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ON STANCU TYPE GENERALIZATION OF
(p, q)-SZASZ-MIRAKYAN KANTOROVICH TYPE OPERATORS
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ABSTRACT. In this article, we present the Stancu generalization of (p, q)-
Szdsz-Mirakyan Kantorovich type linear positive operators. Using Ko-
rovkin’s result, approximation properties are investigated. First, we eval-
uate moments and direct results. By choosing p and ¢, the convergence
rate have been estimated for better approximation. For the particular case
a = 0,8 = 0 we obtain results for (p, q)-Szdsz-Mirakyan Kantorovich type
operators.

AMS Mathematics Subject Classification : 41A25, 41A35.

Key words and phrases : (p, g)-Calculus, (p, q)-Szdsz-Mirakyan
Kantorovich operators, Korovkin’s result, Rate of convergence,
Voronovskaya results.

1. Introduction

Approximation theory is an important and useful tool in mathematics. There
are so many research going on on approximating the continuous functions with
the help of linear positive operators [5, 6, 7, 8, 18]. In approximation theory,
the use of Bernstein polynomial in g-calculus was first introduced by Lupas [2].
The constant development in g-calculus has led us towards the new generalized
approximating operators depending on g-integers [13, 15, 16, 17]. In recent
years, Mursaleen et al. [9] introduced new way of approximating linear positive
operators in (p, ¢)— calculus. The more research is going on in this area [10, 14,
19, 21].

We initiate by recollecting standard definitions from (p, ¢)-calculus (Ref. [9, 10,
14, 20]). Let ¢ < p;q,p € (0, 1].

& _ g8
p q
§ q — ) 520a1527"'a 0 s =0
(€lp.q p— [0]p.q
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[€lp.a! = [Elpal€ = Upg---1 , £=Tand [0]p ! =1.

The (p, ¢)-binomial expansion:

(y+2)5,=+2)(py+q2) 0y +¢°2) - (0 ly + ¢ '2),
Also, the (p, q)-binomial coefficients:

!

|:§:| — Eg]PaQ' T 0 g r g 5
Tpa  [pdl€—rlpg!

Now, ¢ is mapping on complex numbers C. The (p, q)-differentiability of g is

given by:

Dpgle) = WD 2,

and (D, 49)(0) = ¢’(0), on the condition that g is differentiable at 0.
Now, g is an arbitrary mapping and c is any real number, we have

c e J J
2 : p p . p
/ 9(@)dp e = (4= p)e ng( g+l c) v " <!
0 —q q q
’ (x)dy qx = (p—q)c Oog ¢ @ c| if Plo
| 9T pP—q par it I\ it q :

The (p, ¢)—analogue of exponential function e [3] is:
co =1

3
ep,q(y Z . y

£= p7q
oo  E(&=1) 1)
Zq ;

]p,q

The (p, ¢)—exponential function satlsfy followmg property:

epg(Y)Ep,q(—y) = Epq(y)epq(—y) = 1.
In recent times, Acar [12] proposed a Szdsz-Mirakyan operators in (p, ¢) —calculus

as :
o0 .
Jlp,
S&p,q ¢a ng p,q;x ( J[Q]E-jl )7
=0 q p.q
where
1 iG=1) [«E]{) qﬂfj .
se(p g @) = q 2 ;37 =0,1,2,...
L) = T [l

Lemma 1.1. ([12]) Let p,qg € (0,1];g <p and £ €N & e;(t) =t',i =0,1,2,

S&nq(eo(t);x) =1,
Sf,p,q(el(t)é r) = qz,

2
56717711(62(75)@) = pqx2 + ar .
[€]p.q
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Encouraged by Acar, recently, Sharma and Gupta [11] introduced Kantorovich
type generalization of (p, ¢)-Szdsz-Mirakyan operator; p,q € (0,1];¢ < p,£ € N
for ¢ : Rt — R as:

a I +1)pq
G

B9 (e gy — (€] N T
Kqu (V32) = [Elpg Z(:)Sg(p,q,:c)p ¢! /q7j+3[j]pwq
j:

