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ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR THE
GENERALIZED MHD AND HALL-MHD SYSTEMS IN R™

MINGXUAN ZHU

ABSTRACT. This paper deals with the asymptotic behavior of solutions to
the generalized MHD and Hall-MHD systems. Firstly, the upper bound
for the generalized MHD and Hall-MHD systems is investigated in L2
space. Then, the effect of the Hall term is analyzed. Finally, we optimize
the upper bound of decay and obtain their algebraic lower bound for the
generalized MHD system by using Fourier splitting method.

1. Introduction

We consider the following incompressible generalized MHD system:

(1.1) ug +u-Vu+ A**u+ VP =B-VB,
(1.2) B, +u-VB+A»B=B-Vu,
(1.3) divu = div B = 0,

here u = u(x,t) € R", B = B(x,t) € R” and P = P(z,t) € R represent the
unknown velocity field, the magnetic field and the pressure, respectively. We
define A = (=A)2 in terms of Fourier transform by Af(&) = [¢](€).

In [25], Wu obtained the existence of weak solutions for any ug, by € L?(R3).
It was also shown that if o > % + %, a+p>1+ %, then the solution
(u,b)(z,t) remains smooth for all time (see [25,26] for details). The special
case & = 3 = 2 for 3D can also be found in [29] via a different approach. In
[8], it was proved that the system (1.1)-(1.4) is locally well-posed for any given
initial data ug,bo € H®, s > max{§ + 1 — «, 1} (see [19] for classical MHD
system a = 8 =1).

The generalized Hall-MHD system reads

(1.4) ug +u-Vu+ A**u+ VP = (V x B) x B,
(1.5) B —Vx(uxB)+Vx((VxB)xB)+A*»B=0,
(1.6) divu =divB = 0.
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Chae, Wan and Wu [4] proved the local well-posedness for the case o = 0
and § > % Regularity criteria and global existence were studied in [11, 12,
20,27,28]. One can check that the generalized Hall-MHD system reduces to
the classical Hall-MHD system (1.1)-(1.3), when @ = 8 = 1. Recently, there
have been extensive mathematical studies for the classical Hall-MHD system
[1-3,5,21-23]. In [1], the local existence and uniqueness of smooth solutions
were shown by Chae and his collaborators. They also established some blow-up
criteria in [1,2]. In [3], they proved that when (ug, By) € L?(R3) N L*(R3), the
weak solutions satisfy ||ul|z2 + || B2 < C(1+t)~%. Singularity formation was
investigated in [5]. In [23], Weng obtained the same space-time decay rates
as those of the heat equation. Based on the temporal decay results in [3],
he found that one could obtain weighted estimates of the magnetic field B by
direct weighted energy estimate, and then by regarding the magnetic convection
term as a forcing term in the velocity equations, Weng obtained the weighted
estimates for the vorticity, which yields the corresponding estimates for the
velocity field. In [22], upper and lower bounds on the decay of higher order
derivatives were obtained. In [2], Chae and Lee proved that if ||ug ;3 +lboll ;5

or HUOHB% + Hb0||B 1 is small enough, then the Hall MHD system has a unique
2,1

2
2,1

global classical solution. stl,q is the homogeneous Besov space. Later, Wan
and Zhou [21] improved the global existence for the Hall- MHD system provided
that the initial data HUOHH%*E + ”bOHH% or HuOHBgfl + [|bo]] %;1 B%I is small
enough, where ¢ > 0, 1 < g < c0. " " "

In this paper, we deal with the asymptotic behavior of the solutions to the
generalized MHD and Hall-MHD system by using Fourier splitting method.
The Fourier splitting method [13] was first applied to the parabolic conservation
laws to obtain algebraic energy decay rates. Then, it was used in the study
of the classical Navier-Stokes equations [6,7,9,10,14-18] and the references
therein. It is worth to point out that Zhou used a new method to get the
famous result in [30].

Throughout this paper, C' denotes a generic positive constant (generally
large), it may be different from line to line. Our main results are stated as fol-
lows. The upper bound for the weak solution of generalized MHD is established

in L? space.

