KYUNGPOOK Math. J. 58(2018), 117-135
https://doi.org/10.5666/KMJ.2018.58.1.117
pISSN 1225-6951  eISSN 0454-8124
© Kyungpook Mathematical Journal

A Characterization of Involutes and Evolutes of a Given Curve
in E?

GiUNAY OzTURK
Department of Mathematics, Kocaeli University, Kocaeli 41380, Turkey
e-mail : ogunay@kocaeli.edu.tr

KADRI ARSLAN AND BETUL BuLca*
Department of Mathematics, Uludag University, Bursa 16059, Turkey
e-mail : arslan@uludag.edu.tr and bbulca@uludag.edu.tr

ABSTRACT. The orthogonal trajectories of the first tangents of the curve are called the
involutes of x. The hyperspheres which have higher order contact with a curve z are
known osculating hyperspheres of x. The centers of osculating hyperspheres form a curve
which is called generalized evolute of the given curve x in n-dimensional Euclidean space
E™. In the present study, we give a characterization of involute curves of order k (resp.
evolute curves) of the given curve z in n-dimensional Euclidean space E™. Further, we
obtain some results on these type of curves in E* and E*, respectively.

1. Introduction

The notions of evolutes and involutes were studied by C. Huygens in his work
[7] and studied in differential geometry and singularity theory of planar curves [1].
The evolute of a regular curve in the Euclidean plane is given by not only the locus
of all its centres of the curvature, but also the envelope of normal lines of the regular
curve, namely, the locus of singular loci of parallel curves. On the other hand, the
involute of a regular curve is to replace the taut string by a line segment that is
tangent to the curve on one end, while the other end traces out the involute. In ([3],
[4]) T. Fukunaga and M. Takahashi defined the evolutes and the involutes of fronts
in the plane without inflection points and gave properties of them. Meanwhile,
E. Ozyilmaz and S. Yilmaz studied the involute-evolute of W-curves in Euclidean
4-space E* [13], see also, [16]. Recently, B. Divjak and Z. M. Sipus, considered the
isotropic involutes (of order k) and the isotropic evolutes in n-dimensional isotropic
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space I (2, 10].

This paper is organized as follows: Section 2 gives some basic concepts of Frenet
curves in Euclidean spaces. Section 3 gives some basic concepts of the involute
curves of order k in E". Section 4 explains some geometric properties about the
involute curves of order k in E3, where k = 1,2. Section 5 tells about the involute
curves of order k in E*, where k = 1,2,3. Further these sections provides some
properties and results of these type of curves. In the final section we consider
generalized evolute curves in E™. Moreover, we present some results of generalized
evolute curves in E? and E*, respectively.

2. Basic Concepts

Let z = z(t) : I C R — E” be a regular curve in E", (i.e., ||2/(¢)|| # 0). Then x
is called a Frenet curve of osculating order d, (2 < d < n) if 2/(t), 2" (t),.. ., D (t)
are linearly independent and z’(t), " (t),. .., 2@tV (t) linearly dependent for all ¢ in
I. For the case d = n, the Frenet curve z is called generic curve in E™ [17]. From
now on we assume that z is a generic curve in E”. To each generic curve z one can

associates an orthonormal d-frame V; = Hi:%’ Vo,V5...,V, along z, the Frenet
n-frame, and n — 1 functions k1, Kka,...,Kkn_1:I — R, the Frenet curvature, such
that

v 0 k1 0 .. 0 Vi

‘/2/ —K1 0 K2 e 0 va
(2.1) Vs | =v| 0 -k 0 0 V3

- . Rp—1 .

V/ 0 0 A s | 0 V;L

n

where, v = ||2/(t)]| is the speed of the curve x. In fact, to obtain Vi, Vo, V..., V,,
it is sufficient to apply the Gram-Schmidt orthonormalization process to z'(t),
2" (t),...,z"(t). Moreover, the functions ki, kg, ...,k,_1 are easily obtained as
by-product during this calculation.

More precisely, Vi,V5,V3...,V,, and k1,Ko,...,k,—1 are determined by the
following formulas:

El(t) . :l‘/(t)7
2.2 E,(t) @ =2 _0—1 2 (), By (t L@,
(2.2) 0 -3 <s0.50)> 0
om0,
Voo SR 15O
and
23 () o | Es1 0]

IEs@OIHIE (6]
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respectively, where 0 € {1,2,3,...,n — 1} (see, [5]).

The osculating hyperplane of a generic curve = at t is the subspace generated
by {V1,V2,V5...,V,,} that passes through x(¢). The unit vector V,(¢t) is called
binormal vector of x at t. The normal hyperplane of x at t is defined to be the one
generated by {Va,V3...,V,} passing through z(t) [14].

A Frenet curve of rank d for which the first Frenet curvature x; is constant is
called a Salkowski curve [15] (or T.C-curve [8]). Further, a Frenet curve for which
K1, K2, ..., Kkn—1 are constant is called (circular) heliz or W-curve [9]. Meanwhile, a

Frenet curve with constant curvature ratios =2, &3 £4 Bn-l ig called a ccr-curve

K17 K2 K377 K2

(see, [12], [11]). A ccr-curve in E3 is known as generalized helix.
Given a generic curve x in E*, the Frenet 4-frame, Vi, Vs, Vs, V4 and the Frenet
curvatures K1, ko, k3 are given by

WO =
(2.4) Vi) = ||§82zgnggll
Vs(t) = ||¥imim§8n
V() = ||¥282%82§8H
and
(25) ()= L2 1y 5@ 2T0) gy Tald), 7))

' ()] OO @) R (E)ra(t)

respectively, where A is the exterior product in E* [5].

