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ABSTRACT. An extrapolated Crank-Nicolson characteristic finite element
method is introduced for approximate solutions of nonlinear Sobolev equa-
tions with a convection term. And we obtain the higher order of conver-
gence for approximate solutions in the temporal and the spatial directions
with respect to L? norm.
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1. Introduction

In this paper, we will consider a nonlinear Sobolev equation with a convection
term: find wu(ax,t) such that

c(wug + d(u) - Vu — V- (a(u)Vu) = V - (b(u) Vuy)
= f(x,t,u), inQx(0,T],

u(xe,t) =0, on 092 x (0,71,

u(xe,0) =ug(x), in Q,

(1)

where  C R™, 1 < m < 3, is a bounded convex domain with boundary 02,
0<T < o0,and ¢,d,a,b and f are given functions. For the existence, unique-
ness, regularity results, and physical applications of Sobolev equations, refer to
(2, 3, 4, 21, 24] and the papers cited therein.

For Sobolev equations with no convection term, many numerical techniques
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such as classical finite element methods [1, 6, 10, 11, 12] or least-squares meth-
ods [9, 18, 19, 25, 26] or mixed finite element methods [8] or discontinuous finite
element methods [13, 14, 22, 23] are used. However, in many situations, the
convection term is used to describe the convection dominated diffusion. And a
characteristic method is used to treat both the time derivative term and the con-
vection term effectively. This method performs well for convection dominated
diffusion problems as shown in [5, 7]. Gu in [7] and Shi et al [20] introduce a
characteristic finite element method for a Sobolev equation and establish the
higher order convergence in the space variable and the first order convergence in
the time variable for approximate solutions. However the first order convergence
in the time variable makes the higher order convergence in the space variable
worse. So, Ohm and Shin in [15, 17] use a Crank-Nicolson or an extrapolated
Crank-Nicolson characteristic finite element method for a Sobolev equation to
obtain the higher order of convergence both in the space variable and in the
time variable with respect to L? norm when the given functions c(-) and d(-)
depend only on . Ohm and Shin [16] introduce a Crank-Nicolson characteristic
finite element method to construct approximate solutions of a nonlinear Sobolev
equation with a convection term and establish the higher order of convergence
in the time variable as well as in the space variable with respect to L? norm,
which extend previous result [15] to the nonlinear Sobolev equation.

In this paper, we adopt an extrapolated Crank-Nicolson characteristic finite
element method to construct approximate solutions of a nonlinear Sobolev equa-
tion with a convection term and establish the higher order of convergence in the
time variable as well as in the space variable with respect to L? norm, which
extends our previous result [17] to the nonlinear Sobolev equation. This paper
is composed of four main sections. In Section 2, the smoothness assumptions for
u(x,t), the conditions for the given functions, and basic notations are described.
In Section 3, finite element spaces and basic approximation properties are given.
In Section 4, we construct Crank-Nicolson characteristic finite element approx-
imations of u(x,t) and establish the higher order of convergence in L? and H*
normed spaces.

2. Assumptions and notations

Throughout this paper, let W*P(Q) be the Sobolev space on 2 with its usual
norm || - ||sp for s > 0 and 1 < p < co. When p = 2, we denote H*(Q) =
We2(Q), L2(Q) = H°(Q), and || - ||s = || - [|s.2- And we use || - || = || - [|o and
I lloo = Il lo,00- Let H¥(2) = {w = (w1, wa, ..., wy) | w; € H*(Q),1 <i<m}

be the Sobolev space on Q with its usual norm ||w|? = 3 ||Jw;||? and HE(Q2) =
i=1

{we HY(Q) | w(z) = 0 on 9N}. For a given Banach space X and t1,t, € [0,7],
we introduce Sobolev spaces with the corresponding norms:

o8
W2 (b1, 05 X) = {w(@,t) | 1555 (. Ollx € L (h,12). 0 < B < s,
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where

s e Pu e g) 1<
] Y=o il 157 GOl : <p< oo,
W Wep (ty,t2;X) =

B
mazo<p<s eSSSUP; e, )l 5 (5 1)l x, P = oo.

