JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 31, No. 2, May 2018
http://dx.doi.org/10.14403/jcms.2018.31.1.255

EXISTENCE OF EVEN NUMBER OF POSITIVE
SOLUTIONS TO SYSTEM OF FRACTIONAL ORDER
BOUNDARY VALUE PROBLEMS

B. M. B. KrusuNa* AND K. R. PRASAD**

ABSTRACT. We establish the existence and multiplicity of positive
solutions to a coupled system of fractional order differential equa-
tions satisfying three-point boundary conditions by utilizing Avery—
Henderson functional fixed point theorems and under suitable con-
ditions.

1. Introduction

In the modeling of many phenomena in distinct areas of science and
technology, the differential equations of an arbitrary real order will arise.
Fractional calculus is the field of mathematical analysis which unifies
the theories of integration and differentiation of any fractional order
[5, 6, 12, 13, 14, 19]. Indeed we can find numerous applications in engi-
neering and scientific disciplines like mathematical modeling of systems
and processes in various fields such as physics, mechanics, control sys-
tems, flow in porous media, electromagnetics and viscoelasticity. We
refer the reader to [10, 20] and references therein for some applications.

There has been a significant progress in the investigation on theory of
fractional order differential equations constitutes with initial and bound-
ary conditions in recent years. Due to its importance, researchers are
concentrating on study the existence of solutions, positive solutions and
multiple positive solutions for two-point, multi-point boundary value
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problems concerning the standard Riemann—Liouville fractional order
derivative [3, 4, 7, 9, 11, 15, 16, 17].

Recently Prasad, Krushna and Wesen [18] established the existence
of multiple positive solutions to the fractional order boundary value
problem

D§y(t) + f(t,y(t) =0, t €(0,1),
y®(0) =0, k=0,1,-n—2,(Dy(1) —9D5, y(n) = 0.

We wish to extend these results to the system of fractional order
boundary value problems. Motivated by above mentioned papers, in this
paper we consider the following three-point fractional order boundary
value problems

(1.1) Dgiwl(t) + f1 (t,wl(t), wg(t)) =0, te (0, 1),
(1.2) Dgi’LUQ(t) + fQ(t,’wl(t),’wQ(t)) =0, te (0, 1),
L3) w?(0)=0, k=0,1,---,n—2,
. G D wi(1) — 91Dt wi () = 0
o+ 0+ ’
(1.4) { w(0) =0, 1=0,1,---,n—2,
CzDgiwz(l) - ﬂzDgiwz (n) =0,

where 1,72 € (n —1,n] and n > 3, 5; € (1,7;),(;,¥; are positive con-
stants, f; : [0,1]xR? — R* are continuous and D], Dgi, fori =1,2 are
the standard Riemann-Liouville fractional order derivatives. By a posi-

tive solution of the fractional order boundary value problem (1.1)-(1.4),
we mean (wi(t),ws(t)) € (€71[0,1] x €2[0,1]) satisfying (1.1)-(1.4)
with w;(t) > 0,7 = 1,2 for all ¢t € [0, 1] and (w1, w2) # (0,0).

The paper is organized as follows: In section 2, we construct the
Green functions for the associated linear fractional order boundary value
problems and estimate the bounds for these Green functions. In section
3, we establish the existence of at least two positive solutions for the
system of fractional order boundary value problem (1.1)-(1.4) by using
Avery—Henderson functional fixed point theorem. We also establish the
existence of at least 2m positive solutions to the boundary value problem
(1.1)-(1.4) for an arbitrary positive integer m. In the final section 4, as
an application, we demonstrate our results with an example.
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2. Preliminaries

In this section we give some definitions, the Green functions for the as-
sociated linear fractional order boundary value problems and the bounds
for these Green functions, which are useful in the proof of our main re-
sults.

DEFINITION 2.1. [14] The Riemann-Liouville fractional integral of
order p > 0 of a function f : [0,4+00) — R is given by

R0 = 505 | 4=mp )

provided the right-hand side is defined.