Theorem 1.1. Assume v, and vy are the solutions to the generalized heat
equation vy + A**v = 0 with the initial data ug € L*(R"™) and By € L*(R"),
and

(1.7) loullZ: < CA+H7", sl < O +1)%

for some 61,05 > 0. Then, for n > 2 and o, 8 € (0, "T*Q], there exists a weak
solution (u, B)(x,t) for the GMHD system, such that

(1.8) lullZ= + 1Bl7- < C(L+)"%, ¢>0
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with 6y = min{6y, b5, ’3—‘22, ”2—‘22 )

The similar results can also be established for generalized Hall-MHD system.

Theorem 1.2. Assume v, and vy are the solutions to the generalized heat
equation vy + A%*v = 0 with the initial data ug € L*(R"™) and By € L?*(R"),
and

(1.9) loullZ: < CA+1)7", gl < O +1)~%

for some 61,05 > 0. Then, for n > 3 and o, 8 € (0, "T*Q], there exists a weak
solution (u, B)(x,t) for the Hall-GMHD system, such that

(1.10) lullZ> + 1Bl7- < C(1+8)"%, ¢>0
with 00 = min{@l, 02, nT—gf, nT-’[_f .

Remark 1.1. Similar result was established in [22] for the classical Hall-MHD
system. So Theorem 1.2 can be seem as a generalization. Some results for the
higher derivatives in different Sobolev spaces were obtained in [27].

Remark 1.2. It seems that the Hall term doesn’t affect the decay result. Ac-
tually, if we set the fluid velocity u = 0, then the system reduce to

(1.11) B+ V x ((VxB)xB)+A*»B=0.
We can get the following decay result for (1.11):

Theorem 1.3. Assume vp is the solution to the gemeralized heat equation
vy + A%% = 0 with the same initial data By € L*(R"), and

(1.12) |vg||2: < C(1+1t)~%

for some 05 > 0. Then, for n > 3 and o, € (0, "THL there exists a weak
solution B(x,t) for (1.11), such that
(1.13) |B||I2. <C(1+t)~%, t>0

. _ : n+4
with o = min{6s, 55" }.

It seems that the decay result for (1.11) is better than that for generalized
MHD and Hall-MHD systems.

Then, we optimize the upper bound for the strong solutions of the gen-
eralized MHD system and obtain their algebraic lower bound. Before going

to present the main result, we introduce the notation R;, = {u : [a(£)] >
u for |€] < e} as that in [15].

Theorem 1.4. Assume o = f3 € (0, 2F2], n > 2, v, and vp are the solutions to

the generalized heat equation vy + A%%v = 0 with the same initial data ug, By €
HY(R™) N R;, for some p,e >0, and

(1.14) loullZz + llvellFs < M(1+1)" %,
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where M are positive constants. Then, we have

(1.15) Ci(1+1)728 < |ullf2 + || B||32 < Co(l+1t) 2,

where Cy,Cs are positive constants.

Remark 1.3. Unfortunately, due to the Hall term, we can’t get the similar result
for generalized Hall-MHD system. We hope some lower bound results can be
obtained for the generalized Hall-MHD system in the future. We are looking

forward to some results for a, 5 > % of both generalized MHD and Hall-MHD
systems.

Now, we list some notations that will be used in our paper. Use |[u||z» to
denote the LP(R™) norm. Use f to denote the Fourier transform of f.
The proof of our main results will be shown in Section 2.

2. Proof of the main results
2.1. Proof of Theorem 1.1

Multiplying on (1.1) and (1.2) by u and B, integration by parts, we get the
following energy equality

1d o
(2.1) 5 77 (Iullzz +1BI72) + [A%ullZz + A7 B]72 = 0.
By Plancherel’s theorem ||f|z2 = ||f]|z2 and using Fourier splitting method,

we get

|A%u)22 = [|Aou?. = / €2 [af2de > |r(t)|> / af?de

[&|>r(t)
(2.2) > r(t) 2 / a2de — [r()]2° / a2 de
n [E1<r(t)
and
IAPB|2, = / €28\ Bl2de > |s(t)[2? / \BPde
Rn® [€]>s(t)
(2.3) > Js(t)?? / |BP2de — |s(t)*? / |BJ2de,
Rn [E1<s(t)

here r(t) and s(t) will be chosen later. Combining (2.2) and (2.3) to (2.1), we
get
d

