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ON STANCU TYPE GENERALIZATION OF

(p, q)-SZÁSZ-MIRAKYAN KANTOROVICH TYPE OPERATORS

VISHNU NARAYAN MISHRA∗ AND ANKITA R DEVDHARA

Abstract. In this article, we present the Stancu generalization of (p, q)-

Szász-Mirakyan Kantorovich type linear positive operators. Using Ko-
rovkin’s result, approximation properties are investigated. First, we eval-

uate moments and direct results. By choosing p and q, the convergence

rate have been estimated for better approximation. For the particular case
α = 0, β = 0 we obtain results for (p, q)-Szász-Mirakyan Kantorovich type

operators.
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1. Introduction

Approximation theory is an important and useful tool in mathematics. There
are so many research going on on approximating the continuous functions with
the help of linear positive operators [5, 6, 7, 8, 18]. In approximation theory,
the use of Bernstein polynomial in q-calculus was first introduced by Lupas [2].
The constant development in q-calculus has led us towards the new generalized
approximating operators depending on q-integers [13, 15, 16, 17]. In recent
years, Mursaleen et al. [9] introduced new way of approximating linear positive
operators in (p, q)− calculus. The more research is going on in this area [10, 14,
19, 21].
We initiate by recollecting standard definitions from (p, q)-calculus (Ref. [9, 10,
14, 20]). Let q < p; q, p ∈ (0, 1].

[ξ]p,q =
pξ − qξ

p− q
, ξ = 0, 1, 2, · · · , [0]p,q = 0

and
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[ξ]p,q! = [ξ]p,q[ξ − 1]p,q · · · 1 , ξ ≥ 1 and [0]p,q! = 1.

The (p, q)-binomial expansion:

(y + z)ξp,q = (y + z)(py + qz)(p2y + q2z) · · · (pξ−1y + qξ−1z),

Also, the (p, q)-binomial coefficients:[
ξ
r

]
p,q

=
[ξ]p,q!

[r]p,q![ξ − r]p,q!
, 0 ≤ r ≤ ξ.

Now, g is mapping on complex numbers C. The (p, q)-differentiability of g is
given by:

Dp,qg(x) = g(px)−g(qx)
(p−q)x , x 6= 0,

and (Dp,qg)(0) = g′(0), on the condition that g is differentiable at 0.
Now, g is an arbitrary mapping and c is any real number, we have∫ c

0

g(x)dp,qx = (q − p)c
∞∑
j=0

pj

qj+1
g

(
pj

qj+1
c

)
if

∣∣∣∣pq
∣∣∣∣ < 1.

∫ c

0

g(x)dp,qx = (p− q)c
∞∑
j=0

qj

pj+1
g

(
qj

pj+1
c

)
if

∣∣∣∣pq
∣∣∣∣ > 1.

The (p, q)−analogue of exponential function ex [3] is:

ep,q(y) =

∞∑
ξ=0

p
ξ(ξ−1)

2 yξ

[ξ]p,q!
,

Ep,q(y) =

∞∑
ξ=0

q
ξ(ξ−1)

2 yξ

[ξ]p,q!
.

The (p, q)−exponential function satisfy following property:

ep,q(y)Ep,q(−y) = Ep,q(y)ep,q(−y) = 1.

In recent times, Acar [12] proposed a Szász-Mirakyan operators in (p, q)−calculus
as :

Sξ,p,q(ψ;x) =

∞∑
j=0

sξ(p, q;x)ψ

(
[j]p,q

qj−2[ξ]p,q

)
,

where

sξ(p, q;x) =
1

Ep,q([ξ]p,qx)
q
j(j−1)

2
[ξ]jp,qx

j

[j]p,q!
; j = 0, 1, 2, ...