DEFINITION 2.2. [14] The Riemann-Liouville fractional derivative of
order p > 0 of a function f : [0,4+00) — R is given by

1 dF
0T O = v =y

t

/ (t — )P Lf(n)dr, (k—1<p<k),
0

provided the right-hand side is defined.

LEMMA 2.3. Let Ay = I'(y)N1 # 0. If hy(t) € C[0,1], then the
fractional order differential equations

(2.1) Diwi(t) + hi(t) =0, t € (0,1),

satisfying the boundary conditions (1.3) has a unique solution

1
wi () = /0 Cr(t, 5)ha (5)ds,

where G1(t, s) is the Green’s function for the problem (2.1), (1.3) and is
given by

(2.2)
aits) _ | Gults), 0<t<s<n<l,
Gits)={ 71 Cufts), 0<s<min{tn) <1,
’ Git,s) | Gis(t,s), 0<max{t,n} <s<1,
teml] | Gu(t,s), 0<n<s<t<l,
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1
Gialt,s) =5 [ (L= o)At = (g — A,

1
Gralt,s) =5 [mﬂl—lu — MBIl At — sy

_ Clt%—l(n _ 5)71—61—1]’
_1 1 —pi-1
Grat.s) =5 [ﬁml (1—sm }
1
Ay
Ny =0y — G =Pt

Gra(ts) = [ (1= ) A = Ny (- )Y and

For details refer to [18].

LEMMA 2.4. Let N7 > 0. Then the Green’s function G1(t,s) given in
(2.2) satisfies

( (t,s) >0, Vit sel01],

a) G1 t
(b) Gi(t,s) < Gi(l,s), Vt,s€]0,1],4
(c) Gi(t,s) > ™ 71G1(1,s), Vt € [r,1],s € [0,1].

For details refer to [18].

LEMMA 2.5. Let Ay = T'(y2)Na # 0. If ho(t) € C[0,1], then the
fractional order differential equations

(2.3) Dyiwa(t) + ha(t) =0, t € (0,1),
satisfying the boundary conditions (1.4), has a unique solution
1
walt) = [ Galt.s)ha(s)ds,
0

where G(t, s) is the Green’s function for the problem (2.3), (1.4) and is
given by

(2.4)
Gats) _ | Galts), 0<t<s<n<l,
Go(ts) = 7L Cmfts), 0<s<min{tn} <1,
’ Gats) | Gas(t,s), 0<max{t,n} <s<1,
teml] T Gaa(t,s), 0<n<s<t<l,
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1
Gai(t, s) =2, [1921572_1(1 — )l Tl — )2 he

1
Gonlt,5) =5 0207271 (1 — 2Pt Nt — )27
_ Cztw_l(?] _ 5)72—62—1]’

Gas(t, 5) _A12 (o711 — sy

1
Gaalt,s) =% [ﬁgm—lu —sy2=Bl ALt — sy and
2
Na =095 — G2~ P21,
For details refer to [18].

LEMMA 2.6. Let N3 > 0. Then the Green’s function Go(t, s) given in
(2.4) satisfies

() Galt.s) >0, ¥ 1,5 € 0.1],
(b) Galt,s) < Ga(1,5), ¥ 1.5 € [0,1],
(c) Ga(t,s) > 7271Gy(1,5), Vt € [1,1],s € [0,1].

For details refer to [18].

Let 7 be a nonnegative continuous functional on a cone P of the real
Banach space B. Then for a positive real number ¢/, the sets are defined
as

P(w,c/) = {y eP: Yy < c/} and P, = {y e Pyl < a}.

In obtaining multiple positive solutions of the fractional order bound-
ary value problem (1.1)-(1.4), the following Avery—Henderson functional
fixed point theorem is fundamental.