Sl 2= (8) + | BII7=(6) + 20 (8)* a7 +25(5)* | B3

(2.4) < 2r(t)2°‘/ \a|2d§+2s(t)25/ |B2de.
[E1<r(t) [€1<s(t)

As the assumption, v, (z,t) is the solution of v; + A2*v = 0 with the initial
data ug(z) and vg(z,t) is the solution of v; + A%y = 0 with the initial data
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Bo(z). By direct computation, we have o, (€, ) = e~ 16" (¢) and 05(¢,t) =
-1t
e 0(§)-
From the generalized MHD equations, we get

(€, 1) = (€, 1) — /0 T (1 - B e u)(€, 5) — £(B ® B) (S, 5)}ds

and

Then, we get

t
(€, D) < lou(, )] + I / lul2 + | B|2.dr
and
R t
B(E,1)] < [on(e,0)] +|¢] / lul2s + [ B|22dr.
Therefore, it follows from (2.4) that

d . . A R .
S (alZz + 1BIZ) @) + 2r(®)*|al 72 +25(5)*7 || B 72

t 2
< o)™ [mn%g (P ( / a2 + ||B||i2d7) ]

t 2
(25 +Cst)? [aniQ T sty ( [ e+ |B||%zd7) ] .

Let r(t)2® = 5(t)%% = It yields

1
2(t+e) In(t+e) *
(2.6)

%[ln(t +e)(l[allz: + | BIZ2)(2)]

. 2
<O+ 4 Ol 4 )0 1 Ol o) ( JA ||B|%zdf)
0

2

11— n+2

t
+C(t+e) 28 </ u||iz+B||%2dr)
0

By the energy estimate (2.1), one can get that ||u||?. + ||B||2, < C. This is
enough for the case «, 5 € (0, ”T”) However, for the special case max{«a, 8} =
"T”, from (2.6), one can’t get some decay property. So, we need the following
claim.

We claim that

lu(s)lIZ> + 1B(s)lI72 < C(1+5)72
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for some ¢ > 0 when max{«, 8} = "T“'Q. In order to prove the claim, we need
to show that

In(t + e)*(ullZ> + || BlI72) < C.

Let r(t)2® = s(t)%8 n (2.5). We get

_ 1 :
= Groln(tre) !

d R .
— It +e)*(lall7e + [1BI72)]

< Cln(t +e)

sCo 2 {t+e)™" +(t+e)7"

t
+ (In(t +e)(t + e))_%(/0 lullZz + 1B Z2d7)?

+ (In(t +e)(t + e))_%z(/o ullZ> + 1Bl Z-d7)*}.

Note that ||[u||7. + || B||32 is bounded, we have In(t + €)*(||u|32 + || B||32) < C.
It follows that

/Os(u(T)lliz +IB(T)|IZ2)dr < Cs(s + 1) In(s +e) 7>,

Then, by the same argument as that in [24], we complete this claim.
Suppose that |[u(s)||2. +||B(s)[|2: < C(1+s)~¢ with ¢ > 0 for max{a, 8} =
”TJFQ and o > 0 for «, 8 € (0, "TH) From (2.6), we get

In(t + e)(lallFs + | BIIZ2)(t)
SC(t+e) 4+ C(t+e) ™" + Clt+e) 5 12720 4 Ot 4 o) 57 12722,

which implies that
lullZ= + Bl < C(1+1)7%,

with
- n—+2 n—+2
=min{6,0y, —— — 2+ 20, —— — 2+ 2p}.
0 mln{ 1,92, 2 + o, 25 + Q}'
When max{a, 5} = "T*Q, if we start with o = 0, we would get ¢ = 0. This is

why we need the claim above.

Now, starting with the new exponent, and after finitely many iterations, we
get if < 1, then ||u||2,+||B||%. < C(14t)%. 1f 6 > 1, then we have g = 1+¢
with € > 0. It follows

I + 1B e < .
here C' is without respect to the time s. By (2.6), we have
In(t +e) ([l + | BIIZ2)(¢)
SCltte) M +C(t+e) ™ +Ct+e) 5 +Clt+e) 5.
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Which implies that

HU‘H%Q + H‘B”%2 < (]‘ +t)_00 for 90 = min {917927 5 2B

n+2 n+2
- 2 '

This complete the proof of Theorem 1.

