I‘O, 90)7 (F(CCQ, yO)u F(y07 CCQ)))
a((yﬂv '7:0)7 (F(y07 :1:0)7 F(.’L’O, yO)))

(iv) suppose that either

Y
\‘I—‘

v
\')—‘

(a) F is continuous or
(b) if (zn) and (yn) are sequences in X such that
Oé((l’n, yn)7 (wnJrl) yn+1)) > 1 and a((yn) 'rn)v (yn+17 $n+1)) > 1,

for alln € N and

lim z, =2x € X and lim y, =y € X,

n—oo n—oo
then

a((‘/En) yn)7 (3:7 y)) Z 1 and a((yTh :L'n)’ (ya I’)) 2 17
(v) there exist xg, yo € X such that
zo = F(xo, yo) and yo = F(yo, o),

then F' has a coupled fixed point.

Very recently Samet et al. [17] claimed that most of the coupled fixed point

theorems for single-valued mappings on ordered metric spaces are consequences of



78 BHAVANA DESHPANDE & AMRISH HANDA

well-known fixed point theorems. There exists several coupled fixed point results for
single valued mappings including [2, 4, 6, 7, 8, 9, 10, 11, 12, 15, 16, 18, 20].

In this paper, we define some new type of admissible mappings and prove a
coupled coincidence point results by using newly defined concepts for generalized
compatible pair of mappings satisfying o — ¢ contraction on partially ordered met-
ric space. We also prove the uniqueness of a coupled fixed point for such mappings.
Furthermore, we give an example and an application to integral equations to demon-
strate the applicability of the obtained results. We generalize the results of Bhaskar
and Lakshmikantham [3], Lakshmikantham and Ciric [13], Mursaleen et al. [15] and

many others.

2. MAIN RESULTS

First, we introduce the following:

Definition 22. Let F, G : X x X — X and a: X? x X? — [0, +00) be mappings.
Then F is said to be (ag)—admissible if

° ( (é((i’, ‘zi))’, g%i, 3))’ > SR ( (P ., 00, ) =

for all x, y, u, v € X.

Definition 23. Let F: X x X — X, ¢: X — X and o : X? x X2 — [0, +00) be
mappings. Then F is said to be (o) —admissible if

a((gz, gy), (gu, gv)) =1 ;‘0‘< (F(u, v), F(v, u))

for all x, y, u, v € X.

Theorem 24. Let (X, d, <) be a partially ordered complete metric space. Assume F,
G: X xX — X be two generalized compatible mappings such that F' is G—increasing
with respect to =, G is continuous and has the mired monotone property satisfying

(1) there exist two elements xq, yo € X such that

a((G(zo, v0), G(yo: 20)), (F(zo, yo); F(yo, z0))) 1,
a((G(yﬂv 1:0)7 G(x07 yO))’ (F(yo, fL‘o), F(xov yO))) > 17

v

(2) for all z, y, u, v € X, where G(z, y) < G(u, v) and G(y, ) = G(v, u), there
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exist v € U and o : X? x X2 — (0, +00) such that
(G(z, y), Gly, x)),
a( (G(u, v), G(v, u)) )d(F(x, v Fle v)

< <d(G(l‘7 y), G(u, v));rd(G(y, z), G(v, u)))7

(3) for any x, y € X, there exist u, v € X such that

F(z, y) = G(u, v) and F(y, z) = G(v, w),
(4) suppose that either

(a) F is continuous or

(b) if (zy) and (yn) are sequences in X such that
Oé((G(.’En, yn)? G(yn) xn))v (G($n+1, yn-i-l)v G(yn+17 xn—i—l)))
Oé((G(yn, xn)v G(xna yn))7 (G(yn+17 $n+1)7 G(ajn—i—l? yn-i-l)))
for alln € N and lim,, oo G(zp, yn) = x € X and limy, o0 G(yn, ©,) =y € X, then
a((G(n, yn), Gyn, zn)), (G(z, y), Gy, z))) = 1
a((G(Yn, Tn), G(Tn, Yn)), (Gly, ), G(z, y))) > 1
(5) there ezist two elements xg, yo € X such that
G(zo0, yo) =2 F(zo, yo) and G(yo, o) = F(yo, Zo)-
Then F and G have a coupled coincidence point.