Lemma 1.1. ([12]) Let p, q ∈ (0, 1]; q < p and ξ ∈ N & ei(t) = ti, i = 0, 1, 2,

Sξ,p,q(e0(t);x) = 1,
Sξ,p,q(e1(t);x) = qx,

Sξ,p,q(e2(t);x) = pqx2 +
q2x

[ξ]p,q
.
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Encouraged by Acar, recently, Sharma and Gupta [11] introduced Kantorovich
type generalization of (p, q)-Szász-Mirakyan operator; p, q ∈ (0, 1]; q < p, ξ ∈ N
for ψ : R+ → R as:

K
(p,q)
ξ (ψ;x) = [ξ]p,q

∞∑
j=0

sξ(p, q;x)p−jqj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

ψ(t)dp,qt.

Lemma 1.2. ([11]) Suppose p, q ∈ (0, 1]; q < p, ξ ∈ N,

qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

dp,qt =
pj

[ξ]p,q
,

qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

tdp,qt =
pjq−j+2([j + 1]p,q + q[j]p,q)

(p+ q)[ξ]2p,q
,

qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

t2dp,qt =
pjq−2j+4([j + 1]2p,q + q[j]p,q[j + 1]p,q + q2[j]2p,q)

(p2 + pq + q2)[ξ]3p,q
.

Lemma 1.3. ([11])Suppose p, q ∈ (0, 1]; q < p, ξ ∈ N, ei(t) = ti, i = 0, 1, 2 :

K
(p,q)
ξ (e0;x) = 1,

K
(p,q)
ξ (e1;x) = qx+

q2

[ξ]p,q(p+ q)
,

K
(p,q)
ξ (e2;x) = pqx2 +

(2q4 + 3pq3 + p2q2)x

(p2 + pq + q2)[ξ]p,q
+

q4

[ξ]2p,q(p
2 + pq + q2)

.

2. Construction of the operators

In this paper, inspired by Acar [12] and Sharma & Gupta [11], we propose
Stancu on Kantorovich type generalization of (p, q)-Szász-Mirakyan operator;
p, q ∈ (0, 1]; q < p, ξ ∈ N for ψ : R+ → R as:

K
(p,q)
ξ,α,β(ψ;x) = [ξ]p,q

∞∑
j=0

sξ(p, q;x)p−jqj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

ψ

(
[ξ]p,qt+ α

[ξ]p,q + β

)
dp,qt.

(1)

Lemma 2.1. For p, q ∈ (0, 1]; q < p, ξ ∈ N,

qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

dp,qt =
pj

[ξ]p,q
,

qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

[ξ]p,qt+ α

[ξ]p,q + β
dp,qt =

pjq−j+2([j + 1]p,q + q[j]p,q)

([ξ]p,q + β)(p+ q)[ξ]p,q

+
αpj

([ξ]p,q + β)[ξ]p,q
,
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qj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

(
[ξ]p,qt+ α

[ξ]p,q + β

)2

dp,qt

=
1

([ξ]p,q + β)2[
pjq−2j+4([j + 1]2p,q + q[j]p,q[j + 1]p,q + q2[j]2p,q)

(p2 + pq + q2)[ξ]p,q

+
2αpjq−j+2([j + 1]p,q + q[j]p,q)

(p+ q)[ξ]p,q
+
α2pj

[ξ]p,q

]
.

Proof. With the help of Lemma 1.2, we get the result. �

Lemma 2.2. For p, q ∈ (0, 1]; q < p, ξ ∈ N,ei(t) = ti, i = 0, 1, 2,

K
(p,q)
ξ,α,β(e0(t);x) = 1, (2)

K
(p,q)
ξ,α,β(e1(t);x) =

q2

([ξ]p,q + β)(p+ q)
+

[ξ]p,qqx+ α

[ξ]p,q + β
, (3)

K
(p,q)
ξ,α,β(e2(t);x) =

1

([ξ]p,q + β)2

[
[ξ]2p,qpqx

2

+
(2p+ q)q3 + (2α+ q)(p2 + pq + q2)q

(p2 + pq + q2)
[ξ]p,qx

+
q4

(p2 + pq + q2)
+

2αq2

(p+ q)
+ α2

]
. (4)

Proof. With the help of (1), lemma 2.1, lemma 1.1 we obtain moments as follow:

K
(p,q)
ξ,α,β(e0(t);x) = [ξ]p,q

∞∑
j=0

sξ(p, q;x)p−jqj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

dp,qt

=

∞∑
j=0

sξ(p, q;x)

= 1.