We simply denote LP(X) = W*P(0,T; X) and W*P(X) = W*P(0,T; X).
Assume that c(p), d(p) = (di(p), da(p), - .-, dm(p))”, a(p),b(p) and f(,t,p)
satisfy
(A1) There exist constants c,,c*,d*, a.,a*, by, and b* such that 0 < ¢, <
e(p) <c*, 0 < |d(p)| <d*, 0<a, <a(p) <a* 0<b, <b(p) <b*, for
all p € R, where |d(p)| = i d?(p).
i=1

(A2) ap(p), app(p), appp(p), bp(p), bpp(p), and bypy(p) are bounded.
(A3) f(z,t,p) is locally Lipschitz continuous in the third variable p, i.e. if

| p* —p | < K then |f(z,t,p") — f(=,t,p)] < K(p,K)| p* —p | And
a(p) and b(p) are locally Lipschitz continuous.

For each (z,t), let v = v(z,t) be the unit vector such that % = 12((1;)) %7; + % :

Vu, where 1(u) = [¢(u)? + |d(u)|?]2. Then we can rewrite the Sobolev equation
(1) as follows: find u(ax,t) such that
PY(u) e — V- (a(u)Vu) — V- (b(w)Vue) = f(z,t,u), inQx (0,7,
u(x,t) =0, on 90 x (0,7], (2)
u(x,0) = uo(x), in Q.
And the variational formulation of the equation (2) is given as follows: find
u(z,t) € HE(Q) such that
(¥(w) G, 7) + (a(u)Vu, V7) + (b(u) Vg, VT)
= (f(z,t,u), 1), V1 € H} (), (3)
u(x,0) = uo(x).

3. Finite element spaces and an elliptic projection

For h > 0, let {S}} be a family of finite dimensional subspaces of H ()
satisfying the following approximation and inverse properties:
(approximation property) For ¢ € H}(Q) N W*P(Q), there exist a positive con-
stant K, independent of h, ¢, and r, and a sequence P,¢ € S} such that for
any0<g<sand 1 <p<oo

¢ — Pré

|q,p < th#_q”(?”s,p

where g = min(r + 1, s).
(inverse property) There exist a positive constant K5 independent of h and r,
such that

el < Kah ™|l and [|¢llec < Kah™ % ||, Ve € 5.
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And bilinear forms A and B are defined on H}(Q) x H(Q) as follows:
A(u:v,w) = (a(u)Vo,Vw), B(u:v,w)= (b(u)Vv, Vw). (4)
By following the idea in [10, 14] and the assumption (A1), a differentiable func-
tion @ : [0,T] — S} can be defined as follows

A(uu_aax)+B(uut_ataX):Ov VXES;“ (5)

Now letting n = u — u, we obtain some estimates for n, 1, 7+, and 74 whose
proofs can be found in [15, 17].

Lemma 3.1. Let ug € H*(Q), ug, u, uer € H*(Q), and uy € L2(H*(Q)). Then
there exists a constant K, independent of h, such that

(1) Il + ~llnlly < Kb (lluellp2 s @) + lluolls),

(1) (el + Alimells < KR ([Jwel| 22 e (0)) + llwolls + lJuells),

(iti) (7ol < KPP (el p2 o)) + luolls + luells + lluells),

(i) [meeell < KR (luell 2 e o) + lluolls + uells + llueells + el s),
where p = min(r + 1,s) and s > 2.
Lemma 3.2. Let ug € H*(Q), u,us, ug, ugge € L°(H*(Q)) N L (WH (Q)),

and uy € L*(H®(Q)). If p > 1+ 2, then there exists a constant K, independent
of h, such that

max{|[nlloc, [[Valloc; [[Viilloo, IVnttlloc, IVntstlloc} < K

where p = min(r + 1, s).

Throughout this paper, we use a generic positive constant K depending only
on the domain QJN{ , and u(x,t) but independent of the discretization magni-
tudes of the space variable and the time variable. Therefore any K’s in the
different places do not need to be equal.