[€lp.q

b(t)dp,qt-

Lemma 1.2. ([11]) Suppose p,q € (0,1];¢ < p,& € N,

qij+2[j+1]p,q

; [€lp,q pj
=2 dp gt =
L SRS

Elp.a
a I T2 +1p g o . .
q772/ . td, ot = P a7 (5 + Upg + alilpa)
4 Ulpg P (r+ €2, ’

1p,q
a7 2 [+1lp.q

qj—Q/ oo oy P 1+ dlilpali + Upa + ¢l
1 llpg i (p? +pa + ¢)El3 4

p,q

Lemma 1.3. ([11])511,]7])086 b, q € (07 1]aq < pag € N; el(t) = ti’i = 07 172 :
Kg(p’Q)(eo;x) =1,
"
[g]f’qu +9) ’3 2¢%) 4
29" +3pq° + p°q°)x q
K P9 e T qux2+ '
e () 00+ D | P+ 0+ D)

Kg(p’q)(el;:r) =qr +

2. Construction of the operators

In this paper, inspired by Acar [12] and Sharma & Gupta [11], we propose
Stancu on Kantorovich type generalization of (p, q)-Szdsz-Mirakyan operator;
p,q €(0,1];g <p, £ €Nfory: Rt = R as:

o eI T2 +1p g
o [ e €]yt +
K& (i) = [Epg D selpqio)p ¢ 2/,% . w(”’”’q)dp,qt
h 3=0 e (€lp.a+ 5
(1)
Lemma 2.1. Forp,q € (0,1];9 < p,§ €N,
eI T2 +1p g

, Elp.q pl
Jj—2 d, t=
¢ /& P T

[€lp.q

aTIT2 41, 4

£ / T [t ta, PR+ g + alilna)
g [y 8 ([€lpg +B) P+ DElpg
+ op’

([€]p.g + B)Elpa’
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a2 41p g 2

- Elpq [€]p.qt +
v /[;H ( [€lpq + B ) Grat

J— 1 |

— ([E)pg +5)?

P G102, + adlilpgli + Upg + 15 ,)
{ (P> + g+ ¢?)Elpq
2ap7 ¢ 2 ([ + Up.g + qlilp.g) azpj}

0+ OlElpa MG

Proof. With the help of Lemma 1.2, we get the result. O

_|_

Lemma 2.2. For p,q € (0,1];q < p,& € Nye;(t) =t%,i =0,1,2,

K& (eo(t);z) =1, (2)
(p.a) ) = 7 [€lp.qqx +

Keas 1) = BT T g 7B 3)

K& (e (f)§f”)_m €2 ;paa’

(2p+q)¢* + (2a+ ) (p* + pq + ¢*)q

+ T
(p2 _|_pq + q2) [g]p,q
4 2
q 2aq 2
+ + + a“|. 4
(P*+pg+4¢*)  (p+aq) ] @)

Proof. With the help of (1), lemma 2.1, lemma 1.1 we obtain moments as follow:

a 92 +1)p,q

(p,9) g2 €lp.q
KEO(B( pqzsf b,q;x /% dp7qt

€lp,q

se(p,q; )

I I
"

And applying [j + 1], = ¢’ + p[j]p.q, We obtain
q_j-:Q][j‘Fl]p,q €], ot +
€lp,q o
K®9 (o _ se(p,q;x)p ¢/~ 2/ o Blpg? V20 4
gas(erl MZ ¢ e [+ B
— _i[Pa 72 ([ + 1p,g + dlilp.a)
= [€lp.q ) _selp, g w)p™ [ ’ ’
P 2 ([€lp.g +B) P+ O)[Elp.q

ap’ ]
[€p,a([E]p.g + B)

_|_
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oo

Z p7q7 J+2( I +(p+ )[ ]p‘J)

7=0

:mmw Yp+q

a
+ [f]p,q 1B ;Sg(p,q,x)

[€lp.q
Elpa+ 8

_ 7> .
- ([ﬂp,q +5)(p+ q) SE:P)‘](L )+

(&%

+ mss,p,q(l;ﬂﬁ)

. ' [€lp.qqz +

T @t DG+ D) | Elpat B

Se.p, q(t )

And now;