Proof. By hypothesis, there exist xg, yo € X such that

a((G(xo, yo); G(yo, z0)), (F(xo, vo), F (Y0, 70)))
a((G(yo, wo), G(wo, yo)), (F(vo, w0), F(x0, ¥0)))

By using (3), select z1, y1 € X such that

(AVARNYS
_

G(z1, 1) = F(xo, yo) and G(y1, 1) = F(yo, o).
Continuing in this manner, we construct sequences {z,} and {y,} in X such that

(6) G(xn-‘rlv yn-‘rl) = F($7M yN) and G(yn+17 xn—i—l) = F(yn7 LUn), for all n > 0.
We shall show that

(1) G(@n, yn) 2 G(Tna1, Ynr1) and G(yn, Tn) = G(Yni1, Tny1), for all n > 0.
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We shall use the mathematical induction. Let n = 0, since
G(:’UOa yO) = F(x(]v yO) = G(;Ul’ y1)7
G(y()a :EU) t F(yo; ‘TO) — G(yla :El)a
we have
G(zo, yo) = G(x1, y1) and G(yo, zo) = G(y1, 21).

Thus (7) hold for n = 0. Suppose now that (7) hold for some fixed n € N. Then

G($n7 yn) = G(xn—l—lu yn+1) and G(ynv xn) = G(yn—l—lu xn+1)-
Since F' is G—increasing with respect to <, by using (6), we have
G(xn—&—lv yn+1) = F(xna yn) = F(xn—&—lv yn—l—l) = G(xn—i—Q? yn+2)7
G(yn+1a xn—s—l) = F(yna Jf'n) = F(yn—i-l, xn—i—l) = G(yn+27 xn+2)-

Thus by the mathematical induction we conclude that (7) hold for all n > 0. There-

fore
G(zo, yo) =X G(z1, Y1) = .. 2 G(xn, Yn) X G(@nt1, Ynt1) < ..
and
G(yo, w0) = G(y1, 21) = .. = G(Yn, Tn) = G(Yn+1, Tny1) = ...
Since F' is (ag)—admissible, we have
a((G(zo, yo), G(yo, w0)), (G(z1, v1), G(y1, 11)))

= a((G(xo, yo), G(yo, z0)), (F(xo, yo), F (0, 70))) > 1,

which implies that

a((F(l’oa y0)7 F(y07 IL’())), (F(‘Tla yl)? F(y17 .’171)))
= a((G(z1, n1), G(y1, 21)), (G(z2, y2), G(y2, 72))) > 1.

Thus, by the mathematical induction, for all n € N, we have

(8) a((G($n7 yn)a G(yn7 1’n)), (G($n+1, yn+1)7 G(y’n-l—l? xn—i—l))) > 1.

Similarly

(9) a(G(yna xn)7 (G(xm yn)); (G(yn-‘rla $n+1), G(xn+1, yn-l—l))) > L.
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Now by (2) and (8), we have

A(G(zn, Yn); G(Tnt1, Ynt1))

= d(F(n-1, Yn-1), F(Tn, yn))

< a((G(zn-1, Yn-1); GWn-1, Zn-1)), (G(Tn, Yn); G(Yn, zn)))
Xd(F(zn-1, Yn—1), F(Tn, yn))

< d(G(Tn-1, Yn-1), G(@n, yn));rd(G(yn_l, Tn-1); G(Yn, xn))>'

Similarly, we have

d(G(y'm iL'n), G(yn—l-b mn—i—l))
w <d(G($n—l7 yn—l); G(xrw yn)) +d(G(yn—17 xn—l)y G(yn; xn))) )

<
B 2

Combining them, we get

d(G(l‘m yn)a G(l‘n+1a yn+1))+d(G(yna $n)a G(yn+1a l‘n+1))
2

w (d(G(ajn—l, yn—l)a G(l‘n, yn)) +d(G(yn—1u l‘n—l)7 G(yna xn)))
5 .