4. The optimal L>(L?) and L>°(H') error estimates

Let N be a positive integer, At = T'/N and t" = nAt, for 0 < n < N. Denote
w = u(z,t), w7 = 1w +uiY), ¢ = L + 1), d(-) = d()/c(-). From
(3) and the definitions of bilinear forms A and B, we have
o1 Qu(t" 3 nol n1l
(a1 22E2 ) 4 ) - (e, (©)
+Bu(t""2)  w(("72),x) = (F™ ), %), VX € S,
where f(u(t""2)) = f(z,t""2,u(t""2)) and so, we get

1

(etutt )7 x) + Awu("=H) : wh ) (7)
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1 u” _un—l
B n=zy . —
+ B(u(t""?) x Y
= (f(u(tn_E)),X) + Ql + QQ + Q37 VX c SZ;
where 4" = u(&, "), 4"t = u(@, " 1), T =z+1id(u (t""))At T —

Sa(u(t" )AL Qu = (eu(t™ ) BT — plu(n—#) 2 ‘”,x) @ =
A(u(t™ 2): w3~ ("~ f),x)7andQ3— B(u (t"_’): u” _A"t —u(t" ) X)-
Now an extrapolated Crank-Nicolson characteristic finite element scheme for

(1) is given as follows: Find {u}} € S} such that

am —n—1 u n—1
h T U n—z up,

(ctBui) =gt x) + A, 230+ BB i) (8)

= (f(Bu}),x), Yx€S,, n=2,...,N,
1 0

1our —al 11 1wl —u
(el ™™ x) + Aluz = g x) + Blug + ) (9)
1
= (f(up):x), Yx €S,
uy (x) = a(x,0), (10)
where Fujl = %uﬁ‘l _ %UZ—27 i %), ﬂZ—l _ 2—1(

L1d(Eu)At, z =z — d(Euh)A Uy = up

T=x— 7d(uh)At and uh = 2(up, +ud).

For our analysis of the convergence, we denote £" = u} — @" and 0,{" =
5n_§:71. Since the equation (9) is the same as one in [16] for n = 1, we have
the following theorem whose proof can be found in [16].

Theorem 4.1. Let u and {u}'} be solutions of (3) and (8) (10), respectively. In
addition to the assumptions of Lemma 3.2, if p > 1+ 2, u € L>(H?(Q)), and
At = O(h), then

IVENN? + At([|0: 12 + V€ *) < KAHR™ + (At)Y),

where p = min(r + 1, s).

Theorem 4.2. Under the same assumptions of Theorem 4.1, we havee
IVE(1” + At([|0:£2]1° + [VO.E2]%) < KALR* + (At)*),
where p = min(r + 1, s).
Proof. From (7) and (8) with n = 2 and x = 9;£2, we get
(c(Eui)ag? at§2) LA €3,0,62) + B(EW2 : 8,62,0,6?)
:(C(Euh)52 = & afe) ( (Euﬁ)fl = ¢ atg )

f(c(Eu%)UQ = atg) (C(Eui)"2 N atg)
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2 ﬁl B 771 2 2 3 2
= () T 0€) + A 5 01?)
+ {A(u(t%) : u%,&ggz)—A(Eui : u%,8t§2)}
+ B(E’LL%L : 8t7]2 8t£2)

b - o et - BEa 0]

+ (C(Eu,%)f‘2 - “ttul tu 0.6

+ (Itateh) - (B T2 0e?)

+ (f(Eu) — f(u(t)), 06%) — QleQgih (11)

Now let Ly, Ly and L3 denote three terms of the left-hand side of (11), respec-
tively. First we can estimate Lq, Lo and L3 as follows:

Ly = (c(Euj,)0:82,0:6%) > c.]|0:62|%,
Ly = A(EU}QL 52 6155 )
1

= s (I a(Ba)VE I - |1y /a(Bu}) V€' )

1
> 2 2 *
> 2At( AVE? = a*|VE?)
B(Euj @ 0,£%,0,6%) > b,||[VO,E%|.

