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NEW INEQUALITIES FOR GENERALIZED LOG h-CONVEX
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Abstract. In the paper, we introduce some new classes of generalized

logh-convex functions in the first sense and in the second sense. We estab-
lish Hermite-Hadamard type inequality for different classes of generalized

convex functions. It is shown that the classes of generalized log h-convex

functions in both senses include several new and known classes of log h
convex functions. Several special cases are also discussed. Results proved

in this paper can be viewed as a new contributions in this area of research.
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1. Introduction

Convex analysis plays a border role onto classical convex from one side and
geometry on the other side. This unique quality allows us to study different prob-
lems related to pure and applied sciences in a unified framework. In recent years,
several new classes of convex functions has been introduced and investigated us-
ing novel and innovative ideas, see [1, 3, 6, 7, 14, 15, 23]. The necessary and
sufficient condition for a function to be convex is to satisfy Hermite-Hadamard
inequality. This classical Hermite-Hadamard inequality is one of the most im-
portant inequality related to convex function, see [12, 13]. For the applications,
generalizations Hermite-Hadamard type inequalities and other aspects of these
inequlaities, see [4, 8, 19, 20] and the references therein.

A significant generalization of convex functions was the introduction of h-
convex functions by Varosanec [25], which include s-convex, p convex and Go-
dunova -Levine functions as its special cases . For different properties and other
aspects of h-convex functions, see, [18, 24, 26]. Gordji et al. [9] introduced a
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class of convex functions, which is called generalized convex (ϕ-convex) func-
tion. These generalized convex functions are nonconvex functions. For recent
developments, see [5, 10, 16, 17, 19, 21, 22] and the references therein.

Inspired and motivated by the ongoing research, we introduce some new
classes of generalized convex functions, which are called generalized log h-convex
functions in the first sense and in the second sense, respectively. We derive some
new Hermite-Hadamard integral inequalities for these nonconvex functions. Our
results include a wide class of known new error estimates for various classes of
convex functions. Results obtained in this paper continue to hold for the various
classes of convex functions, which can be obtained as special cases. It is expected
that the ideas and techniques of this paper may stimulate further research in
this field.

2. Preliminaries

Let I = [a, b] and J be the intervals in real line R, [0, 1] ⊆ J . Let f :
I = [a, b] → R and h : J → R be two nonnegative and continuous functions
and η(·, ·) : R × R → R be a continuous bifunction. First of all, we recall the
following well known results and concepts.

Definition 2.1. ([9]). A function f : I = [a, b]→ R is said to be a generalized((ϕ-
convex)) convex function with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤ (1− t)f(a) + t[f(a) + η(f(b), f(a))], ∀a, b ∈ I, t ∈ [0, 1].

Definition 2.2. Let h : J → R be a non-negative function. A function f :
I = [a, b]→ R is said to be generalized h-convex function in the first sense with
respect to a bifunction η : R× R→ R and a nonnegative function h, if

f((1− t)a+ tb) ≤ h(1− t)f(a) + h(t)[f(a) + η(f(b), f(a))], ∀a, b ∈ I, t ∈ [0, 1].

If η(f(b), f(a)) = f(b)− f(a), then the Definition 2.2 reduces to

Definition 2.3. ([25]). Let h : J → R be a non-negative function. A non-
negative function f : I → (0,∞)is said to be h-convex, or f ∈ SX(h, I), if

f((1− t)a+ tb) ≤ h(1− t)f(a) + h(t)f(b), ∀a, b ∈ I, t ∈ [0, 1].

We now introduce a new class of generalized convex functions.

Definition 2.4. Let h : J → R be a non-negative function. A function
f : I = [a, b]→ R+ is said to be generalized log h-convex in the first sense with
respect to a bifunction η(·, ·) : R× R→ R and a nonnegative function h, if

f((1− t)a+ tb) ≤ [f(a)]h(1−t)[f(a) + η(f(b), f(a))]h(t), ∀a, b ∈ I, t ∈ [0, 1]. (1)

If t = 1
2 , then

f(
a+ b

2
) ≤ [f(a)]h(

1
2 )[f(a) + η(f(b), f(a))]h(

1
2) , ∀a, b ∈ I. (2)
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The function f is known as generalized Jensen log h-convex function.

