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Abstract
This paper introduces how to adopt the concept of temporal hierarchies to forecast time series data. Similarly
as in hierarchical cross-sectional data, temporal hierarchies can be constructed for any time series data by
means of non-overlapping temporal aggregation. Reconciliation forecasts with temporal hierarchies result
in more accurate and robust forecasts when compared with the independent base and bottom-up forecasts.
As an empirical example, we forecast traffic accident counts with temporal hierarchies and observe that
reconciliation forecasts are superior to the base and bottom-up forecasts in terms of forecast accuracy.
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AIA ASE o] &3t ol L T2 A% (bottom-up) 93} 24 of| = (reconciliation forecast)
Wio] de] AREETh AP &2 Aok ATY AAE AR AES3E o83l olE FEHA &
Al TletEA 9] DAL dS3E A8she Welth Athanasopoulos 5 (2009) 0] ARbeE 27 o
52 48 IARPS 7]“&2E HAAF FAFE ARSI A AFY AS3S FA T ol
A ASE AHEEE oS S ARSSHd 3 k9 AFY SR T2 A9 ASY 5% 4
X &}A Dt} (Lees}t Seong, 2017).
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A5 autoregressive integrated moving average (ARIMA) &3
3t e, Han (2007)2 =2 S5 aS5AIY A AT-E ARIMA
A3 AFS2 AR TR ARE F71E FE el Sl =3

B oIS A0 ASE 18T 1% WY %D, 45 LA
o A gol
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j = oz Ae NE AFE Belskn
S BEE A2 PR AU, 3N o olSate] ) EAD TAAS AAD ARE Y
MR QA7) B AR AZOR ol &5 1 4% Mtk 4gelAE 2B Bt

2.1. AR AS

A AFe AL AR FEFE ol 8ate] WEY ofe) WA AFoR ofFolLh o

Ae SEHA &2 AAAIE AR E YEH o]21d ok Ao AAL ARl FEFer 49 A

Zo] wHEolAth. o] & Eol, Figure 2.1.& 2718 AAY 2z A AZ 725 EAS Zlolw,

FEHA A 208 E718 AAE ARE Yot vhdd ASS A, vhdE AF 94Ee] &

2oz A A5 AAG Y25 A4S Aok ANAL A8 {y, 0= 1,2,...,T)ebn &
uf, AAL ASe 72t asL v} 2ol &9 4 glrt.

t*+jk—1
M= 3y G=1. T/ =T~ (T/mm+ 1, (2.1)

t=t*+(j—1)k

A7NA ke A AEe =(level), me YAAIES] A2 F7](seasonal period = highest avail-
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Figure 2.2. Temporal hierarchical structure for quarterly time series using the common index 4.
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’
Y, = (yZW,...,YE’“S]',YE’WV,YEU’) . i=1,...,|T/m], (2.3)

A7 Y = Yl Qo) zojsiola). oA Aws BE AZe] WEY) 239 Y, Hyndman 5
(2011)0] AH&3F &7 & (summing mamxm 5‘46‘}% AZ2) 1741@ e Ye Agstel ofglel 2
o] #AE 4 Atk o, A FLDL (K x m)ALE 7= Phan K= A {ky, ... ko, ki) 9

S RS
Y, = Sy, (2.4)
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Athanasopoulos, 2014). 1714, A Zghe Qo9 o2 WS 8T + o} REL A
olo] gol4 B A3 J1s4e 1] Blek A o5 Wl ARIMA 2% ®E A5RY

H (exponential smoothing method)& ARE-3IC}

NALE 712 714 AE5gE A% A o5 A xH(forecast horizon)E h* ekl & off /<]
AZNAY & Azt b= h = 1,..., [k /m|E FAT 5 Jon, ZF k-39 XA AZoA=
|T/k]7He) ANAE S EXRE o5 AA7F Mph? 714 &3S 78 5 Qo) oek 22 BE AlSol

Ml ol A hel 714 ol E7ke 4] (2.3)7 2ol 3 Ale] MEl 2 RolH BEehE T1e3t Pt

~ ~ ~ ~ /
Y, = (g][lm]"..7‘{53]/7‘(§2]/71r§1]/) , (25)
k] N - - &L -
A7 YT = (G4 1o B 1y 10 D) S MiAERS] B eH] Yas S ke AHe)

Efoltt.
A AZgk Yo $A B 55 ARgsto] o3} go] 2R 4 itk

Yh:Sﬁ(h)+€h. (26)

Z, B(h) = BIY [, o lyn - yr)E 2881 AZe] dl3gtol oigk nAe] BFoln, & 24 ©
ZH(reconciliation error) 24 714 &3k o] AL Z|thgkHke] ztolE Vet £ 4 Utk ent
Byro] 00]1 R4k 3E LE JHKT 7R3k, A (2.6)2 T9F 24 39 2 ¥ (temporal
reconciliation regression model) ]2} HFE2c} o] st HZ ¥ Hyndman 5 (2011)0]A] Aot
@A AE A 37 2 (cross-sectional hierarchical reconciliation regression model)3} A8 -
ZE 71 9tk 4] (2.6)2 FDA AS By F2E FHH T2 A 2er & 5 gk
FEA AE B8 I3 S AR, S(h)e] Lutkst H4AlF F4 % (generalized least squares estima-