L

By applying these bounds of L1 ~ L3 to (11), we get

IO + bulIVOE N + 5l TE?

a*||ve! ||2+ZI (12)

_2At
i=1

By using the assumption (A1) and Cauchy-Schwartz inequality, we can estimate
I ~ I5 as follows:

I < €| 0:€%|) + K| Ve,

I < €| 0,77 + K[V,

Iy < (02117 + VO E°1%) + Kn?|1%,

Iy < €0 &%1° + K |1%,

Iy < (02117 + VO E°1%) + K|l |1%,
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for an € > 0. To estimate the sum of I and Ig, we split it into six terms, by
using (5), as follows:

Io+ Is =A(EW2 : n%,0,6%) + B(Eu? : 9y, 0,€2)
=(a(Eu}) (V3 — Vi(t?)), Voe?)
+ ([a(Bu}) — a(u(t?))]Vn(t?), Voe?)
+ (a(u(t?)Vn(t?), Va,E?)
2 v772 - Vﬁl 2 2
+ (b(Bud) (L — V(i) Vore?)
+ ((0(Bu}) — b(u(t?)))Vne(t2), VO,E?)
_|_

(bu(t?)Tm(t?), vore?)

By Taylor expansion and Lemma 3.1, we get
2 1

3 3 V 3
[Vn# = Vn(ed)]| + | = = V()| < K (A)?

and hence
Ji+ Ty < €| VOE2|* + K(AL)*.

Note that
|Eu? — u(t?)|| = |Eu} — E@? + E@® — a(t?) + a(t?) — u(t?)||
3 1

= ||BE + Ja' — 5@’ —a(t?) —n(t2)]
< K1+ 11€°] + (A0 + [In(e2)1))
< K(IEM] + ¥ + (At)?). (13)

By Lemma 3.2 and (13), we can estimate Jy and J5 as follows:

T2 < e[ VO + K (I |* + h* + (At))
and

Js < el VOE|* + K (€' ]* + n* + (AD)Y).
From (5), it is obvious that J3 + Jg = 0. Therefore, we get

Is + Is < 3el|VOE||* + K([€1]]* + h* + (At)*).
Note that by Taylor expansion, we have
2_ g2 4yt
d(u(z, t2))(c(Bup) — c(u(,%)))
o(Bu3)c(u(z, 7))

= U

—At|
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)(d(u(z,t2)) — d(Euj))

| Vut, )+ o(an?) a9)
and
4% — 0| oo < KA. (15)
By using (13), (14), and (15), we can estimate I7, Iy, 1o, I11, and I as follows:
I < €| VO3> + K(€H* + 1 + (At)Y),
Iy < el[VOE|1° + K ([€M]1° + h* + (At)*),
Lo < €l 0?1 + K ([|€1]° + n2 + (At)Y),
Iy < €087 + K (JI€11* + h? + (At)Y),
Lz < el|0:2|° + K (I€M° + h* + (At)*

)
By using Taylor expansion, there exist ¢} € (t2, t2),t9 € (t',1%),&g; € (&, ),
and Zg; € (&, z), 1 <i <3, such that

P
Pl ) P — cfult)) T
1 -~ . 1 -~ .
=~ c(u(t?)(AN? | od - Viu(dor, 1%) + 1od - Viuy(o2, 1)

1 -~ < 3 1

+ 16d - Vg (xo3,t2) + @uttt(te)
1 -3 2 3 1 -2 2 3

+@d V?’u(mgl,ﬂ)—&—ﬁd VQUt(l'gQ,tz)

+ 3 Vug(bos, t}) + =i (t9)] (16)
16 Utt\ T Y3, 48Uttt ]

where d? - (Viu) = Z (7 )d] ldga - To :

similar notations when m = 3. By the regularity of u, (13), (15), and (16), we
have

for 7 =1,2,3 when m = 2 and we use

Liz < €| 0:6%)* + K (A,
Ly < €| VOE|* + K (At)*,
L5 < €||VO.£2|12 + K(At)*.
Now by applying the upper bounds for I; ~ I15 to (12), we get

O + b IV + 5 Ve

_QNHV& 12+ K + Ve + IVEH* + h2 + (At)*)
+ 9¢[| 02| + 9¢ | VaLE2 2. (17)
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Thus, by using Theorem 4.1, we have
IVER 7 + At(0:67 17 + V&2 |1?) < K AR + (At)']
for sufficiently small € and At. O

Theorem 4.3. Under the same assumptions of Theorem 4.1, we have

n __ n n __ ,n < n 2
Jmas [l = uf |+ BV —up)|l| < Kb+ (A1),

where g = min(r + 1, s).