From Definition 2.4, we have

log f((1− t)a+ tb) ≤ h(1− t) log[f(a)] + h(t) log[f(a) + η(f(b), f(a))],

and

f((1− t)a+ tb) ≤ h(1− t)[f(a)] + h(t)[f(a) + η(f(b), f(a))].

This means that every generalized log h-convex function is a generalized h-
convex function. However the converse is not true.

Now we will discuss some special cases of generalized log h-convex functions
in the first sense.

I. If η(f(b), f(a)) = f(b)− f(a), then Definition 2.4 reduces to

Definition 2.5. ([18]). Let h : J → R be a non-negative function. A function
f : I → (0,∞) is said to be log h-convex or multiplicatively h-convex in the first
sense if log (f) is convex, or equivalently if one has the following inequality

f((1− t)a+ tb) ≤ [f(a)]h(1−t)[f(b)]h(t), ∀a, b ∈ I, t ∈ [0, 1].

II. If h(t) = t, then Definition 2.4 reduces to

Definition 2.6. A function f : I = [a, b] → R+ is said to be generalized log
convex with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤ [f(a)]1−t[f(a) + η(f(b), f(a))]t, ∀a, b ∈ I, t ∈ [0, 1]

III. If h(t) = ts, then Definition 2.4 reduces to

Definition 2.7. A function f : I = [a, b] → R+ is said to be generalized
log s-convex in the second sense for s ∈ (0, 1) with respect to a bifunction
η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤ [f(a)](1−t)s [f(a) + η(f(b), f(a))]t
s

, ∀a, b ∈ I, t ∈ [0, 1].

IV. If h(t) = 1, then Definition 2.4 reduces to

Definition 2.8. A function f : I = [a, b] → R+ is said to be a generalized log
P -convex with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤ [f(a)][f(a) + η(f(b), f(a))], ∀a, b ∈ I, t ∈ [0, 1].

V. If h(t) = 1
t , then Definition 2.4 reduces to

Definition 2.9. A function f : I = [a, b] → R+ is said to be a generalized log
Godunova-Levine convex with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤ [f(a)]
t

1−t [f(a) + η(f(b), f(a))]
1
t , ∀a, b ∈ I, t ∈ (0, 1).
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We now introduce a new class of generalized convex functions, which is called
the generalized h-convex functions in the second sense.

Definition 2.10. Let h : J → R be a non-negative function. A function f : I =
[a, b] → R is said to be generalized h-convex function in the second sense with
respect to a bifunction η : R× R→ R and non negative function h, if

f((1− t)a+ tb) ≤ h(1− t)h(t)[2f(a) + η(f(b), f(a))], ∀a, b ∈ I, t ∈ [0, 1].

If η(f(b), f(a)) = f(b)−f(a), then the definition 2.10 reduces to the following
new concept.

Definition 2.11. Let h : J → R be a non-negative function. A non-negative
function f : I → (0,∞)is said to be h-convex in the second sense, if

f((1− t)a+ tb) ≤ h(1− t)h(t)[f(a) + f(b)], ∀a, b ∈ I, t ∈ [0, 1].

Definition 2.12. Let h : J → R be a non-negative function. A function f :
I = [a, b] → R+ is said to be generalized log h-convex in the second sense with
respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤
{

[f(a)][f(a) + η(f(b), f(a))]

}h(t)h(1−t)

, ∀a, b ∈ I, t ∈ [0, 1].

If t = 1
2 , then

f(
a+ b

2
) ≤

{
[f(a)][f(a) + η(f(b), f(a))]

}h2( 1
2 )

,∀a, b ∈ I.

The function f is known as the generalized Jensen log h-convex functions in the
second sense.

From which, we have

log f((1− t)a+ tb) ≤ h(t)h(1− t)
{

log[f(a)] + log[f(a) + η(f(b), f(a))]

}
.