And applying [j + 1]p,q = qj + p[j]p,q, we obtain

K
(p,q)
ξ,α,β(e1(t);x) = [ξ]p,q

∞∑
j=0

sξ(p, q;x)p−jqj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

[ξ]p,qt+ α

[ξ]p,q + β
dp,qt

= [ξ]p,q

∞∑
j=0

sξ(p, q;x)p−j
[
pjq−j+2([j + 1]p,q + q[j]p,q)

([ξ]p,q + β)(p+ q)[ξ]p,q

+
αpj

[ξ]p,q([ξ]p,q + β)

]
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=
1

([ξ]p,q + β)(p+ q)

∞∑
j=0

sξ(p, q;x)q−j+2(qj + (p+ q)[j]p,q)

+
α

[ξ]p,q + β

∞∑
j=0

sξ(p, q;x)

=
q2

([ξ]p,q + β)(p+ q)
Sξ,p,q(1;x) +

[ξ]p,q
[ξ]p,q + β

Sξ,p,q(t;x)

+
α

[ξ]p,q + β
Sξ,p,q(1;x)

=
q2

([ξ]p,q + β)(p+ q)
+

[ξ]p,qqx+ α

[ξ]p,q + β
.

And now;

K
(p,q)
ξ,α,β(e2(t);x) =

[ξ]p,q

∞∑
j=0

sξ(p, q;x)p−jqj−2

∫ q−j+2[j+1]p,q
[ξ]p,q

q−j+3[j]p,q
[ξ]p,q

(
[ξ]p,qt+ α

[ξ]p,q + β

)2

dp,qt

=
[ξ]p,q

([ξ]p,q + β)2

∞∑
j=0

sξ(p, q;x)p−j

[
pjq−2j+4([j + 1]2p,q + q[j]p,q[j + 1]p,q + q2[j]2p,q)

(p2 + pq + q2)[ξ]p,q

+
2αpjq−j+2([j + 1]p,q + q[j]p,q)

(p+ q)[ξ]p,q
+
α2pj

[ξ]p,q

]
=

1

([ξ]p,q + β)2

[
[ξ]2p,q

∞∑
j=0

sξ(p, q;x)[j]2p,q
q2j−4[ξ]2p,q

+
(2p+ q)q2[ξ]p,q
(p2 + pq + q2)

∞∑
j=0

sξ(p, q;x)[j]p,q
qj−2[ξ]p,q

+
q4

(p2 + pq + q2)

∞∑
j=0

sξ(p, q;x) +
2αq2

(p+ q)

∞∑
j=0

sξ(p, q;x)

+ 2α[ξ]p,q

∞∑
j=0

sξ(p, q;x)[j]p,q
qj−2[ξ]p,q

+ α2
∞∑
j=0

sξ(p, q;x)

]

=
1

([ξ]p,q + β)2

[
[ξ]2p,qSξ,p,q(t

2;x) +
(2p+ q)q2[ξ]p,q
(p2 + pq + q2)

Sξ,p,q(t;x)

+
q4

(p2 + pq + q2)
Sξ,p,q(1;x) +

2αq2

(p+ q)
Sξ,p,q(1;x)
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+ 2α[ξ]p,qSξ,p,q(t;x) + α2Sξ,p,q(1;x)

]
=

1

([ξ]p,q + β)2

[
[ξ]2p,qpqx

2 + [ξ]p,qq
2x

+ 2αq[ξ]p,qx+
(2p+ q)q3[ξ]p,q
(p2 + pq + q2)

x+
q4

(p2 + pq + q2)

+
2αq2

(p+ q)
+ α2

]
=

1

([ξ]p,q + β)2

[
[ξ]2p,qpqx

2

+
(2p+ q)q3 + (2α+ q)(p2 + pq + q2)q

(p2 + pq + q2)

[ξ]p,qx+
q4

(p2 + pq + q2)

2αq2

(p+ q)
+ α2

]
.