K& (es(t);0) =
q7j+2[j+1]p,q 2
T Elpa [5] t+«
§ —Jj J 2 p,q
pq Sf b, q;x /z_j[+3[j]p,q < [é_]p’q —‘rﬂ) dp,qt

Ip,q

[pﬂq 2J*“([J + 1]p,q + alilp.ali + Upg + @012,
(p? + g+ ¢*)[Elp.q

2007 ¢ ([J + Up.g + alilp.g) 042pj]

P+ DElpg [§]p ¢

. 1 Sf b,q;x
- ([6]pq+/8 |: PQZ 23 4 ]

20 + D[l <= 560, G 2) [ilp.g
- (P? + g+ ¢?) ;0 @ 2¢]p.q

+

4 o0

q
+ se(p,q;
(192+pt1+612)jg0 b g;2

ZSE p7qa

t20lely, Y L E D 2N g x>]

2
=0 qj [S];qu j=0

PJFQ

S T 2. ) (2P OCErg :
= (GENE [[g]p,qséypvq(t ) + 1 pa+ ) ¢ p.qg(t; )
q* 20

S Liz) + ———=8epq(l;z
§,p,q( ) (p+q) 51)«1( )

(P? +pq+q?)



290 Vishnu Narayan Mishra, Ankita R Devdhara

+ 20[€]p.gSe pg(t; 1) + 02 Se p (15 2)

1
- m [[g]?;,qpqu + [f]p,qq217
(2p + Q)q3[’£]p,q q4
2a.q? N 052}
(p+q)

1 2 2
(20 + q)¢® + (2a + q)(p* + pg + ¢*)q

’ (pfl +pa+q°) .
hat+ G T A5t )
(]
Corollary 2.3. Central moments Q(p’qi,( ) = Képaqé(( —2)%x), £=1,2:
P 1 ,,q+ oot e -
2
¥ = (e~ T )

N ((2p+q) + 20+ q)q(p* + pg + ¢*)[Elp.q
(p? + pq + ¢®)([E]p,q + 5)?

B 2q B 20 )x
P+ a)(Epat+B)  ([Elpath)

4 2 2
d + a4 +a2).

* ([€lp,q + B)? ((p2 +pg+q*) ptgq

1
Remark 2.1. For ¢ < p;q,p € (0, 1], we get that glim [€]p,q = —— To get the
— 00 pP—q
approximation results of the operators, we consider a sequences 0 < g¢ < p¢ <1
1nsuchawaythatp5—> 1,g¢ — 1; p£—>Nq£ — N’ as £ — oco. Hence,

7[5}% ” — 0 as £ — oo.

We can construct above mentioned sequences. For example, let pe = 1 + 2—15
and g¢ = 1+ i Then pe — 1,q¢ — 1 ; pg — el/Z,qg — e!/? as € — oo, and
lim 1/[¢] =0.

E—o0

D¢»9qe
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Theorem 2.4. Suppose (pe)e & (ge)e are the sequences > pe — 1,q¢ — 1 'pg —

N, q5 — N’ and [5] — 0 as & — oo, then for every v € C|0, 00), Kg(pof Zf)(i/);z)
Pgag
converging to ¥ uniformly.

Proof. With the help of Korovkin theorem, we’ll only prove that
||Kg(?§f§§)(t§§$) — 2% c0,00); € = 0,1, 2.
Result is trivial for £ = 0; with the help of eq:(2). Using eq:(3) we’ll get the
result for £ = 1, as follow:

2
lim ‘ i
§—o0 (p§ + QE)([E}P@% + ﬂ)
qel€lpe.ge® +a

[lpe.ae + 5

Jim. KPS (1 2) — 2l ofo,00) =

_|_

a ’

< e @ (o 7 B

£—o0

+ lim a‘
§—ro0 [g]pg,% + 7

. [5][157Q5q5 )
1 e |
* fggo [€]pe.qe + 8

=0.

Now, with the help of eq:(4), we obtain
Jdim IKEEE (1%50) = 2o

(€12, 4cPegen?
([€lpe.qc + B)?
N ((2175 +qe)q¢ + (200 + q¢) (PF + pege + q?)t]s)

(PZ + pege + a2)([Elpe.qe + B)?