Proof. To prove this theorem, we will establish the following statement: There
exist 0 < h <1 and 0 < At < 1 such that

IVE™|I? + At((|0.£" 17 + Vo™ |1?) < K (h* + (At)?) (18)

forany 0 < h < h, 0 < At < Atandn =0,1,...,N. Since £ = 0, it is trivial
that (18) holds for n = 0. And by Theorem 4.1 and Theorem 4.2, (18) holds
for n = 1 and n = 2. Now we assume that (18) holds with n < [ — 1. Notice
that ||€"||cc < K, 0<n <[—1. We subtract (7) from (8) with 3 <n <[ and
X = 0&™ to get

(c(Eu;;)atgn,atg”) FABUY  €77F 9,6 + B(Eul : 9,6",0,6™)
n _ én cn—1 _ ¢n—1
: Atg ’8t€n) + (C(Euzl)g Atg ’8t§n)

n n—

— (c(EuZ)nnA;tﬁn,@tﬁ) + (c(EuZ)n_TZl,atf")

:(C(EuZ)

-n—1_ ,n—1 N
— (e T3 00" + A(Bup 0™
+ {A(u(t"fé) : u”fé,&gﬁ”)—A(EuZ : u"ié,(?tf")}

+ B(Eup : 0™, 0:&™)

+ By - T e - Bl L o]

+ (el =" _2‘:_1 I o)

+ (letut =) - c(EumW, 0:")

+ (F(Bui) = Ft" 7)), 06") = Q1 = Q2 = Qs = Zf (19)

Now let Ly, Ly and L3 denote three terms of the left-hand side of (19), respec-
tively. First, we can get the lower bounds of L1, Ly and L3 as follows:

Ly = (c(Bup)0i", 0,€") = c.]|0:6" |7,
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1
L2 = A(EUZ : fn_E 5 8t§")

1
> (I Ja(Bu) Ve P = |y Ja(Bu ) ver )

i n—1 n—1 2_ n n—1(2
+ oac (I a(Buy =) v 2 — |y fa(Bug)ver ),

Lz = B(Eu} : 0", 0,£™) > b, || VO.£™ 2.
By applying these bounds of L; ~ L3 to (19), we get
ol |? + 0. VO™ P

1 n n— n—
+ o (I a(Eu) Ve — [l fa(Ea ) ver= )
1 15
< = Eu™) — a(E n—1 n—1 n—1 I..
< gz (a(Bup) — a(Bu Ve, Ve >+; i
By (18) and the fact that At = O(h), we obtain
[ Bujy — Bup ™o
= |E(u — ") — BE(up™' —a" ") + EW" — Bi" o
30 1o
< _ n - n
< At (S106" oo + 510" 21 ) + KA
< KAt.
Therefore, applying the assumption (A2) and (21) to (20), we have
cellDE™ 1 + bl VOE™ |
I/ alBup) VE™|* — [/ a(Bup =) Ve %)
15

< K|VETHP+ Y I

i=1

+ L(
2A¢L

(20)

(22)

By using the assumption (A1) and Cauchy-Schwartz inequality, we can get the

following bounds for I; ~ I5:
Ii < €| 0™ |* + K| VE™ ||,
I < €| 0:g"|” + K[ Ve 1%,
Iy < (0712 + VO™ 1) + K In™ 1%,
I < €| 0™ |* + Kllnp |1,
Is < (07> + (VO™ ?) + Kl 1%,

for an € > 0. The sum of I and I can be split into six terms, by using (5), as

follows:
Is + Is =(a(Eu})(Vn™ "3 — Vn(t"~ 7)), Vo™
+ ([a(Bup) — a(u(t"~2))|Vn(t"~2), VoE")
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+ (a(u(t™ ) V"= 3), Vo,E")
n—1
+ () (T - I 4), Vo)
+ (0(Bup) — b(u(t"=2))) Vi, (t"~ %), VO,E™)
+

(blue=2)Vm(t"—4), Vo)

J;.

t%@

1

-
Il

By Taylor expansion and Lemma 3.1, we get
V??n _ V??n_l

[9mt = o+

and so,
T+ Ju < €| VL + K (A,

Notice that as in (13)

1Bup, — w2 < K| + €772 + b + (At)?).
By (23), we get the bounds for J; and J; as follows:

Jo < el|VOE P + K([€"HIP + 1€ 27 + h2 + (An)Y)
and

Js < el|VOE"IP + K (|€"H* + [l€"72]* + h* + (At)).
From (5), it is obvious that Js3 + Jg = 0. Therefore, we get

Is + Is < 3| VO > + K ("I + 16772 + h* + (At)").