)& Aol 714 oS3k Yo ARk ¥ ohed gol 78 £ ik
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Y = SB(h) = S(S'S71S) TSR, = SPY. (2.7)

, P = (§'S71S)7tg's otk gl 3 Ajg Y s A dEgolgn Ranh 714 <&
&, Aol 94 25 eke (reconciled) BAOE Aoj7l o olrh. e}, BAL-F
AP E 3 dutg oz njzjolng FA3lojof AU AEE 4= §lth(not identifiable) (Wickra-
masuriya 5, 2015). tete 2 A, ZF A|7HE AlFdA Y &0 AZ FHolgle 7 sl A, Athana-
sopoulos 5 (2009)< X9 Ao A W = o219 Zo] 3} ZEA Fd TR E ALFPCe
™, Athanasopoulos % (2017)% o2 oA 2ME 715 H A5 (weighted least squares estima-
tor)= Al<Fetich X8 A4S Wetn & A9, 24 AS53%2 e 2ol x¥8E 5 ok

=
=
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FAA "ok Eo e AAE BYAYE 5L A AF WA FEARE JHRTHE S
stopd 24T 2o JeE o 249 5 Utk A1 AlSE S8 Al(series variance scaling) 714 3
e BLS A AZ Ul W 9452 22 e 7HAt o & £9] Figure 2.19} & 2%
oA W olefiel 22 e g 7HAth

= BH-FRS GPe| 24L A5k prA
Agh et 2AH0R 24T BeY A4S 29 4 Uk RHOE AR A
A £ Fxolth mebd A5 Azel

fex] o
= =

NAQD Aol 24 LA £ B4L 2ok 1Y, 2 £ olZo] N SYHc)zhs 71 sl
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Ws = 6° x diag(S1). (2.10)

o 18 Yo 943} 2o 2198 711 = 9] W E (unit vector)o]th. 722 SEAH(structural scal-
ing) 7138 AH83HE ole] ol EATTh A, B9l Fo] Hasl AAD] ALBFIL mol o]
E317] 2ol AAE 2ts 2 A|E BHol JE5A] etk A, 49 A o] At g v A A
A2g el BE ol % Wol A8 5 Atk oE So| Figure 218 53] Ad Wse olelsh
Fda=

Ws = &2 x diag(4,2,2,1,1,1,1). (2.11)
3. 8 24
o] oA AA AAE ARE ARt A ASS FEs 4 ASS A5Eh 7|A 2Y
&S 93l A5H oz ARIMA B2 43 F+= RY forecast 37| A (Hyndman, 2017)2] g4
¢l auto.arima®} AFs A 02 ALHAPE FA3 T ets FFE ARSI HH Y-S 27 A%
71%2 2 Akaike information criterion (AIC) FRFS ALE3IP o, & oz AFH 7|4 &
PS ARt T 22 4714 A& WY 4 ASE A58 vlastth

AEART Ao 19929 192 E 2016\ 1297449 ¥
+ 30070e]m, By AgS 9% FH ZE (training set)o] 7]7H
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Table 3.1. Temporal hierarchy of the traffic accident counts

Aggregation level Length of time-series
Monthly 300
Bi-monthly 150
Quarterly 100
Four-monthly 75
Semi-annual 50
Annual 25

Time series plots for temporal hierarchies
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Figure 3.1. Plot of series at each level of temporal hierarchy.

1992d 1€8¥E 201449 129t} o= AlS F71E 3 4= X]—E(test Set)-/] 717+ 20153 1€
HE 2016 12971A12 2dZEY] AR S ARESIATE AR+ A BAIREAIA|2E" (Traffic Accident
Analysis System)2 o] &3] A& 4 T} (http://taas.koroad.or.kr).
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H Y wF3AR 28 A4E vERdTh Sh) SAIYSE AEAY] FEf 2785 YERGAL glov A
9 AR 2S4S AEA ] Al Ae B 5 Atk A4S DA E ARAS ZolE £ gl A

WA oz Fashe eael F4E B8 4 9ok
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Table 3.2. MAPE and MASE for test set forecasts of the temporal hierarchical time-series methods using ARIMA
model applied to the domestic traffic accident counts

Hierarchical level

Monthly Bi-monthly Quarterly Four-monthly Semi-annual Annual Average

BASE 6.745 5.796 2.750 3.391 1.911 3.148 3.957

MAPE BU 6.745 6.524 6.280 6.514 6.230 6.094 6.398
Wy 4.409 4.163 4.211 4.136 4.200 3.686 4.134

Ws 3.627 3.281 3.284 3.079 3.283 3.149 3.284

BASE 0.957 0.879 0.449 0.544 0.328 0.584 0.624

MASE BU 0.957 0.981 0.977 1.022 1.000 1.120 1.009
Wy 0.636 0.637 0.667 0.659 0.685 0.676 0.660

Ws 0.531 0.512 0.528 0.497 0.543 0.582  0.532

MAPE = mean absolute percentage error; MASE = mean absolute scaled error; ARIMA = autoregressive

integrated moving average.

