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ON HARDY AND POLYA-KNOPP’S INEQUALITIES

ErRN GuN KwoN* AND MIN JU Jo**

ABSTRACT. Hardy’s inequality is refined non-trivially as the form

| {é /Omf(t)dt}pdx <Qrx (p%l)/ow 17 (@)de

for some Q¢ : 0 < Q5 < 1. Pélya-Knopp’s inequality is also refined
by the similar form.

1. Introduction

The celebrated Hardy’s inequality says
Theorem A ([2]). Ifp>1, f(z) >0, and F(x) = [; f(t)dt, then

(1.1) /Ooo <I;>pdx < (&)p/ooo fPdx

unless f = 0. The constant is the best possible.

There have been various proofs, generalizations and refinements of
(1.1). This paper is on a refinement of (1.1). We know that we can
not improve (1.1) by a smaller bounding constant independent of f.
Our result says that there is a non-trivial constant Qs, 0 < Qy < 1,
depending on f such that (1.1) still remains true when Q¢ is multiplied
on the right hand side.

In this paper, all functions under consideration are real valued mea-
surable and assumed to have, for notational convenience and without
loss of generality, strictly positive finite LP norms. Our results are de-
scribed as follows.
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THEOREM 1.1. Let p > 1, ; f(z) is a positive function

and e(x) is a function Sat1sfy1ng \ (:U) | <1 for all z,y, then

If f
)
(1.2) /Ooo{alj/oxf(t)dt} dx<Qf><< P )/ Pz

where Q¢ = Q(f,e,p) equals

foooe ( fo dt> dx - fooo e(x)fp(x)dx
fooo( fo dt) dx fooo fp(a:)dx

and fis the decreasing rearrangement of f.

27 min{3,7-}

By a parallel pattern we have the following refinement, which reduces
to Polya-Knopp’s inequality (see [2], [4]) when Qp = 1.

THEOREM 1.2. If f(z) is a positive function and e(x) is a function
satisfying |e(z) — e(y)| < 1 for all z,y, then

(1.3) /OOO exp {913 [ lnf(t)dt} da < Qo e/ooo F(2)dz

where Qo = Qo(f,e) equals

I3 e(x) exp (% IS 1nf(t)dt) dv [ e(x)f(z)da T
Jo* exp (% Jo In f(t)dt) dx I f(x)dx

and j?is the decreasing rearrangement of f.

Proofs will be given in Section 3 after preliminary lemmas in Section
2. We refer to [1, 2] and [5] for basic inequalities.

2. Lemmas

2.1. Holder’s and Minkowski’s inequalities

The following lemmas refine Holder’s inequality and Minkowski’s in-
equality.

LEMMA 2.1. [3] Let E be a measurable set, let f(x) and g(x) be
nonnegative measurable functions with [ 5 fP(x)dr < oo, i) 5 9l(x)dr <
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oo, and let e(z) be a measurable function with 1 — e(z) + e(y) > 0. If

1,1 _
p2q>0,5+6—1, then

1_1

/ F(@)g(@)da < (/E gq(ac)d:v>q_p x
[</Efp(x)dx/qu(m)dx>2—H2]2p,
where

H= /E PP (@)e(z)da /E §9(z)dz — [E (@) [E §9(z)e(x)da.

LEMMA 2.2. Let p > 1, %—i—% = 1. If fj(x), j = 1,2, are positive
functions and e;(z), j = 1,2, are functions satisfying |e;(z) —e;(y)| <1
for all x,y, then

{/Ooo(fl + fz)p(a:)da:}’l’ <@ {/Ooo ff(fc)d:n}é +Q2 {/OOO fﬁ’(:z:)d:z:}; :

where Q; = Q(f;,e;,p) equals
0o min{%,i}
{1 {fo ej(x)(f1 + fo)P(z)dx Io ej(a:)f]’»’(x)da:r] |

Jo~ (fr + fo)P(x)da Jo £ (x)dx

See [6], [7], [8], and references therein for further refinements of
Holder’s inequality of similar types.

2.2. Proof of Lemma 2.2

Lemma 2.2 is a direct consequence of Lemma 2.1: By Lemma 2.1

|ty i@ sie) do

SQj{/O (1 + )P } (/ P dx) ,
so that
[+ s dx—z/ (fi + f2)P "N (@) fi(w)da

g{/o i+ fo)? }ZQ]{/ e dx},

Jj=1

Q=
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whence the result follows.

3. Proofs of Main Results

3.1. Proof of Theorem 1.1

Let f be the decreasing rearrangement of f and let F'(x

= fo
Then since F'(z) = f(z) is a decreasing function, F”(z) = ( Y (x )
So F' is a concave function.

Fix k > 1 and 0 < A < oo for a moment. Then by the concavity of
F

kr —x

that is
F(kz) < F(z) + (k — 1)z F'(z),

whence

{;/OA prp(a:)da:}é :{
g% {/OA m_pr(kx)dx};

S% {/OAxp{F(a:) + (k- DaF'(z }pda:}p

Applying Lemma 2.2, we have

Lo AL el

D=

k~Py~PF p(ky)kdy}

[un

where ()1 and Q)2 equals respectively

B {fOA e1(z) (G1 + Go)P () dw fo e1(x dac}
fOA (G1 + Go)P (z) dx fo Gp ) dz

and
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- {fo“‘ es(x) (Gr+ Go)f (2) dv [hea(a dx}
S (G + G (w) da s Gp ) do

) {fa“ es(w) (G1+ o) (2) da [ ea(a) (F'(2)) d}]

0

4

fOA (G1 + G2)! (x) dx foA (F'(z))" da
with
Gi(x) = Fi$)v Gy(x) = (k—1)F'(x), § = min {21}7’ 21(1}

Equivalently, we have

A » _ A .
{/ a:pr(x)dat} < (kl 1)@Q2 {/ (F/(x))pdx} .
0 kj (k;_g — ]CilQl) 0
Now, let k — 1, then

E—1 < E—1 P
Rk —k2@Qu) k(e —pm) Pl

and

2796
Qs > !1 {fo ex(x)z PFP(x)dx fo ea(w ))pdx} ]

fO _pr d fO

whence

A 1 N
{ / x_pr(x)dw} <L { / (F'(x))pd:v} «
0 _
1)
) fo ea(z)r PFP(x)dx fo ea(z)(F'(z))Pdx ?
fOA r~PFP(z)dx fo ))Pdx .
By letting A — oo, we thus have

78 <Ff))dx} < {/(]M<F’<x>>pdx}’l’ .
{1 {fo es(x) (F;w)>pd:c ool ))pdx}2]
©(12) da G (F’(:c))pdx :

T
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xT

Taking p-power and recovering F(z) = [, f(t)dt, we finally obtain

/OOO {i/om f(t)dt}pdx < /OOO {i/j f(t)dt}pdx

< <p>pQ Oofp(w)d:v
“\p-1 ! 0
D p [e%s)
= (p_l) Qs | fP(z)dz,
where
~ 27 dp
S S 0 (35 F®dt) do [ () fr(a)de

R R O
The proof of Theorem 1.1 is complete.
3.2. Proof of Theorem 1.2

Replace f by f% in (1.2) and let p — oo, then we obtain (1.3) by
monotone convergence theorem.

3.3. Remarks

By somewhat different way f~'in Theorem 1.1 and Theorem 1.2 can be
replaced by f also. Discrete version of (1.2) and (1.3) are also possible.
Refinements of type (1.2) and (1.3) will be considered more expansively
in a forthcoming paper of the present authors.
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