Note that by using Taylor expansion, we have
n_gn _ fn=1 4 gn-1

ZAt( d(u(z, tn—f))(c(Eu’g) — C(U(w,t”—%)»
clul@, "= %)) e(Buf)

S«

N (d(u(z, %)) — d(Eu}))c(u(z, t" =
c(u(m,t”*%))c(Euﬁ)

))> V(@ t"F)

+0((At)?)

and

8" — 0" oo < KAL.

— V(") < K(At)?

267

(23)

(24)

(25)

By using (23), (24), and (25), we can get the bounds for Ir, Iy, I 0, I11, and T2

as follows:
I < €| VO™ >+ K(IE" 1P + 1672117 + h* + (At)*Y),
Iy < €| VoL |2+ K(lE" 1 + 167217 + h* + (A1),
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Lo < €|0€™1? + K(J€" 112 + €727 + b2 + (A,
Ly < ell0 1P+ K(IE P + 1677217 + h2 + (An)Y),
Lia < |02 + K(|€" 12 + €727 + k2 + (At)*).
)

By similar argument as in (16), there exist ¢} € ("=, 1) € (tn=1 tn2),
Zg; € (z,x), and Zg; € (2, 2), 1 <i < 3, such that

o1 Ou(tT) 1=t
plalen ) o — (e
n—1 2 1 ~3 3 S n—1i 1 ~2 2 . n—1l
= — c(u(t" 1)) (At) [gd VPu(@or ") + od - Vus(0m, ¢ )
1 -~ . 1 .
+ Ed Vutt(wgg,t 2) + 7Uttt(t(:5)
1 ~3 2 n—1 1 -~2 2 n—1
+@d 'V3U(€B91,t 2)+Ed -V2ut(az92,t 2)
b Vg (B, 73 + i (to)} (26)
16 Utt (T Y3, 48Uttt VAR

2 927 oxl,
similar notations when m = 3. By the regularity of u, (23), (25), and (26), we
get

- i ;
where d’ - (V/u) = > (g)djfldl 9%u__ for j =1,2,3 when m = 2 and we use
1=0

Lz < €l|0,£"||* + K (At)*,
Ly < €| VOE"|° + K(At),
s < €| VO™ |* + K(At)*.
Now applying the estimates for I; ~ I15 to (20), we obtain
|07 17 + be [ VOE™1?

+ s U JaBa) Ve — 1y fa(Buy )y wem )
< K(le"HP + 1217 + IVE™* + [IVE"HI* + h? + (A)*)

+9€]| 0™ 1* + 9e[ VO™ 1. (27)
Hence, by Poincare’s inequality, (27) can be estimated as follows:

Atle.[10:6" 17 + bV O:E"||7]

+ (Il a(Bup)VE"|* = [Iy/ a(Buy 1) VEH?)

< KAH(|VE™* + [VE M + V212 + h? + (At)*). (28)

for sufficiently small e. Now we add both sides of (28) from n = 3 to [ to get

l
ALY [ed|OE™ 1 + bel VL] + 1y a(Buf,) VE

n=3
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l
<SKAL S (IVE? + h2 + (At)Y) + K[| V€22,
n=1

So, by Theorem 4.2, we have
IVE? + At{[|0:£'1> + IVaE"]1*}

-1 l
<K[ATUVE + A0 + Vo)) + KA S0+ ()",

for sufficiently small At. Therefore, by Gronwall’s inequality, we have
IVEN? + At{[|a:'* + VO |P} < K[p* + (At)Y],

which completes the proof of the statement (18) by the mathematical induction.
By using the triangle inequality and the Poincare’s inequality, we finally have
lul —ul || < K(h* + (At)?) and [|[V(u! — ul)|| < K(h#*~! + (At)?). Thus the
proof of this theorem is completed. O
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