WE now discuss some special cases of generalized log h-convex functions in
the second sense.

I. If h(t) = t, then Definition 2.12 reduces to

Definition 2.13. A function f : I = [a, b] → R+ is said to be generalized log
tgs-convex with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤
{

[f(a)][f(a) + η(f(b), f(a))]

}t(1−t)

, ∀a, b ∈ I, t ∈ [0, 1].
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II. If h(t) = ts, then Definition 2.12 reduces to

Definition 2.14. A function f : I = [a, b] → R+ is said to be generalized log
(tgs, s)-convex in the second sense for s ∈ (0, 1] with respect to a bifunction
η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤
{

[f(a)][f(a) + η(f(b), f(a))]

}ts(1−t)s

, ∀a, b ∈ I, t ∈ [0, 1].

III. If h(t) = tp and h(1− t) = (1− t)q then, Definition 2.12 reduces to

Definition 2.15. A function f : I = [a, b] → R+ is said to be generalized log
beta-convex in the second sense with respect to a bifunction η(·, ·) : R×R→ R,
if

f((1− t)a+ tb) ≤
{

[f(a)][f(a) + η(f(b), f(a))]

}tp(1−t)q

, ∀a, b ∈ I, t ∈ [0, 1].

IV. If h(t) + h(1− t) = 1 and h(t) = tp, then Definition 2.12 reduces to

Definition 2.16. A function f : I = [a, b] → R+ is said to be generalized log
Toader-convex with respect to a bifunction η(·, ·) : R× R→ R, if

f((1− t)a+ tb) ≤
{

[f(a)][f(a) + η(f(b), f(a))]

}tp(1−tp)

, ∀a, b ∈ I, t ∈ [0, 1].

We would like to point out that for appropriate and suitable choice of the
bifunction η(., .) and the non-negative function h(.), one can obtain several new
and known classes of convex functions as special of the concepts introduced in
this paper. This clearly shows that these concepts are quite flexible and unifying
one.

3. Main results

In this section, we establish several new integral inequalities of Hermite-
Hadamard type for generalized log h-convex function in the first sense and in
the second sense.

Theorem 3.1. Let f be a generalized log h-convex function in the first sense
on I. Then

log f
(a+ b

2

) 1

h( 1
2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx

≤ log

{
[f(a)][f(a) + η(f(b), f(a)]

}∫ 1

0

h(t)dt.



250 M.A. Noor, K.I. Noor and F. Safdar

Proof. Let f be generalized log h-convex function in the first sense. Then

log f((1− t)a+ tb) ≤
{
h(1− t) log[f(a)] + h(t) log[f(a) + η(f(b), f(a)]

}
. (3)

Integrating (3) with respect to t on [0,1], we have∫ 1

0

log f((1− t)a+ tb)dt ≤
∫ 1

0

{
h(1− t) log[f(a)] + h(t) log[f(a) + η(f(b), f(a)]

}
dt

= log
{

[f(a)][f(a) + η(f(b), f(a)]
}∫ 1

0

h(t)dt.

Thus

1

b− a

∫ b

a

log f(x)dx ≤ log
{

[f(a)][f(a) + η(f(b), f(a)]
}∫ 1

0

h(t)dt. (4)

Consider

f(
a+ b

2
) =

f [((1− t)a+ tb) + (ta+ (1− t)b)]
2

≤ [f(1− t)a+ tb)]h(
1
2 )[f((1− t)a+ tb) + η(f(1− t)b+ ta), (1− t)a+ tb))]h(

1
2 )

=

{
[f(1− t)a+ tb)][f((1− t)a+ tb) + η(f(1− t)b+ ta), (1− t)a+ tb))]

}h( 1
2 )

.

This implies that

log f(
a+ b

2
)

≤ h(
1

2
) log

{
[f(1− t)a+ tb)][f((1− t)a+ tb) + η(f(1− t)b+ ta), (1− t)a+ tb))]

}
.