3
[f]ps,qu+ (pg T+ Pede +q§)([£]p£’qs + )2
2aq§

" e + 40 (peae + B

2
o 2

e 82 "

< lim
§—o0

(2pe + qe)ad + (2 + qe) (DF + Pede + 42)ge
(2 + pede + a2)([Elpe,qe + B)?

zlim‘

E—o0

[f]pg,qu
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+ lim qg
oo | (DF + pede + @2)([Elpe.qe + 5)?

2aq§

)

T e+ 20 (Epeae + B
li o

T (e 7 )2

. [€)2, 4cPede
1 £,9¢
T e + 97

— 1|22

3. Main result

In this segment, we show result on local approximation for our operators.
Here, C[0,00) is the space of real valued bounded and continuous functions v
on [0,00). The sup-norm on Cg[0,00) is ||¢|| = sup |¢(z)].

z€[0,00)
Peetre’s K-functional is given by

K>(v,0) = mnf {Iv—gl+ dllg"lI}

here W2 = {g € C[0,00) : ¢, ¢"" € Cp[0,0)}. From ([1], p.177), 3 a constant
C > 0 such that Ko (1, 0) < Cwa(v),8/2),8 > 0, where
wa(¢h,61/%) = sup [ (x +2n) = 2¢(x +n) + ()|
0<n<d1/2,2€[0,00)

be the modulus of continuity of second order of the functions ¢ in Cp[0, c0).
The first order modulus of continuity of function ¢ € Cp[0, c0) is defined as

w(t,d4/?) = sup [z +mn) —¢(z)|.
0<n<81/2,2€(0,00)
Theorem 3.1. Suppose (pe)e & (ge)e are the sequences > ps — 1,q¢ — 1 ;
pg — N,qg — N’ and m — 0 as & — oo. For ¢ € Cp[0,00), and for all
& € N, there exists an absolute constant C > 0 such that

(K80 (i) = 9(@)] < a1, 8¢ @) + w(,7¢(@)),

where
02() = (058 (@) + (@1 (2))?),
and
_ Ge[€]pe,qe® + q? _
() ‘ enc +8 et @rm B

Proof. Let x € [0,00), we are taking the auxiliary operators K¢ os (; x) as;
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Kg,a,[;’(w; x) = )
K(P&qs) : _ ((k [ﬂpg,qu +a q )
ceos (V) TV =V T e T e a0 (B 7B

With the help of eq:(3) and K¢, 5(¥; ), we obtain

K¢ o5t — Tyx) = K(pg’qs)(t —z;7)

&8

_ (Q£[§]pg,q§x+0‘ n a —x)
[f]pg,qg + 3 (pg + %)(E]pg,qg + ﬁ)

= gy (o) - oKl (1)

_ (qﬁ[E]pgxqsx ta + C]? - .13)
[5]175#15 + ﬁ (p§ + Q§)([£]ps’% + 5)

=0.
Now, = € [0,00) and € W?2. With the help of Taylor’s formula, we obtain
t
w0) = @) +1f @)t )+ [ (¢ = o))

Using K¢ , 5 on both sides, we obtain

t

Ko pma) = n(x) = K¢ o g (@)(t = 2);2) + K{ o (/ (t =)y (v)dv; x)

t
=1 (2) K¢ 0 p(t — 232) + K9 ( / (t — o) (v)dv; x)

%llpg ag ot o
Elpe,ac 78 T e Tae) (Elpgag T6)

2

xT

q¢ [ﬂpg,qsx +a qg ) "
+ —v |n"(v)dv
( [ﬂpgﬂg + ﬁ (pé + QE)(K]PE»% + ﬁ)
t
k2 ([ - o' wydvis
Q§[§]p£,q51+a qg
Elpe e T8 e Fag) Elpg.ag 76
q¢ [ﬂps,qsx +a qg ) "
—v |n"(v)dv
( e 18 Gt @peacd )"

Also,

/ t(tv)n"(v)dm) </ 't ol () do
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t
< " () / 1t — vldo