�

Corollary 2.3. Central moments Φ
(p,q)
ξ,α,β(x) = K

(p,q)
ξ,α,β((t− x)ξ;x), ξ = 1, 2:

Φ
(p,q)
1,α,β(x) =

q2

([ξ]p,q + β)(p+ q)
+

[ξ]p,qqx+ α

[ξ]p,q + β
− x

Φ
(p,q)
2,α,β(x) =

(
[ξ]p,qpq

([ξ]p,q + β)2
− 2[ξ]p,qq

([ξ]p,q + β)
+ 1

)
x2

+

(
(2p+ q)q3 + (2α+ q)q(p2 + pq + q2)[ξ]p,q

(p2 + pq + q2)([ξ]p,q + β)2

− 2q2

(p+ q)([ξ]p,q + β)
− 2α

([ξ]p,q + β)

)
x

+
1

([ξ]p,q + β)2

(
q4

(p2 + pq + q2)
+

2αq2

p+ q
+ α2

)
.

Remark 2.1. For q < p; q, p ∈ (0, 1], we get that lim
ξ→∞

[ξ]p,q =
1

p− q
. To get the

approximation results of the operators, we consider a sequences 0 < qξ < pξ ≤ 1

in such a way that pξ → 1, qξ → 1 ; pξξ → N, qξξ → N ′ as ξ → ∞. Hence,
1

[ξ]pξ,qξ
→ 0 as ξ →∞.

We can construct above mentioned sequences. For example, let pξ = 1 + 1
2ξ

and qξ = 1 + 1
3ξ . Then pξ → 1, qξ → 1 ; pξξ → e1/2, qξξ → e1/3 as ξ → ∞, and

lim
ξ→∞

1/[ξ]pξ,qξ = 0.
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Theorem 2.4. Suppose (pξ)ξ & (qξ)ξ are the sequences 3 pξ → 1, qξ → 1 ; pξξ →
N, qξξ → N ′ and 1

[ξ]pξ,qξ
→ 0 as ξ →∞, then for every ψ ∈ C[0,∞),K

(pξ,qξ)
ξ,α,β (ψ;x)

converging to ψ uniformly.

Proof. With the help of Korovkin theorem, we’ll only prove that

‖K(pξ,qξ)
ξ,α,β (tξ;x)− xξ‖C[0,∞); ξ = 0, 1, 2.

Result is trivial for ξ = 0; with the help of eq:(2). Using eq:(3) we’ll get the
result for ξ = 1, as follow:

lim
ξ→∞

‖K(pξ,qξ)
ξ,α,β (t;x)− x‖C[0,∞) = lim

ξ→∞

∣∣∣∣ q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)

+
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
− x
∣∣∣∣

≤ lim
ξ→∞

∣∣∣∣ q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)

∣∣∣∣
+ lim
ξ→∞

∣∣∣∣ α

[ξ]pξ,qξ + β

∣∣∣∣
+ lim
ξ→∞

∣∣∣∣ [ξ]pξ,qξqξ

[ξ]pξ,qξ + β
− 1

∣∣∣∣x
= 0.

Now, with the help of eq:(4), we obtain

lim
ξ→∞

‖K(pξ,qξ)
ξ,α,β (t2;x)− x2‖C[0,∞)