(5)

Integrating (5) with respect to t on [0,1], we have

1

h( 1
2 )

log f(
a+ b

2
) ≤ 1

(b− a)

∫ b

a

{
log f(x) + log[f(x) + η(f(a+ b− x), f(x))]

}
dx.

Thus

1

h( 1
2 )

log f(
a+ b

2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x))]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx.

(6)

Combining(4) and (6), we have

log f
(a+ b

2

) 1

h( 1
2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx
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≤ log

{
[f(a)][f(a) + η(f(b), f(a)]

}∫ 1

0

h(t)dt.

This completes the proof. �

Corollary 3.2. ([18]). If η(f(b), f(a)) = f(b) − f(a), then under the assump-
tions of Theorem 3.1, we have

f
(a+ b

2

) 1

2h( 1
2
) ≤ exp

1

(b− a)

∫ b

a

log f(x)dx ≤
[
f(a)f(b)

]∫ 1

0

h(t)dt.

We now discuss some special cases Theorem 3.1.

(I). If η(f(b), f(a)) = f(b)− f(a) and h(t) = t, then Theorem 3.1 becomes

Theorem 3.3. Let f : I → (0,∞) be a generalized log convex function on I.
Then

f(
a+ b

2
) ≤ exp

1

(b− a)

∫ b

a

log f(x)dx ≤
√[

f(a)f(b)
]
.

(II). If h(t) = ts, then Theorem 3.1 becomes

Theorem 3.4. Let f : I → (0,∞) be a generalized log s-convex function on I
with s ∈ (0, 1). Then

f
(a+ b

2

)2s − exp
1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ exp
1

(b− a)

∫ b

a

log f(x)dx

≤
{

[f(a)][f(a) + η(f(b), f(a)]
}∫ 1

0

tsdt

=
{

[f(a)][f(a) + η(f(b), f(a)]
} 1

(s+ 1)
.

Corollary 3.5. ([18]). If η(f(b), f(a)) = f(b) − f(a), then under the assump-
tions theorem 3.4, we have

f
(a+ b

2

)2s−1

≤ exp
1

(b− a)

∫ b

a

log f(x)dx

≤
{

[f(a)][f(b)]
}∫ 1

0

tsdt

=
{

[f(a)][f(b)]
} 1

(s+ 1)
.
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Corollary 3.6. ([6]). If η(f(b), f(a)) = f(b)− f(a) and s = 1, then under the
assumptions of Theorem 3.4, we have

f(
a+ b

2
) ≤ exp

1

(b− a)

∫ b

a

log f(x)dx ≤
√[

f(a)f(b)
]
.

(III). If h(t) = 1, then Theorem 3.1 becomes

Theorem 3.7. Let f : I → (0,∞) be a generalized log P -convex function on I.
Then

f
(a+ b

2

)
− exp

1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ exp
1

(b− a)

∫ b

a

log f(x)dx

≤
{

[f(a)][f(a) + η(f(b), f(a)]
}
.

Corollary 3.8. ([18]). If η(f(b), f(a)) = f(b) − f(a), then under the assump-
tions theorem 3.7, we have

f
(a+ b

2

)
≤ exp

2

(b− a)

∫ b

a

log f(x)dx ≤
[
f(a)f(b)

]2
.

(IV). If h(t) = 1
t , then Theorem 3.1 becomes

Theorem 3.9. Let f : I → (0,∞) be a generalized log Godunova-Levin-convex
function on I. Then

1

2
log f(

a+ b

2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x))]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx,

and

1

b− a

∫ b

a

τx log f(x)dx ≤ 1

2
log

{
[f(a)][f(a) + η(f(b), f(a)]

}
,

where τx = (x−a
b−a )( b−x

b−a ).

Corollary 3.10. ([7]). If η(f(b), f(a)) = f(b)− f(a), then, under the assump-
tions of Theorem 3.9, we have

f(
a+ b

2
)

1
4 ≤ exp

1

(b− a)

∫ b

a

log f(x)dx,
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and

1

b− a

∫ b

a

τx log f(x)dx ≤ 1

2
log

{
[f(a)][f(b)]

}
,

where τx = (x−a
b−a )( b−x

b−a ).