Table 3.3. MAPE and MASE for test set forecasts of the temporal hierarchical time-series methods using expo-
nential smoothing method applied to the domestic traffic accident counts

Hierarchical level

Monthly Bi-monthly Quarterly Four-monthly Semi-annual Annual Average

BASE 3.971 3.473 2.964 2.771 2.378 2.413 2.995

MAPE BU 3.971 3.618 3.315 3.340 3.364 2.509 3.353
Wy 3.570 3.173 3.050 2.915 2.399 2.473 2.930

Ws 3.566 3.205 2.994 3.031 2.386 2.458 2.940

BASE 0.575 0.534 0.477 0.450 0.403 0.460 0.483

MASE BU 0.575 0.556 0.537 0.541 0.551 0.460 0.537
Wy 0.518 0.491 0.492 0.471 0.403 0.460 0.473

Ws 0.519 0.495 0.482 0.489 0.403 0.460 0.475

MAPE =mean absolute percentage error; MASE = mean absolute scaled error.

3.2. 0I5 ]

2 =EoAe AAE A3kl gt A4 v 93] mean absolute percentage error (MAPE)
2} mean absolute scaled error (MASE)E o] &35t MAPE: d&3zke] HAAME 2215 ARR3t1
MASEE A&k 221} (AZ) T2 B8l 23t o = (seasonal naive forecast)2] _?_7'(]- 7+ n&
2 AFBa] thRel gl 2] BAGlel FAT AE02 W AR Aol dek ANAL 4, 2
ASzk g;oll tiste] g S Al h7bAS] MAPESF MASE: thaat o] A= th

Yi — Ui 7

h N
MASE = £ 3 [ =0l (3.1)
Yj h <

Q

h
100
MAPE = - ;

Q=31 [y — yr-ml/(T — m)oliL me AR F715 Yepdr.

Tables 3.2} 3.32 o & W7 BASE, BU, Wy, Ws) &8-S vwsdt Aot} Table 3.2% 7
A B¥oz ARIMA 28g &t 79o|1, Table 3.3 4@ Hoz Aest Aol ZojA
717 22 MAPE T+ MASE < 7HA& 1é W2 Atk dEE FAECH m& A e g2
A2 MAPE =X MASE 359 7ot} Figures 3.28} 3.3-& 7}z Tables 3.2¢} 3.3& 1
Z Z33 ZAolt}. Tables 3.4%} 3.5 7|#A EdoA] AFEH 742 ¢ ARIMA 2 exponential

&
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(i) MAPE in ARIMA
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Figure 3.2. Plots of MAPE and MASE for temporal hierarchies using ARIMA model applied to the domestic

traffic accident counts. MAPE = mean absolute percentage error; MASE = mean absolute scaled error; ARIMA
= autoregressive integrated moving average.
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Figure 3.3. Plots of MAPE and MASE for temporal hierarchies using ETS model applied to the domestic traffic
accident counts. MAPE = mean absolute percentage error; MASE = mean absolute scaled error; ETS = exponential
smoothing method.

Table 3.4. ARIMA models selected as a BASE model in each hierarchical level

Hierarchical level BASE model
Monthly ARIMA (2, 1,0)x (1,0, 0)s—12
Bi-monthly ARIMA(0,1,0)%(1,0,0)s=6
Quarterly ARIMA(2,0,0)x(0,1,1)s=4
Four-monthly ARIMA(0,0,2)%x(0,1,0)s=3
Semi-annual ARIMA(1,0,0)%(2,1,0)s=2
(

Annual ARIMA(1,0,0)

ARIMA = autoregressive integrated moving average.
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Table 3.5. ETS models selected as a BASE model in each hierarchical level

Hierarchical level BASE model
Monthly ETS(A, N, A)
Bi-monthly ETS(M, N, M)
Quarterly ETS(M, N, M)
Four-monthly ETS(M, N, M)
Semi-annual ETS(M, N, A)
Annual ETS(M, N, N)

The three characters in parentheses identify method using the framework terminology of Hyndman et al.
(2002). The first letter denotes the error type (A or M); the second letter denotes the trend type (N, A,
or M); and the third letter denotes the season type (N, A, or M). In all cases, N = none, A = additive,
and M = multiplicative. ETS = exponential smoothing method.

4. 72

B Rt BY AAD ARE ol§dtel A7 AZL TR o|F ol§ste] 4 AZY ol%
H5e ol P 2T Yk AF A0 FU) BT BAAS D8 ARE o] §3le] o
I 2719 DA AZE TAD F /1A ST ARIMA 23, A5HBYE ALatol 74 A
32 o83 274 oI5 Pyel 547 FAS FouYTh T 714 dF0E FUT BIVL A
B7) Weel G5 2 AFE A5 HAFAE I BYS AgE A7 Aadch = 24
oRpe] BA-FEA BUS FAFol Qo] B AT Thoe FAFS AHG3te] dlSghol A Thep
e WYY 4+ Y% s A7 Besitha s
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