= lim
ξ→∞

∣∣∣∣ [ξ]2pξ,qξpξqξx
2

([ξ]pξ,qξ + β)2

+

(
(2pξ + qξ)q

3
ξ + (2α+ qξ)(p

2
ξ + pξqξ + q2

ξ )qξ

(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2

)
[ξ]pξ,qξx+

q4
ξ

(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2

+
2αq2

ξ

(pξ + qξ)([ξ]pξ,qξ + β)2

+
α2

([ξ]pξ,qξ + β)2
− x2

∣∣∣∣
≤ lim
ξ→∞∣∣∣∣ (2pξ + qξ)q

3
ξ + (2α+ qξ)(p

2
ξ + pξqξ + q2

ξ )qξ

(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2
[ξ]pξ,qξx

∣∣∣∣
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+ lim
ξ→∞

∣∣∣∣ q4
ξ

(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2

∣∣∣∣
+ lim
ξ→∞

∣∣∣∣ 2αq2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)2

∣∣∣∣
+ lim
ξ→∞

∣∣∣∣ α2

([ξ]pξ,qξ + β)2

∣∣∣∣
+ lim
ξ→∞

∣∣∣∣ [ξ]2pξ,qξpξqξ

([ξ]pξ,qξ + β)2
− 1

∣∣∣∣x2

= 0.

�

3. Main result

In this segment, we show result on local approximation for our operators.
Here, CB [0,∞) is the space of real valued bounded and continuous functions ψ
on [0,∞). The sup-norm on CB [0,∞) is ‖ψ‖ = sup

x∈[0,∞)

|ψ(x)|.

Peetre’s K-functional is given by

K2(ψ, δ) = inf
g∈W 2

{‖ψ − g‖+ δ‖g′′‖} ,

here W 2 = {g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)}. From ([1], p.177), ∃ a constant
C > 0 such that K2(ψ, δ) ≤ Cω2(ψ, δ1/2), δ > 0, where

ω2(ψ, δ1/2) = sup
0<η<δ1/2,x∈[0,∞)

|ψ(x+ 2η)− 2ψ(x+ η) + ψ(x)|

be the modulus of continuity of second order of the functions ψ in CB [0,∞).
The first order modulus of continuity of function ψ ∈ CB [0,∞) is defined as

ω(ψ, δ1/2) = sup
0<η<δ1/2,x∈[0,∞)

|ψ(x+ η)− ψ(x)|.

Theorem 3.1. Suppose (pξ)ξ & (qξ)ξ are the sequences 3 pξ → 1, qξ → 1 ;

pξξ → N, qξξ → N ′ and 1
[ξ]p,q

→ 0 as ξ → ∞. For ψ ∈ CB [0,∞), and for all

ξ ∈ N, there exists an absolute constant C > 0 such that

|K(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)| ≤ Cω2(ψ, δξ(x)) + ω(ψ, γξ(x)),

where

δ2
ξ (x) =

(
Φ

(pξ,qξ)
2,α,β (x) + (Φ

(pξ,qξ)
1,α,β (x))2

)
,

and

γξ(x) =

∣∣∣∣qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
∣∣∣∣.

Proof. Let x ∈ [0,∞), we are taking the auxiliary operators K∗ξ,α,β(ψ;x) as;
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K∗ξ,α,β(ψ;x) =

K
(pξ,qξ)
ξ,α,β (ψ;x) + ψ(x)− ψ

(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)

)
.

With the help of eq:(3) and K∗ξ,α,β(ψ;x), we obtain

K∗ξ,α,β(t− x;x) = K
(pξ,qξ)
ξ,α,β (t− x;x)

−
(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
)

= K
(pξ,qξ)
ξ,α,β (t;x)− xK(pξ,qξ)

ξ,α,β (1;x)

−
(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
)

= 0.

Now, x ∈ [0,∞) and η ∈W 2. With the help of Taylor’s formula, we obtain

η(t) = η(x) + η′(x)(t− x) +

∫ t

x

(t− v)η′′(v)dv.

Using K∗ξ,α,β on both sides, we obtain

K∗ξ,α,β(η;x)− η(x) = K∗ξ,α,β(η′(x)(t− x);x) +K∗ξ,α,β

(∫ t

x

(t− v)η′′(v)dv;x

)
= η′(x)K∗ξ,α,β(t− x;x) +K

(pξ,qξ)
ξ,α,β

(∫ t

x

(t− v)η′′(v)dv;x

)

−
∫ qξ[ξ]pξ,qξ

x+α

[ξ]pξ,qξ
+β

+
q2ξ

(pξ+qξ)([ξ]pξ,qξ
+β)

x(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− v
)
η′′(v)dv

= K
(pξ,qξ)
ξ,α,β

(∫ t

x

(t− v)η′′(v)dv;x

)