<

Repeating the above process, we get

d(G(xnv yn)7 G(xn+17 yn+1))+d(G<yn7 fL‘n), G<yn+17 xn—l—l))
2
< wn (d(G(:‘UUa yO)v G(l’l, yl))—;d(G(ym :L'O)a G(yla l‘l))))

for all n € N. Without any loss of generality, we can assume that %[d(G(xO, Y0),
G(z1, y1)) + d(G(yo, x0), G(y1, x1))] # 0. In fact, if this is not true, then G(xq,

yO) = G(xla yl) = F(:E(Ja yO)a G(y07 xO) = G(yh 33‘1) = F(yOa 1:0)7 that is, (:Z:Oa yO) is
a coupled coincidence point of F' and G. For ¢ > 0 there exists n(e) € N such that

(10) Z o <d(G($07 Yo), G(z1, y1)) +d(G(yo, wo), Gy, ivl))) < %

2
n>n(e)

Let n, m € N be such that m > n > n(e). Then, by using the triangle inequality

and (10), we have

d(G(mna yn)v G("Ema ym)) +d(G(yna -Tn), G(yma fEm))
2
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< " d(Gag, ), Geer, yen) + dGlyp, @x), Glyper, Tre))
- k=n 2
o N (d(G(xo, w), Gla1, y1)) + d(Glyo, x0), Glyn, x1))>
- 2
k=n
S wn <d(G($0, y0)7 G(xlv yl))—;d(G<y07 [EO), G(yb J}l))) < g
n>n(e)
This implies that
(11) d(G(.’L‘n, yn)v G(.’L‘m, ym))+d(G(yn7 .’L‘n), G(yma xm)) <e.

Thus, by (11), we get

A(G(Tn, Yn), G(Tm, Ym)) < [ fé(%@:,y;i) (?JZ;% ]
)

UG, ). Gl ) < | [ 00y Gt )

it follows that {G(zn, yn)} and {G(yn, zn)} are Cauchy sequences in X. Since X is

complete, therefore there is some z, y € X such that

(12) lim G(z,, yn) = lim F(z,, yn) =z,
n—oo n—0o0
lim G(yn, =n) = lim F(yn, z,) =y,
n—00 n—00

Since the pair {F, G} satisfies the generalized compatibility, from (12), we get
(13)  Jim d(F(Glan. y). Gy @) GF (s v, Flyn, 7)) =0,
and

(14)  lim d(F(Gy @), Gan ) GEWan 7). Flan, ya))) = 0.
Now suppose that assumption (a) holds. Then

d(F(G(xn, yn), Glyn, xn)), G(z, y))
< A(F(G(zn; yn), Glyn, xn)), G(F (20, Yn), F(Yn, Tn)))
+d(G(F(@n; yn), Fyn, n)), G(z, y)).
Taking limit as n — oo in the above inequality, using (12), (13) and the fact that F’

and G are continuous, we have

F(z, y) = G(z, y).
Similarly we can show that
F(y7 J)) - G(y7 .T})
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Thus (x, y) is a coupled coincidence point of F' and G.
Now, suppose that (b) holds. Then, by (8) and (12), we have

(15) a((G(@n, yn), Gy, zn)), (G(z, y), G(y, x))) = 1.
Similarly, we have
(16) a((G(ym xn)a G(l‘n, yn))? (G(ya .CL‘), G(l‘, y))) > 1

Now, using (2), we get
d(F(G(xny yn)v G(yna l‘n))a F(LL’, y))
G(G(xnv yn)7 G(ym xn))v
o (( G v G ) v, 6w )
Xd(F(G(fEna yn)7 G(yna xn))) F(xa y)

)
1[ d(G(G(xn, yn), GYns 7)), G(z, ¥))
= v ( [ +d(G(G(yn,ymn), G?(Jmn, Yn)), G(y,ym)) D

which implies by the fact that ¢ (¢t) <t for all ¢ > 0,

d(F(G(wn7 yn)7 G(yn7 flfn)), F(.%‘, y))

o1 [ d(G(G(@n, yn), G(yn, Tn)), G(z, y)) ]
- +d(G(G(yn, xn)a G(CCn, yn))v G(y7 .’L‘)) .