2.2. Proof of Theorems 1.2 and 1.3

One can rewrite (1.4)-(1.6) as
2a |B|2
u+u-Vu+ A quV(PJrT):B-VB,

B;+u-VB+V x ((VxB)xB)=B-Vu—A*”B,
divu =divB = 0.

By the same argument, we get the following inequality for the generalized Hall-
GMHD system.

d, . - ol -
2 (lalz=(8) + IBIZ: (8) + 2 (@) ([l 72 + 25()* || B 72
(2.7) < 2r(t)2a/ \a|2d5+25(t)2ﬂ/ |B|2d¢.
1€1<r(®) 1€1<s(t)

As the assumption, v, (x,t) is the solution of v; + A?*v = 0 with the initial
data ug(z) and vp(z,t) is the solution of vy + A%%v = 0 with the initial data
Bo(z). By direct computation, we have o, (¢,t) = e~ 16"t (¢) and 95(¢,t) =
e—lﬁlzﬁtBO(g).

From the generalized Hall-MHD equations, we get

(e 1) = D) - / T (1 - SEE eB u)(€, 5) — E(B @ B) (&, 5)}ds

0
and

B(&,t) = 0p(&,t) — / e (W@ B)(€,5) — E(B@u)(,5) — € x (€ B® B)}ds),
which imply that
t
|a|(&,t) < Iﬁu(&t)Hlfl/O ull2 + || Bl|72dr
and

|BI(&,1) <

t t
on(E,t)] + €] / JulZs + |BI2dt + €] / |B[22dr.

Therefore, it follows from (2.7) that
(2.8)

d . - .
S (lalZ: + IBIZ2) () + 2r(H)** [l 22 + 25(6)*7 (| B 72



742 M. ZHU
t 2
< el [nm; o ([ ol + 15100 ]
0

t 2 t 2
+Cs(t)? {mm%ﬁs(t)“” ( / Hu\liHIIBllisz) T sty ( / HBH%m) }

Let r(t)%?* = 5(t)%% = Then s(t)2*" > s(t)*. It yields

1
2(t+e) In(t+e) "

%[ln(t +e)(l[allz: + | BIIZ2)(¢)]

t 2
<Clt+e) N 4+ C0t+e) 2 L Ct+e) 2 (/ llull?2 + ||B|i2d7)
0

t
( [ e+ B||i2df)

By the same argument as the generalized MHD system, we complete the proof
of Theorem 1.2.
Now, we will show the proof of Theorem 1.3. For the system (1.11)

B, +Vx((VxB)xB)+A*»B=0,

2

n+2
B

+C(t+e) 72

let u =0, (2.8) can be reduced to

t 2
1BI22 (1) + 25(6)%]| B2 < s(t)* ( / ||B||%zdt)
0

Let s(t)%? = We have

1
2(t+e) In(t+e) "

d N nia t 2
St +e)| BT ()] < C(t+e)' ™" + C(t+e)77 5 (/0 IIBII%zdt> :
By the same discussion, we complete the proof of Theorem 1.3.

2.3. Proof of Theorem 1.4

In order to prove Theorem 1.4, we need the following lemma.

Lemma 2.1. Choosing Ty large enough and fized (will be chosen later). Let
h1 and ho be the solution to the generalized heat equation

hi + A**h =0

with the initial data hy(x,0) = u(x,Th) and hy = B(x,Ty), respectively. For
t > T, we have

n

COY(L+t)"3a < ||hy||2s + ||ha]|2> < CL(1+ )3,

here C(9) = % and § = Se~'p— C[¢].
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_L
Proof. For || < Ty 2* such that Ty > max{e2% 1}, we can directly compute

|a(€, T1)|

T1 —— — —
— |o-ler? Tlao—/ e &P (M=) (" Nu — B- VB + Vp)(&, s)ds
0
e v e N = G
A = = 5= el
2<)¢T Tl S T
> [e ¥ gy | — || / [wjullee +[|BjBl e + [[tiu]| Lo~ ds
0
2a Tl
> el Tigy| — g / luli? + 1BI32 + llulF2ds
0
2a i n
> |6 g, —C|§|/ (1+1t) 2ads
0
> e7lp— Olgl|(1+ T — 1.