−
∫ qξ[ξ]pξ,qξ

x+α

[ξ]pξ,qξ
+β

+
q2ξ

(pξ+qξ)([ξ]pξ,qξ
+β)

x(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− v
)
η′′(v)dv

Also, ∣∣∣∣ ∫ t

x

(t− v)η′′(v)dv|
)
≤
∫ t

x

|t− v||η′′(v)|dv
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≤ ‖η′′(v)‖
∫ t

x

|t− v|dv

≤ (t− x)2‖η′′‖,
and∣∣∣∣ ∫

qξ[ξ]pξ,qξ
x+α

[ξ]pξ,qξ
+β

+
q2ξ

(pξ+qξ)([ξ]pξ,qξ
+β)

x

(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
−

v

)
η′′(v)dv

∣∣∣∣
≤
(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
)2

‖η′′‖.

Hence, we get

|K∗ξ,α,β(η;x)− η(x)| =
∣∣∣∣K(pξ,qξ)

ξ,α,β

(∫ t

x

(t− v)η′′(v)dv;x

)

−
∫ qξ[ξ]pξ,qξ

x+α

[ξ]pξ,qξ
+β

+
q2ξ

(pξ+qξ)([ξ]pξ,qξ
+β)

x(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− v
)
η′′(v)dv

∣∣∣∣
≤ ‖η′′‖K(pξ,qξ)

ξ,α,β ((t− x)2;x)

+

(
qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
)2

‖η′′‖

= δ2
ξ (x)‖η′′‖.

Also, we get

|K∗ξ,α,β(ψ;x) ≤ |K(pξ,qξ)
ξ,α,β (ψ;x)|+ 2‖ψ‖ ≤ 3‖ψ‖.

Hence,

|K(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)| ≤ |K∗ξ,α,β(ψ − η;x)− (ψ − η)(x)|

+

∣∣∣∣ψ(qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)

)
− ψ(x)

∣∣∣∣+ |K∗ξ,α,β(η;x)− η(x)|

≤ |K∗ξ,α,β(ψ − η;x)|+ |(ψ − η)(x)|

+

∣∣∣∣ψ(qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)

)
− ψ(x)

∣∣∣∣+ |K∗ξ,α,β(η;x)− η(x)|
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≤ 4‖ψ − η‖+ δ2
ξ (x)‖η′′‖

+ ω

(
ψ :

∣∣∣∣qξ[ξ]pξ,qξx+ α

[ξ]pξ,qξ + β
+

q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− x
∣∣∣∣).

Now, we are applying infimum on the RHS over all η ∈W 2, we have

|K(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)| ≤ 4K2(ψ, δ2

ξ (x)) + ω(ψ, γξ(x)).

With the help of K-functional property, we have

|K(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)| ≤ Cω2(ψ, δξ(x)) + ω(ψ, γξ(x)).

Hence, we get the proof. �

Now, we assume the following space of functions. Bx2 [0,∞) is the class of
functions ψ on the interval [0,∞) with condition |ψ(x)| ≤ M+

ψ (1 + x2), M+
ψ

is an absolute constant depends on ψ. CBx2 [0,∞) is the space contained in
Bx2 [0,∞) where all the functions ψ are continuous. C∗Bx2

[0,∞) be a subspace

of functions ψ in CBx2 [0,∞) where ψ(x)
1+x2 tends to finite limit as x tends to ∞.

Bx2 [0,∞) be a normed linear space having sup-norm:

‖ψ‖x2 = sup
x≥0

|ψ(x)|
1 + x2

.

We define modulus of continuity on [0, a] by,

ωa(ψ, δ) = sup
|t−x|≤δ;x,t∈[0,a]

|ψ(t)− ψ(x)|.