Taking limit as n — oo in the above inequality, by using (12), (13) and by the

IN

continuity of GG, we have

lim d(G(F(zn, yn), F(yn, ©)), F(z, y))
)

n—o0
)

= lim d(F(G(xn, yn); G(yn, 7)), Flz, y

o1y d(G(G(zn, yn), G(yn, 0)), G(z, Y))

),
5711&1010 +d(G(G(yn, xn) (l‘n, yn))v G(y, I‘))

which implies that
F(z, y) = G(z, y).
Similarly we can show that
Fly, =) = G(y, x).
Thus (x, y) is a coupled coincidence point of F' and G. O

Corollary 25. Let (X, d, <) be a partially ordered complete metric space. Assume
F,G: X xX — X be two commuting mappings such that F is G—increasing
with respect to =X, G is continuous and has the mirzed monotone property satisfying

(1) = (5). Then F and G have a coupled coincidence point.

Now, we deduce following results which are analogous to Theorem 21:



84 BHAVANA DESHPANDE & AMRISH HANDA

Corollary 26. Let (X, d, <) be a partially ordered complete metric space. Assume
F:XxX—= X andg: X — X be two mappings such that F' is g—increasing with
respect to = and {F, g} is compatible. Suppose that

(17) there exist two elements xq, yo € X such that

a((gwo, gyo)v (F(l‘o, yO)J F(y(), xO))) > 1,
a((gyo, 9x0), (F(yo, wo), F(xo, y0))) > 1,

(18) for all x, y, u, v € X, where gr < gu and gy = gv, there exist ¥ € V¥ and
a: X% x X? (0, +00) such that

a((gz, gy), (gu, gv))d(F(z, y), F(u, v)) < <d(99”’ gu) ;d(gy, gv)>’

(19) F(X x X) C g(X), g is continuous and monotone increasing with respect to <,

)
(
(
(

20) suppose that either

a) F is continuous or

b) if (xn) and (yn) are sequences in X such that
a((9zn, gyn); (9Tni1, gyns1)) = 1,
a((9yns 92n), (9Yn+1, 9Tnt1)) = 1,

for allmn € N and

nlg]gogxn =z € X and nh_)néogyn =y e X,

then

Y
—

a((9zn, gyn), (92, g9y))
a((gYn, 97n), (9y, gx))

Vv
—_

(21) there exist two elements xq, yo € X such that

gro = F'(x0, yo) and gyo = F(yo, o).

Then F and g have a coupled coincidence point.

Corollary 27. Let (X, d, <) be a partially ordered complete metric space. Assume
F:XxX— X andg: X — X be two mappings such that F' is g—increasing with
respect to =< and {F, g} is commuting satisfying (17) — (21), then F and g have a

coupled coincidence point.

Corollary 28. Let (X, d, <) be a partially ordered complete metric space. Assume
F: X x X — X be an increasing mapping with respect to < satisfying
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(22) there exist two elements g, yo € X such that
Oé((l'(), yO)a (F([I}O, y0)7 F(y07 fl?()))) 1
a((yo, wo), (F(yo, wo), F(xo, w))) > 1,
(23) for all x, y, u, v € X, where x = u and y = v, there exist v € ¥ and

a:X?x X?— (0, +00) such that

a((z, y), (u, v))d(F(z, y), F(u, v)) < <d(a:, u)—2|—d(y, v))7

v

)

(24) suppose that either
(a) F is continuous or

(b) if (zp) and (yn) are sequences in X such that

vV
—

a((xn, yn)7 (ajn-i-h yn-‘rl))
a((y’m l'n), (yn-‘rlv xn+1)) > 17
for alln € N and
n—oo

lim zp, =2 € X and lim y, =y € X,
n—oo
then

vV
—

a((wn, yn), (T, Y))
a((Yn, ), (y, 2)) > 1,

(25) there exist two elements g, yo € X such that
xo = F(xo, yo) and yo = F(yo, xo).
Then F has a coupled fized point.

Example 29. Suppose X = [0, 1] provided with its usual order < and the Euclidean
metric d(z, y) = |z —y| for all x, y € X. Let F, G: X x X — X be defined as

22 —y?

if v >
F — 4 y 1 2 Y,
(@, y) { 0, ifzx <y,

and

2 2
_ € —y,lffb’Zya
G, y)—{ 0, if x <y.