< (t—=)*n"|l,
and
a¢[€lpg ,qe 2t a?
/ 5[§]p§’q:+g +<p5+q5>([;}p5,q§+ﬂ) (qg [f]pg P e " qg
T [g]p »de + ﬁ (pf + Q€)([£}pg,q5 + B)
v) 1" (v)dv
2
< (qg[g]iﬁ@%m—’_a + qf —l‘) ||n//||
- [5];05,% + 8 (p§ =+ QE)([QP@% + 5)

Hence, we get

t
K¢ o5(m; @) —n(z)| = ‘K{’&’q%/ (t—v)n"(v)dv;x>

Q§[§]p§,q§1+a 2

q
3
/ Elpeae T8 T e tag) (Elpg.ag +H)
x

4elElpeact + @ e - ) " od
( [lpe.ae + 5 (pe + 9¢) ([Epege + B) v |n"(v)dv
< Hn//HKgPé:gs)(( 33)2;33)
Ge[Elpe g + g2 ) )2 )
" ( [f]pg,qg + B + (pe +q§)([§]p£7q£ + B) z ) 0"l
= 62 (@)l
Also, we get
|KZ o p(457) < IKépé’}? (s )| + 2||¥] < 3]l
Hence,

[P (;2) — ()] < |K g, ﬁw — ) — (% —n)(2)|

lpe.qe® +a qz )
‘w< Ps#k + * (p§ +q€)([£]?5ﬂg +ﬁ)
— (@) + |K¢ 0 p(n; ) — n(2)]
< lKga,ﬁ(%/f —mz)|+ (¥ —n)(2)]

R
Ps#Ze + (pE + qﬁ)([ﬂpg’qs + ﬁ)

+ K¢ o g(n;2) — n(2)]

— ()
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)

< 4|y = nll + & (@) 1"l

g€l acr + 4
- W<¢ ‘ [g]ps,qs + (pE + %)([g]ps’qs + 5)

Now, we are applying infimum on the RHS over all n € W2, we have

KE) (s2) — ()] < 4K (4, 62(x) + w(th,ve(@)).
With the help of K-functional property, we have

K (g ) — ()] < Con (8, 3¢ () + w1, 7e ().
Hence, we get the proof. O

— T

Now, we assume the following space of functions. B,z[0,00) is the class of
functions ¢ on the interval [0,00) with condition [¢(x)] < MJ(1 4 2?), M}
is an absolute constant depends on ¢. Cp , [0,00) is the space contained in
B,2[0,00) where all the functions v are continuous. Ck., [0,00) be a subspace

of functions ¢ in Cp ,[0,00) where ﬂz)z

B,2[0,00) be a normed linear space having sup-norm:

tends to finite limit as x tends to oo.

(G
[9]]42 = DT 2
We define modulus of continuity on [0, a] by,
wa (1, 0) = sup [(t) — ¥ (2)].

|[t—z|<d;z,t€[0,a]

Theorem 3.2. Suppose 0 < q¢ < p¢ < 1 such that pe — 1,q¢ — l,pg — b and
qg — cas & — oo. Fori € Cp,[0,00),wqt1(1;0) be its modulus of continuity
on the interval [0,a + 1] C [0,00),a > 0 and for each & > 1,
IS (5 2) = Wl opo,a) < 6Mu(1+ a®)Ae + 20011 (85 v/ Ae)
here
Ne — (1 3 Peqe[€lpe g >a2 6a(l — B —2a8) + 2(1 + 3a + 3a?) .
([€]pe.qe +B)? ((€]pe.ae + B)*(PF + pege + a¢)(pe + )

Proof. If x € [0,a]; t > 0, we get (see [4])

() — ()| < 6My(1+ a?)(t — )2 + wair (¥ 5¢) (tg—f 4 1>.
With the help Cauchy-Schwarz inequality and above inequality, we obtain
1K ) = @) leoa < KEa (100 = p@))); o)
< 6My(1+a*) KR (8= 2)%: ) 4 warn (1:0¢)

((@%ﬁ%@—@%@)+0“2
52 '
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We use above corollary and for z € [0, a], we get

(pege) 2. N [f]pg,qug% _ 2[§]p57ng€ )2
Keo (=) ’””‘(([apg,qﬁm? @hene +5) )"