THEOREM 2.7. [1] Let P be a cone in the real Banach space B.
Suppose a and ~y are increasing, nonnegative continuous functionals on
P and 0 is nonnegative continuous functional on P with §(0) = 0 such
that, for some positive numbers ¢ and k, v(y) < 0(y) < a(y) and
lyll < ky(y), for all y € P(y,c'). Suppose that there exist positive
numbers a' and b with o/ < b < ¢ such that 0(\y) < N(y), for all
0 < X< 1andy € dP(,V). Further, let T : P(y,d) — P be a
completely continuous operator such that

(B1) v(Ty) >, for all y € OP(v,d),
(B2) 6(Ty) <V, for ally € OP(0,V),
(B3) P(a,d') # 0 and o(Ty) > ' for all y € OP(«,d’).
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Then, T has at least two fixed points y1,y2 € P(v,c') such that
a < a(yr) with 6(y1) < b and b’ < 6(y2) with v(y2) < .

3. Main Results

In this section we establish the existence of at least two positive
solutions to a coupled system of fractional order boundary value problem
(1.1)-(1.4) by using Avery—Henderson functional fixed point theorem.
We also establish the existence of at least 2m positive solutions to the
problem (1.1)-(1.4) for an arbitrary positive integer m.

Consider the Banach space B = £ x £, where £ = {wl cwy € C0, 1]}

endowed with the norm ||(w1,ws2)|| = ||willo + ||wallo, for (wi,ws2) € B
and the norm is defined as ||w1|jp = m[ax w1 (2)].
te[0,1

)

Define a cone P C B by

P = {(wl,wg) € B:wi(t) >0, wa(t) >0, t €[0,1] and
2

min 3" wi(t) >l (w,ws) |}
tel P

where I = [, 1] and

(3.1) 7 = min {7’71*1,7'72*1}.

1 1

S = min{/ Gl(l,s)ds,/ Gg(l,s)ds}, and
0 0

ngmax{/ nGl(l,s)ds,/ nGQ(l,s)ds}.
sel sel

Let us define the nonnegative, increasing, continuous functionals -y, 6
and « on the cone P by

Let

Y(wr,wa) = min { [un (O] + [wa(®)
O(w1,ws) = %X{ywl(m n \wg(t)|}, and

awmng%ﬂmw+mmw.
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For any (wq,ws) € P, we have

(3.2) Y(wi, w2) < 0w, w2) < a(w, ws)
and
1.
(w1, w9)|| < fmln{\wl )| + |wa () } (w1, ws)
(3.3) n tel
| < Lo wy) < * < ).
iy w]_,’l,UQ =~ ’lU]_,’UJQ
n n

3.1. Existence of at least two positive solutions

THEOREM 3.1. Suppose there exist 0 < Y/ < ® < U’ such that f;,
for i = 1,2 satisfies the following conditions:

(A1) fi<t,w1,w2> > %, t €I and wy,wsy € \I/’,‘%’ ,

(A2) fi(ta w17w2) < %, t € [0,1] and wy,wy € [07 q:}'}

(As3) fi(t,w17w2> > %, t €l and wi,ws € T’v% .

Then the fractional order boundary value problem (1.1)-(1.4) has at
least two positive solutions (x1,y1) and (x2,y2) such that

! . /
1< max {l1 @1+l (01} with max {Jo1()] + | (0)]} < @,

@ < max {[z2(t)] + y2(8)| } with min {[a5(8)] + [y ()] } < ¥,

Proof. Let 11,15 : P — £ and T : P — B be the operators defined
by

T1 wl,wg / G1(t, s) s ,wi(s), wa(s ))d

T2 wl,wQ / G2 t S S wl( ) ’wg( ))d
and
(3.4) T(wy,w2)(t) = (Tl(wl,w2)(t),T2(w1,w2)(t)>, for (wy,wq) € B.