Define a : X2 x X2 — (0, +00) as follows

1, ifx >y, u>w,
a((z, y), (u, v)) :{ 0 othéyrwise
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and ¢ : [0, +00) — [0, +00) as follows
t
P(t) = B for all ¢t > 0.

First, we shall show that F' and G satisfy the contractive condition (2). Let z, y € X
such that G(z, y) < G(u, v) and G(y, ) > G(v, u), we have

a((Gz, y), Gy, ©)), (G(u, v), Gv, w))d(F(z, y), F(u, v))

< d(F(, ), Flo, )
22 —y? 2 o2

= 4 4

< IGG, )= Glu, )|

< (G, ), Glu, v)

¢ (U009 Glw )+ dGl o) Cle )
2 2

¢ (UM 1) Gl )+ dGl, =) Clo )

Thus the contractive condition (2) is satisfied for all z, y, u, v € X. The other
conditions of Theorem 24 are satisfied like in [10] and z = (0, 0) is a coincidence
point of F' and G.

Now we prove the uniqueness of the coupled coincidence point. If (X, <) is a
partially ordered set, then we endow the product X x X with the following partial

order relation,
(z, y) < (u, v) <= G(z, y) = G(u, v) and G(y, z) = G(v, u),
for all (z, y), (u, v) € X x X, where G : X x X — X is one-one.
Theorem 30. In addition to the hypotheses of Theorem 24, suppose that for every

(z, y), (z*, y*) in X x X, there exists another (u, v) in X X X which is comparable

to (z, y) and (x*, y*), then F' and G have a unique coupled coincidence point.

Proof. Theorem 24 shows that the set of coupled coincidence points of F' and G is
non-empty. Let (z, y), (z*, y*) € X x X are two coupled coincidence points of F’
and G, that is,

Flz, y) = Gz, y) and F(y, z) = G(y, x),
F(z*, y*) = G(z*, y*) and F(y*, z*) = G(y*, z*).
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We shall prove that G(z, y) = G(z*, y*) and G(y, z) = G(y*, =*). By assumption,
there exists (u, v) € X x X which is comparable to (z, y) and (z*, y*). We define

the sequences {G(un, v,)} and {G(vy, uy)} as follows, with ug = u, vg = v :
G(unt1, Vnt1) = F(un, vn), Gopt1, tnt1) = F(vn, up), n>0.

Since (u, v) is comparable to (z, y), we may assume that (z, y) < (u, v) = (uo,
vg), which implies that G(z, y) < G(ug, vo) and G(y, x) = G(vg, ug). Suppose (z,
y) =< (up, v,) for some n. Since F' is G—increasing, we have G(z, y) < G(up, vy)
implies F(x, y) = F(up, v,) and G(y, z) = G(vy, uy,) implies F(y, x) = F(vp, Up).
We now prove that (z, y) < (upt1, vnt1). Therefore G(z, y) = F(z, y) = F(up,
Un) = G(Uunt1, vnt1) and G(y, ) = F(y, x) = F(vp, uy) = G(Unt1, Unyt1). Thus,
we have (z, y) = (Un+1, Un+1), for all n. Since for every (z, y), (z*, y*) in X x X,
there exists (u, v) in X x X such that

Q
=
Q
—~
8
<
~—
@
*
=
8
=
@
—~
S
<
~
2
<
S
=
AV
“I—‘

=)

=

F‘D.

07]

(=

=

Q

-+

e °
—~
—~
o Q
—~
8 B
RS
:—/ ?/
5 Q
— ~—~~
s €
8 8
= =
—~
5 Q
—~
£ F
< <
=
R
s o=
E £
NN
AV AV
=

Put u = up and v = vy, we get

a((G(z, y), Gy, ©)), (G(u, v), G(v, u)))
implies that o ((F(z, y), F(y, z)), (F(uo, vo), F(vo, uwp))) > 1L

Vv
—_

Thus

a((Glz, y), Gy, ©)), (G(u, v), G(v, u)))
implies that o ((G(z, y), G(y, z)), (G(u1, v1), G(v1, u1)))