1
For |¢] < T, ?*, and T3 large enough, we can obtain

N 1

(&, T)| > 5e™lu = Cl¢l =6
Then

ha)Z > / e 2 (e, Ty Pdg > 5713 / e dy.
lel=<T, > ly1<

ﬁ

For ¢t > Ty, we have

thlliz > 6%t 2a /l - e—2|y|2dy > 0(5)(1 +t)_i’
Y=

here C(§) = #T;H)

Now we give the upper bound for ||h1]|r2. Due to the fact that
~ 20y
[ (&, 1)) = eI ae, 1)

2a 200 Ty 200 — _—— —~
< \e“g‘ (t+T1)ﬁ0‘ + le ¢l t/ eI N=9) (. Vu + B- VB + Vp) (£, s)ds
0

< eI TG0 1 |cem 6P g,
we have
(-, )12 = (€, ) 12
< Olh(t +T0) |2 + Clllle™ € 2
< CO(L+t) .
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The estimate for hs is almost same. So, we omit the details. Il

Now, we give the proof of the main result. Set Uj(z,t) = u(z,t + T1),
Us(z,t) = B(z,t +T1) and Vi(z,t) = Ur(x,t) — ha(z,t), Va(z,t) = Us(x,t) —
ha(x,t). Multiply both sides of the equation of Vi, V5 by V4 V3, and integrate
over R", after suitable integration by parts, we obtain

LAV +IVOI32) + 2V 3 + 2 AVo]
:2/ Uy - VU, - Vi + Uy - VU - Vi = Uy - VUy - Vo + Uy - VU, - Vade
< 2(|[Vhall= + [Vhell=) (TLIZ2 + 1T2I13).
Using the Parseval’s equality, we have
LA +1V0l32) + 28T 1[5 + 2KV
=2 Uy - VU - Vi + Uy - VU - Vi = Uy - VUy - Vo + Uy - VU, - Vade

RTI,
< 2([Vhallzee + | Vhol=) (10172 + 1U2]|Z2)-

By the same argument as in (2.2), we known that

AV 1|72 + [[AV2 ][22

P (VRR + WaR)de = (0P [ (VAP + (VR

[E1>r(t)
> [r(t) 2 / (T2 + [Va[2)de — [r(t) > / (Tl + Va?)de.
R™ []<r(t)

Let r(t) = (%)i It follows that

d .- 5 koo ~
(2.9) a(IIVl(t)Iliz+II‘/z(t)H%sz(IIVlIFm+||V2H2Lz)
k

< T3 V()12 + [Va(t)Pdé+ 2(|| V| oo + [ Vhall L) (10132 + [|U2]122)-
+t Jigl<rv)

On the other hand, we have

~ t 2 N
Vi(et) = /0 e 9 f1 (€, s)ds,

here
ﬁ(f,t) = _Ul/'—%l + Umg — ﬁ’,
which follows

[H (&) < CLEIIUL72 + | Ua]|72)-
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Thanks to the above inequality, we have

t
Vi <c / €T |22 + [Us122)ds

t+T4
<Cle] /T (Jul2 + | B]22)ds
1

<OlE|(1+Ty) "zt

Inserting above inequality into the right hand side of (2.9), we can obtain

d . )
(2.10) 2l +0) (Va7 + [Va(0)]l172)
<O+t 17" (14+Ty) a+2
+2(|[Vhall Lo + [Vho| =) (U172 + [U2]72)-

Before completing the proof, we need to show

- |
IVhille < [Fhallz: < / X
]Rn

5l e
t—1

n+1
Za

(2.11) < Cllin ()2 (1 + )75 <C+1t)”

Similarly, we have
(2.12) [Vha|e < CA+1)" 5.
Combining (2.11) and (2.12) into (2.10) and choosing T large enough, we have

c (o _n
VG002 + 1V 013 < S22 ast o oo

Then, we can deduce

C(s "
N0 N32 + | Ua(- ) ||32 > %(1 +t)72a ast — o0,

This completes the proof of Theorem 1.4.
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