Theorem 3.2. Suppose 0 < qξ < pξ ≤ 1 such that pξ → 1, qξ → 1, pξξ → b and

qξξ → c as ξ → ∞. For ψ ∈ CBx2 [0,∞), ωa+1(ψ; δ) be its modulus of continuity

on the interval [0, a+ 1] ⊂ [0,∞), a > 0 and for each ξ > 1,

‖K(pξ,qξ)
ξ,α,β (ψ;x)− ψ‖C[0,a] ≤ 6Mψ(1 + a2)λξ + 2ωa+1(ψ;

√
λξ)

here

λξ =

(
1−

pξqξ[ξ]pξ,qξ
([ξ]pξ,qξ + β)2

)
a2 +

6a(1− β − 2αβ) + 2(1 + 3α+ 3α2)

([ξ]pξ,qξ + β)2(p2
ξ + pξqξ + q2

ξ )(pξ + qξ)
.

Proof. If x ∈ [0, a]; t ≥ 0, we get (see [4])

|ψ(t)− ψ(x)| ≤ 6Mψ(1 + a2)(t− x)2 + ωa+1(ψ; δξ)

(
|t−x|
δξ

+ 1

)
.

With the help Cauchy-Schwarz inequality and above inequality, we obtain

‖K(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)‖C[0,a] ≤ K

(pξ,qξ)
ξ,α,β (|ψ(t)− ψ(x)|);x)

≤ 6Mψ(1 + a2)K
(pξ,qξ)
ξ,α,β ((t− x)2;x) + ωa+1(ψ; δξ)((

K
(pξ,qξ)
ξ,α,β ((t− x)2;x)

δ2
ξ

)
+ 1

)1/2

.
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We use above corollary and for x ∈ [0, a], we get

K
(pξ,qξ)
ξ,α,β ((t− x)2;x) =

(
[ξ]pξ,qξpξqξ

([ξ]pξ,qξ + β)2
−

2[ξ]pξ,qξqξ

([ξ]pξ,qξ + β)
+ 1

)
x2

+

(
(2pξ + qξ)q

3
ξ + (2α+ qξ)qξ(p

2
ξ + pξqξ + q2

ξ )[ξ]pξ,qξ
(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2

−
2q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− 2α

([ξ]pξ,qξ + β)

)
x

+
1

([ξ]pξ,qξ + β)2

(
q4
ξ

(p2
ξ + pξqξ + q2

ξ )
+

2αq2
ξ

pξ + qξ
+ α2

)
≤
(

[ξ]pξ,qξpξqξ

([ξ]pξ,qξ + β)2
−

2[ξ]pξ,qξqξ

([ξ]pξ,qξ + β)
+ 1

)
a2

+

(
(2pξ + qξ)q

3
ξ + (2α+ qξ)qξ(p

2
ξ + pξqξ + q2

ξ )[ξ]pξ,qξ
(p2
ξ + pξqξ + q2

ξ )([ξ]pξ,qξ + β)2

−
2q2
ξ

(pξ + qξ)([ξ]pξ,qξ + β)
− 2α

([ξ]pξ,qξ + β)

)
a

+
1

([ξ]pξ,qξ + β)2

(
q4
ξ

(p2
ξ + pξqξ + q2

ξ )
+

2αq2
ξ

pξ + qξ
+ α2

)
≤
(

[ξ]pξ,qξqξ

([ξ]pξ,qξ + β)

(
1− pξ

([ξ]pξ,qξ + β)

)
−

[ξ]pξ,qξqξ

[ξ]pξ,qξ + β
+ 1

)
a2

+
(6− 6β − 12αβ)a+ 2 + 6α+ 6α2

([ξ]pξ,qξ + β)2(p2
ξ + pξqξ + q2

ξ )(pξ + qξ)

=

(
1−

pξqξ[ξ]pξ,qξ
([ξ]pξ,qξ + β)2

)
a2+

6a(1− β − 2αβ) + 2(1 + 3α+ 3α2)

([ξ]pξ,qξ + β)2(p2
ξ + pξqξ + q2

ξ )(pξ + qξ)
= λξ.