VARV
—_ =

Thus, by the mathematical induction, we obtain
Oé((G(LE, y)7 G(ya IL')), (G(Una 'Un), G('Un, Un))) > 1, for all n € N.
Similarly

a((G(y, x), G(z, v)), (G(vn, upn), G(up, vy,))) > 1, for all n € N,
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Now, by using (2), we have

d(G(z, y), G(unt1, vpt1))
= d(F(‘Ta y)v F(um Un))
< a((G(z, y), Gy, 2)), (G(un, vn), G(vn, un)))
xd(F(z, y), F(un, vn))
< o d(G(z, y), G(un, vn)) —;—d(G(y, z), G(vp, un)))
Thus
(26) d(G(z, y), G(untr, vny1))
< y <d(G($, y); G(un, Un));-d(G(% z), G(vn, un))).
Similarly, we have
(27) d(G(yv l’), G(UnJrla UnJrl))
< W (d(G(y, z), G(vn, un))‘;‘d(G(% y), G(un, Un)))

Combining (26) and (27), we get

d(G(2, y), Gluntr, vnt1)) +d(G(Y, @), Glontr, Uunt1))
2
y (d(G(w, y), Glun, vn)) +d(G(y, ), G(vn, un))>_

<
B 2

Thus

d(G(2, y), Gluntr, vnt1)) +d(G(Y, @), Glontr, Unt1))
2
o <d(G(m7 y), Glur, v1)) +d(G(y, z), G(oi, U1))>7

<
B 2

for each n € N. Letting n — oo in the above inequality and using Lemma 19, we get

G(x7 y) - nl—g’lo G(“"’H-l? 'Un—l—l) and G(yv JJ) - nh_)H;OG(Un-Ha un+1)'

Similarly, we can show that

G(z*, y*) = ILm G(un+1, Unt1) and G(y*, z*) = ILm G(Vn+1, Unt1)-

Thus G(z, y) = G(z*, y*) and G(y, x) = G(y*, z*). O
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3. APPLICATION TO INTEGRAL EQUATIONS

Now, we study the existence of the solution to a Fredholm nonlinear integral
equation as an application of the results obtained in the previous section. Consider

the following integral equation

b
@) o) = [ (K )+ Kalp, 0) Ul 5() + ola: (@) da+ (o)

for all p € I = [a, b].
Let © denote the set of all functions 6 : [0, +00) — [0, +00) satisfying

(i9) € is non-decreasing,
(iig) 0(p) < p-

Assumption 31. We assume that the functions Ki, K, f, g fulfill the following
conditions:

(1) K1(p, q) > 0 and Ks(p, q¢) <0 for all p, g € I,

(73) There exist positive numbers A, p and 6 € © such that for all z, y € R with
x = y, the following conditions hold:

(29) 0< flg, ) — flq, y) < M(z —y),
and
(30) —pb(z —y) < g(q, *) —g(q, y) <0,
(iii)
b 1
(31) max{A, u} zlél;/a [Ki(p, q) — Ka(p, q)]dgq < 3

Definition 32 ([14]). A pair (a, ) € X x X with X = C(I, R), where C(I, R)
denote the set of all continuous functions from I to R, is called a coupled lower-upper
solution of (28) if, for all p € I,

b
ap) < / K(p, o)lf (@, @(9)) + (e, Bla))dg

b —~
+ / Ka(p, 9)[f (g B(a)) +g(a, a(q))ldg + h(p)
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and

~ b ~
Bl > / Ki(p, 9)lf (@, B(@)) + 9, G(a))ldg

b
+/ Ka(p, @)lf(q, alq)) +9(q, B(q))ldg + h(p).

Theorem 33. Consider the integral equation (28) with Ki,Ks € C(I x I,R),
f,g € C(IxR,R) and h € C(I, R). Suppose there exists a coupled lower-upper
solution (&, ) of (28) with & < B and that Assumption 31 is satisfied. Then the
integral equation (28) has a solution in C(I, R).

Proof. Consider X = C(I, R), the natural partial order relation, that is, for z,
y € C(I, R),

r 2y <= xz(p) <y(p), Vpe I

It is obvious that X is a complete metric space with respect to the sup metric

d(z, y) = Spléll) lz(p) — y(»)|-

Now define on X x X the following partial order: for (z, y), (u, v) € X x X,
(x, y) < (u, v) <= z(p) < u(p) and y(p) > v(p), for all p € I.