It is obvious that a fixed point of the operator T is the solution of
the fractional order boundary value problem (1.1)-(1.4). We seek two
fixed points of the operator 7. Primarily we show that the operator T
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is a self map. Let (wi,wy) € P. Clearly E(w]_,wQ)(t) >0fori=1,2
and t € [0, 1]. Also for (wq,ws) € P,

1
||T1(w1,w2)”0 S/() Gl(l’s)fl (5,’(01(5),11)2(5))(18,

and

1
I%IGi}lTl (w1, ws)(t) = 1}161}1/0 Gi(t,s)f1 (s,wl(s),wg(s))ds

1
>0 [ Gl o) (ssu(s)ua(s))ds
0
> | Ty (w1, w2) o
Similarly I?el}l Ty (wl, wg) (t) > n||To (wl, wg) llo- Therefore,
min { 7} (wr, we) (O)4+ T (w1, wa) (1)}

> || Ty (w1, w2) llo + 0l T2 (w1, w2) [lo
= (T (wr, w2) o + 1T (w1, w2) o)

= 77“ <T1 (w1, w2), Ta(wi, wz)) H
= 77”T(w1,w2>”~

Hence T(wl,wg) € P and so T : P — P. Further the operator T'
is completely continuous by an application of Arzela—Ascoli theorem.
From (3.2) and (3.3), for each (w1, wz) € P, y(wi,w2) < O(wy,wa) <

o(wr, w2) and ||(wy,wa)]| < 717’7(1111,’(02). Also for any A € [0,1] and

(U)]_,'LUQ) e P,
0(Awr,w2)) = mase {A(Juos (8)] + hwa(®)]) }
= A%lealx{|w1(t)| + |w2(t)|} = (w1, ws).

It is clear that 0(0, 0) = 0. We now show that the remaining conditions
of Theorem 2.7 are satisfied.

Primarily we shall verify that condition (B1) of Theorem 2.7 is sat-
isfied. Since (wy,w2) € OP (v, ¥’), from (3.3) we have that

!

L4
I < < —.
W' = min {fur (0] + s ()]} < w0 <
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Then

{/Gtsfzsm()wx))d]

161,315 (5:01(5). a9 |

'Y(T(’U}l,WQ :Itn

'@Mw

el

nG;(1, s)(fé)d ]

>
=1 el
2
o' /
= — 77G~(1,3)ds}
Z-Z; _282 sel '
A VA
- 4 — =V
2 + 2 ’

using the condition (A;).
Now we shall show that condition (B2) of Theorem 2.7 is satisfied.
Since (w1, wz) € OP(0,®'), from (3.3) we have that 0 < (w1 (t), ws(t)) <
/

[ (w1, wa) || < (7};, for t € [0,1]. Thus
2 1
9<T(w1,w2)(t)> = max - [/0 Gi(t,s)fi <s,w1(s),w2(s))ds}
:/01 Gi(t, s)f; (s,wl(s),wz(s))ds}
I )
_/0 Gz’(l,s)(;;l>ds]
281/ Gi(1,s)d }

=@

IN
.Mw a

.
Il
—

s

s
I
N

Il
.Mw

.
Il
—

+

w‘*@i

?
by the condition (Aj).
Finally utilizing the condition (As), we shall prove that condition

(B3) of Theorem 2.7 is satisfied. Since (0,0) € P and Y' > 0, we get
P(Oz, T’) # ¢. Since (w1, ws) € GP(Q,T’),
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!/

m T
- < <X
T te[gtﬁ {|w1(t)\ + ]wQ(t)\} < (wy,we)| < ;

Therefore,

o(T(wr,w) (1) = max ; [ /0 LGt 9, (s,wl(s),w2(3)>ds]

/01 nGi(t,s)fi (s, wi(s), U)Z(S))ds]

s

s
Il
-

_/SEI nGi(1,s)fi (S, wi(s), w2(3))ds]

M

s
Il
N

B !/

[ ot

Ve

=1
2 -

T’/ }
= — G;(1,s)ds
;_282 | nGilLs)
T
=+ =7
2 * 2

Thus all the conditions of Theorem 2.7 hold. Therefore the fractional
order boundary value problem (1.1)-(1.4) has at least two positive solu-
tions (z1,y1), (z2,y2) € P(v, ). This completes the proof. O

3.2. Existence of 2m positive solutions

THEOREM 3.2. Let m be an arbitrary positive integer. Suppose that
there exist numbers Y, (r = 1,2,--- m+1) and ®4(s = 1,2,---,m) with
0< P <P <V Toa< P < <Yy <Py, < Ypyi1 such that f;, for
1 = 1,2 satisfies the following conditions:

fi <t,w1,w2> > ZTS;’

(A4) T,
t el and wi,wy € [TT,W}, r=12,---,m+1,
D
fi(t,wlaWZ) <55
(As) !

d
t €0,1] and wy,wq € [O,S], s=1,2,--,m.
n
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Then the fractional order boundary value problem (1.1)-(1.4) has at

least 2m positive solutions in P, ., .