Here we take δξ =
√
λξ, we obtain the theorem. �

4. Voronovskaya theorem

Theorem 4.1. Suppose 0 < qξ < pξ ≤ 1 such that pξ → 1, qξ → 1, pξξ → a and

qξξ → b as ξ →∞. If ψ ∈ Cx2 [0,∞), such that ψ′, ψ′′ ∈ Cx2 [0,∞), we obtain

lim
ξ→∞

[ξ]pξ,qξ |K
(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)| = (ζx+ α+ 1/2)ψ′(x) + x(γx+ 1)

ψ′′(x)

2
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uniformly on [0, A] for any A > 0, where

ζ = lim
ξ→∞

[ξ]pξ,qξ(qξ − 1)

γ = lim
ξ→∞

[ξ]pξ,qξ(pξqξ − 2qξ + 1).

Proof. Using Taylor’s formula, we get

ψ(t) = ψ(x) + (t− x)ψ′(x) + 1
2ψ
′′(x)(t− x)2 + r(t, x)(t− x)2,

where r(t, x) is remainder and r(t, x) tends to zero as t→ x.
Hence,

[ξ]pξ,qξ(K
(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)) = [ξ]pξ,qξψ

′(x)K
(pξ,qξ)
ξ,α,β ((t− x);x)

+ [ξ]pξ,qξ
ψ′′(x)

2
K

(pξ,qξ)
ξ,α,β ((t− x)2;x)

+ [ξ]pξ,qξK
(pξ,qξ)
ξ,α,β (r(t, x)(t− x)2;x).

Using Cauchy-Schwarz inequality, we obtain

K
(pξ,qξ)
ξ,α,β (r(t, x)(t− x)2;x) ≤

√
K

(pξ,qξ)
ξ,α,β (r2(t, x);x)

√
K

(pξ,qξ)
ξ,α,β ((t− x)4;x).

Since, r(t, x) ∈ C∗x2 [0,∞) , hence using Theorem 2.4, also considering that
limt→x r(t, x) = 0, we get

lim
ξ→∞

K
(pξ,qξ)
ξ,α,β (r2(t, x);x) = 0, (5)

converges uniformly, x ∈ [0, A]. Hence, with the help of above equation (5) and
using the fact that above linear operator is positive, we obtain

lim
ξ→∞

[ξ]pξ,qξK
(pξ,qξ)
ξ,α,β (r(t, x)(t− x)2;x) = 0.

Hence,

lim
ξ→∞

[ξ]pξ,qξ(K
(pξ,qξ)
ξ,α,β (ψ;x)− ψ(x)) = lim

ξ→∞
[ξ]pξ,qξψ

′(x)K
(pξ,qξ)
ξ,α,β ((t− x);x)

+ lim
ξ→∞

[ξ]pξ,qξ
ψ′′(x)

2
K

(pξ,qξ)
ξ,α,β ((t− x)2;x).

Here,

lim
ξ→∞

[ξ]pξ,qξK
(pξ,qξ)
ξ,α,β ((t− x);x) = lim

ξ→∞
[ξ]pξ,qξΦ

(pξ,qξ)
1,α,β (x)

= lim
ξ→∞

[ξ]pξ,qξ(qξ − 1)x+ α+ 1/2

= ζx+ α+ 1/2, (6)

and

lim
ξ→∞

[ξ]pξ,qξK
(pξ,qξ)
ξ,α,β ((t− x)2;x) = lim

ξ→∞
[ξ]pξ,qξΦ

(pξ,qξ)
2,α,β (x)

= lim
ξ→∞

[ξ]pξ,qξ(pξqξ − 2qξ + 1)x2 + x
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= x(γx+ 1). (7)

Therefore, by using equations (6), (7); we obtain the result. �

5. Discussion

The solutions obtained in this research article are relatively more generalized
and prcised as compare to other papers in operator theory, which improves the
literature of applications of (p,q)-calculus. This paper will be beneficial to the
researchers and experts studying or aim to study in the domain of functional
analysis and applications of functional analysis. Moreover, the solutions can
be beneficial in various areas of Mathematics and physics, i.e. Mathematical
physics, Applied math. and Math. analysis.
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