N ((2195 +qe)q¢ + (204 4e) e (P + pede + G)[Elpe e
(PZ + pege + a2)([Elpe.qe + B)?
2(15 2 )
(pé“ + q&)([f]pg,qg +B) ([ﬂpg,lk + B)
( G 2006 az)
([ pf,qg +6) (P? +pege +a2)  pe+ae
( Jpe,ae Pede 2[€]pe.qe e 4 1) 2
PE qe¢ + ﬁ ([ﬂpg»% + ﬁ)
( (2pe + q¢) Q5 (20 + q¢) e (P + pede + G)[Elpe e
(PZ + pege + a2)([Elpe.qe + B)?

IN

+

_ 2‘15 _ 2a )a
( §+q§)<[€]Ps,qE+6) ([6}175,115 +5)

( qg + 2aq§ + a2)
([5 ;Dg qs +B8)2\ (0F +peqe +aF)  pe+ae

PE:Q£ de (1 . D¢ >
Elpe.ge +5) ([€lpe.ge +5)

[ ]ps#kqﬁ )aZ
 [Elpeac +8

(6 — 68— 12a8)a + 2 + 6 + 6
([f]psa% + B)*(0F + peqe + a¢) (pe + q¢)
piqﬁ[f]pg,% ) 2
= (1 — LefEhipeds
< Elpese +07)" "
6a(l — B —2aB) +2(1+3a+3a%)
([€]pe.qe + B)?(PF + pede + a2) (e + ge)

Here we take d¢ = /¢, we obtain the theorem. O

4. Voronovskaya theorem

Theorem 4.1. Suppose 0 < g¢ < pe < 1 such that pe — 1,q¢ — l,pg — a and
qg —bas&— oo. If p € Cp2[0,00), such that ', " € Cp2[0,00), we obtain

P(x)

i e KESE (432) = 9 (@) = (Co ot /200 (@) 4 (e + 1) ==
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uniformly on [0, A] for any A > 0, where
¢ = Jim [€lpqc(gc — 1)
7= M [Epe g (Pege — 20¢ +1).
Proof. Using Taylor’s formula, we get
P(t) = ¥(x) + (t — 2)y'(x) + 39" (@) (t — 2)* + r(t,2)(t — 2)?,

where r(¢, ) is remainder and r(¢, z) tends to zero as t — x.
Hence,

[Elpe.qe (K& (152) — () = [E]pe.qet (@) KL (t - 2); )

F lEhene A KE) (¢ - 2)Pi)

+ [€lpea KESA) (1) (¢ — @)% ).
Using Cauchy-Schwarz inequality, we obtain
KPS (r(t,2) (¢ — )% ) < \JREE (21, 0)s0) VKOS (4 - ) ).

Since, 7(t,z) € C?[0,00) , hence using Theorem 2.4, also considering that
limy_,, r(t,2) = 0, we get

lim K(pf’qg)(rz(t, z);x) =0, (5)

£—00 &a,B

converges uniformly, € [0, A]. Hence, with the help of above equation (5) and
using the fact that above linear operator is positive, we obtain

i [€]pe g K9 (r(t, ) (t — 2)%52) = 0,

E—o0
Hence,
Jm [€]pe o (K99 (r.0) — () = Jim. [Elpe.qe ' (2) KEEI (¢ — )5 2)
) 7/)//(1') (pe.ac) ,
+ Jim [€lpe g~ Kea 5 (= 0)% ).
Here,
1 (pe,ge) . T (pe,qe)
Elggo[f]pqugK;aﬁ,gg ((t—a)z) = ggn;o[g]p&qs(bl’;’; ()
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— sy +1). (7)
Therefore, by using equations (6), (7); we obtain the result. O

5. Discussion

The solutions obtained in this research article are relatively more generalized
and prcised as compare to other papers in operator theory, which improves the
literature of applications of (p,q)-calculus. This paper will be beneficial to the
researchers and experts studying or aim to study in the domain of functional
analysis and applications of functional analysis. Moreover, the solutions can
be beneficial in various areas of Mathematics and physics, i.e. Mathematical
physics, Applied math. and Math. analysis.
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