Theorem 3.11. Let f be a generalized log h-convex function in the second sense.
Then

log f
(a+ b

2

) 1

h2( 1
2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx

≤ log

{
[f(a)][f(a) + η(f(b), f(a)]

}∫ 1

0

h(t)h(1− t)dt.

Proof. Let f be generalized log h-convex function in the second sense. Then

log f((1− t)a+ tb) ≤ h(t)h(1− t)
{

log[f(a)] + log[f(a) + η(f(b), f(a)]
}
. (7)

Integrating (7) with respect to t on [0,1], we have∫ 1

0

log f((1− t)a+ tb)dt

≤
∫ 1

0

h(t)h(1− t)
[

log[f(a)] + log[f(a) + η(f(b), f(a)]
]
dt

= log
{

[f(a)][f(a) + η(f(b), f(a)]
}∫ 1

0

h(t)h(1− t)dt.

Thus

1

b− a

∫ b

a

log f(x)dx ≤ log
{

[f(a)][f(a) + η(f(b), f(a)]
}∫ 1

0

h(t)h(1− t)dt.

(8)

Consider

f(
a+ b

2
) =

((1− t)a+ tb) + f(ta+ (1− t)b)
2

≤
{

[f(1− t)a+ tb)][f((1− t)a+ tb) + η(f(1− t)b+ ta), (1− t)a+ tb))]

}h2( 1
2 )

.

This implies

log f(
a+ b

2
)

≤ h2(
1

2
) log

{
[f(1− t)a+ tb)][f((1− t)a+ tb) + η(f(1− t)b+ ta), (1− t)a+ tb))]

}
.

(9)
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Integrating (9) with respect to t on [0,1], we have

1

h2( 1
2 )

log f(
a+ b

2
) ≤ 1

(b− a)

∫ b

a

{
log f(x) + log[f(x) + η(f(a+ b− x), f(x))]

}
dx.

Thus

1

h2( 1
2 )

log f(
a+ b

2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x))]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx.

(10)

Combining(8) and (10), we have

log f
(a+ b

2

) 1

h2( 1
2
) − 1

(b− a)

∫ b

a

log[f(x) + η(f(a+ b− x), f(x)]dx

≤ 1

(b− a)

∫ b

a

log f(x)dx

≤ log

{
[f(a)][f(a) + η(f(b), f(a)]

}∫ 1

0

h(t)h(1− t)dt.

(11)

This completes the proof. �

Corollary 3.12. If η(f(b), f(a)) = f(b)− f(a), then, under the assumption of
Theorem 3.11, we have

f
(a+ b

2

) 1

2h2( 1
2
) ≤ exp

1

(b− a)

∫ b

a

log f(x)dx ≤
[
f(a)f(b)

]∫ 1

0

h(t)h(1− t)dt.

Now we will discuss some special cases Theorem 3.11.

I. If η(f(b), f(a)) = f(b)− f(a) and h(t) = t, then Theorem 3.11 becomes

Theorem 3.13. Let f be generalized log tgs-convex function in the second sense
on I. Then

f
(a+ b

2

)2 ≤ exp
1

(b− a)

∫ b

a

log f(x)dx ≤
[
[f(a)][f(b)]

] 1
6 .

II. If η(f(b), f(a)) = f(b)− f(a) and h(t) = tP , then Theorem 3.11 becomes

Theorem 3.14. Let f be generalized log Toader-convex function in the second
sense on I. Then

f
(a+ b

2

)2p−1

≤ exp
1

(b− a)

∫ b

a

log f(x)dx ≤
{

[f(a)][f(b)]β(p+ 1, p+ 1)
}
.
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4. Conclusion

In this paper, we have derived several Hermite-Hadamard type inequalities for
new classes of generalized convex functions involving an arbitrary non-negative
function. It is shown that these classes of generalized convex functions are quite
flexible and unifying ones. For different and appropriate choice of the arbitrary
functions, one can obtain new and known classes of convex functions. The
interested readers are expected to explore the applications of the generalized
convex functions.
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