Obviously, for any (z, y) € X x X, the functions max{z, y} and min{z, y} are
the upper and lower bounds of x and y respectively. Therefore for every (z, y), (u,
v) € X x X, there exists the element (max{z, u}, min{y, v}) which is comparable
to (x, y) and (u, v). Define o : X2 x X2 — (0, +00) as follows

ifz>y, u>w,
0, otherwise,

o v (o) ={ "
and 1 : [0, +00) — [0, +00) as follows
P(t) = % for all ¢ > 0.

Now define the mapping F': X x X — X by

b
F(z, y)(p) = / Kb, ) (> 2(0)) + 9(a, 9(@))]dq

b
+/ Ka(p, q)[f(q, y(q)) +g(q, z(q))]dg + h(p),
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for all p € I. It is easy to prove, like in [11], that F is increasing. Now for z, y, u,
v € X with z > v and y < v, we have

F(z, y)(p) = F(u, v)(p)

= /Klp Q) [f(q, =(q)) +9(q, y(q))]dq
/Kz p, @) [f(a, y(q)) +g(q, =(q))]dq
/Klp q) [f(g, u(q)) + g(q, v(q))]dgq

/ K (p, g (@) + 9(a. u(9))]dg
- / Ki(p, g 2(q)) — £(g, w(@))) — (9(a, v(a)) — 9(a» ¥(a)))]dq
/ Ks(p, o) [(f(g, v(a)) — F(a, 9(a))) — (9(a, 2(a)) — 9(a, u(@)))] da.

Thus, by using (29) and (30), we get
(32) F(z, y)(p) — F(u, v)(p)

b
/ Ki(p, ¢) M (2(q) — u(a)) + 1 (v(g) — w(q))] dg

IN

b
_ / Ka(p, q)[M (v(q) — 5(0)) + u ((q) — u(9))] da.

Since # is non-decreasing and = > u and y =< v, we have

0 (x(q) — u(q))

IN

0 (sup lz(q) — U(Q)‘) = 0(d(z, u)),

pel

0 (v(q) —y(q))

IN

pel

0 (sup lo(q) - y(é])l) = 0(d(y, v)).
Hence by (32), in fact that K»(p, q) < 0, we obtain

|F(z, y)(p) — F(u, v)(p)|

b
< / Ki(p, ¢) M(d(z, u) + pf(d(y, v))]dg

b
- / Ka(p, 0) [M(d(y, v) + ud(d(x, u)]da,
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b
< l/)fcmp,q)hnax{h,u}ﬁhﬂw,10)+-me{kvu}90ﬂy7v)ﬂdq

b
—/Jmn@mMmuww%mewmuww%mwm

since all the quantities on the right hand side of (32) are non-negative. Now, taking

supremum with respect to ¢, by using (31), we get

d(F(z, y), F(u, v))

b
< max{\, u} S?})/ (K1(p, q) — Ka(p, q))dq. [0(d(z, u))+ 0(d(y, v))]
< d, ) ;r@(d(y, V)
Thus
(33) d(F(z, ), F(u, v)) < 20@ W) +0(dy, v))

8

Now, since 6 is non-decreasing, we have
0(d(z, u)) < 0(d(z, u)+d(y, v)),
0(d(y, v)) < 0(d(z, u)+d(y, v)),

which implies, by (iig), that

0(d(x, u)) +0(d(y, v))
2

0 (d(z, u) +d(y, v))
d(z, u)+d(y, v).

IN

Hence
) o, 1) + 00y, ) _ d, ) 4y, )

Thus by (33) and (34), we have

a((z, y), (u, v)d(F(z, y), F(u, v))
d(F(z, y), F(u, v))
d(z, u)+d(y, v)

4
1 (d(z, u)+d(y, v)
()

< <d(x, u)—2i—d(y, v)>’

IN

IN

IN

which is the contractive condition of Corollary 28. Now, let (a, 5) €EXxXbea

a
coupled upper-lower solution of (28), then we have a(p) < F(a, S and B(p) >
p pp ) p ) p p
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F(g, a)(p), for all p € I, which shows that all the hypothesis of Corollary 28 are
satisfied. This proves that F' has a coupled fixed point (z, y) € X x X which is the
solution in X = C(I, R) of the integral equation (28). O

10.
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