Proof. We use mathematical induction on m. We know from the
conditions (A4) and (4s) that T : Py, — Pr,, then it follows from
Avery-Henderson functional fixed point theorem that the fractional or-
der boundary value problem (1.1)-(1.4) has at least two positive solutions
in Py, for m = 1.

Next we assume that this conclusion holds for m = [. In order to
prove that this conclusion holds for m = [ + 1. Suppose that there
exist numbers Y, (r = 1,2,---,1 4+ 2) and ®5(s = 1,2,- - -, + 1) with
0<T <P < Ty <Py <--- < a1 < Pryy < YTyyg such that f;, for
i = 1,2 satisfies the following conditions:

T T

(3.5) fz‘(t,wl,wz) > 282’ t el and wy,ws € [Tar,n’”}7
’]":1727...’l_}_27

P, ®,

(T, wy, ><—,t€0,1 d wy,we € [0, —|,

(3.6) fz( w1, W2 25, [0, 1] and wy, wy [ 7]]

s=1,2,-1+1.

By assumption, the fractional order boundary value problem (1.1)-
(1.4) has at least 2! positive solutions (z7,yF) (i =1,2,---,2l) in Pr,,,.
At the same time, it follows from Theorem 3.1, (3.5) and (3.6) that
the fractional order boundary value problem (1.1)-(1.4) has at least two
positive solutions (z1,y1), (z2,y2) in frl“ such that T4 < a(xl,yl)
with 9($1,y1) < @41 and P4 < 0(%2, yg) with ")/(.CCQ, yg) < YTiyo.
Obviously (z1,y1) and (z2,y2) are different from (z},y7)(i = 1,2,---,2[)
in Pr, 4.+ Therefore the fractional order boundary value problem (1.1)-
(1.4) has at least 2 + 2 positive solutions in Py, ,, which shows that
this conclusion also holds for m = [ + 1. This completes the proof. [

4. Example

In this section we give an application of the result established in ear-
lier section.

Consider the system of fractional order boundary value problem,

(4.1) Dgfwl(t) + f1 (t, wl,wg) =0, te (0, 1),
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(4.2) Dydwa(t) + fo(t,wi,we) =0, t € (0,1),
/ 1.7 7 1.7 1
(43)  wi(0) =0, wj(0) = 0, 9D wy(1) - 5 DT wy (5) —0,
! 1.7 7 1.7 1
(44)  ws(0) =0, wh(0) = 0, 9D ws(1) — 7D w2(§> —0,
where
786(w1 + ws)?
t pu—
fi(t wr, wa) 73(wy + ws)? + 49932
794 (w1 4 wy)?
f2(t7w1aw2) == ( L 2)

 75(wy + we)? + 52125

By direct calculations, one can determine n = 0.0825, &1 = 0.4502
and Sy = 0.02628. Choosing Y/ = 0.002,®" = 0.5 and ¥/ = 4, then
0< Y <® <V and f;, for i = 1,2 satisfies

/

o fi(t,w,wz) > 76.1035 = v

1 3
, te [f f] and wy,ws € [4,48.4848],
28,

4’4
/

P
o f (t,wl,wg) < 0.5553 = 25 t € [0,1] and wy,ws € [0,6.0606],

T’ 13

¢ [7,7} d wy, 002,0.0012].
25, €l w1, we € [0.002,0.0012]
Then all the conditions of Theorem 3.1 hold. Thus with Theorem 3.1,

the fractional order boundary value problem (4.1)-(4.4) has at least two

positive solutions.

o fi(t,wi,wz) > 0.0381 =
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