3. Involute Curves of Order k in E"

Definition 3.1. Let x = x(s) be a regular generic curve in E™ given with the
arclength parameter s (i.e.,||z’(s)|| = 1). Then the curves which are orthogonal to
the system of k-dimensional osculating hyperplanes of z, are called the involutes of
order k [2] (or, k' involute [6]) of the curve x. For simplicity, we call the involutes
of order 1, simply the involutes of the given curve.

In order to find the parametrization of involutes Z of order k of the curve x, we
put

k
(3.1) T(s) =2(s) + Y Aa(s)Vals), k<n—1

a=1

where A, is a differentiable function and s is the parameter of T which is not
necessarily an arclength parameter. The differentiation of the equation (3.1) and
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the Frenet formulae (2.1) are given in the following equation

F(5) = (14X - mda) ()VA(s)
k-1
(3.2) + Z (AL — Xat1ba + Aa16a—1) (8)Va(s)

+ (M + Ae—16k-1) (8)Vie(s) + k(8) Ak (8) Vi (s)-
Furthermore, the involutes T of order k of the curve x are determined by
(@(s),Vj(s)) =0, 1<j<h, k<n-1

This condition is satisfied if and only if

1+ )\/1 —Kid = 0,
(33) )\gé - )\a+1lﬁla + Aa—lﬁa—l = 0,
Ne + Me1bp—1 = 0,

where 2 < a<n-—1[2].
In the sequel we characterize the involutes of generic curves in E? and E4.

4. Involutes in E3

In the present section we consider involutes of order 1 and of order 2 of curves
in Euclidean 3-space E2, respectively.

4.1. Involutes of Order 1 in E3

Proposition 4.1.1. Let x = x(s) be a regular curve in E3 given with nonzero
Frenet curvatures k1 and k. Then Frenet curvatures R, and Ko of the involute T of
the curve x are given by

!/
) 2 (%) K2
(4.1) Rp= AT ha = k= ——— :
|kal[s — ] (K1 + K3) (¢ = 5)
Proof. Let T = Z(s) be the involute of the curve = in E3. Then by the use of (3.2)
with (3.3) we get 1 + M (s) = 0, and furthermore A(s) = (¢ — s) for some integral
constant c. So, we get the following parametrization

(4.2) Z(s) = z(s) + (¢ — s)Vi(s).
Further, the differentiation of (4.2) implies that
T(s) = ¢Vo, (s):=A(s)ri(s)
T'(s) = —priVi+ @' Va+ praVs,

T"(s) = —{(k9) +r1¢' } Vi +{¢" — klp — K30} Vo + {(ka) + Kot} V.
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Now, an easy calculation gives

[Z' I = lel = l(c—s)rl,
(4.3) I7'(s) x@" () = ¢*\/wT + K3,
(@(s) xT"(s),T"(5)) = @*(hh — kar}).

The parameter s is not the arclength parameter of T, so, as is shown in [2], we
have

(44) = M’ Ty = <j’(5) X j//(s),j///gs»
[7G) < G

[=O]

Hence, from the relations (4.3) and (4.4) we deduce (4.1). O

By the use of (4.1) one can get the following result.

Corollary 4.1.2. If x = x(s) is a cylindrical heliz in E3, then the involute T of x
s a planar curve.

4.2. Involutes of Order 2 in E?

An involute of order 2 of a regular curve x in E? has the parametrization
(4.5) T(s) = x(s) + Ar(s)Vi(s) + Az (s)Va(s)

where Vi, Vs are tangent and normal vectors of 2 in E? and A1, A are differentiable
functions satisfying

A1(s) = ri(s)Aa(s) —
(4.6) My(s) = —A1(s)k1(s).

We obtain the following result.

Proposition 4.2.1. Let x = x(s) be a regular curve in E3 with nonzero Frenet
curvatures k1 and ko. Then

_sgn(ka)
4.7 = =1
( ) K1 |>\2| 9 K2

holds, where ®1 and Ko are Frenet curvatures of T.
Proof. Let T = T(s) be the involute of order 2 of the curve z in E3. Then by the
use of (3.2) with (3.3) we get
(4.8) 7'(s) = Aa(s)ra(s)V3(s).
Further, the differentiation of (4.8) implies that

T'(s) = Y(s)Vs(s), ©(s) := Aa(s)rka(s)

T'(s) = —v(s)ma(s)Vals) + ¥ (s)Va(s),

T"(s) = —P(s)ri(s)ra(s)Va(s) — {<w(s)m<s))’+m2<s)w’(s>}v2<s>

+ {07 (s) + ¥ (s)K3(s) } Va(s
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Now, an easy calculation gives

IZ' () = [(s)l = [Aa(s)ra(s)],

(4.9) [2'(s) x T"(s)l| = w(s)*ka(s),
T W (s) k1 (s)R3(s)-

Hence, from the relations (4.4) and (4.9) we deduce (4.7). O

Corollary 4.2.2. The involute T of order 2 of a generalized heliz in E3 is also a
generalized heliz in E3.

Solving the system of differential equations (4.6) we get the following result.

Corollary 4.2.3. Let x = x(s) be a unit speed Salkowski curve in E3. Then the
involute T of order 2 of the curve x has the parametrization (4.5) given with the
coefficient functions

A(s) = epsin(k1s) + o cos(k18),

1
(4.10) A2(s) = c1cos(k18) — casin(kys) — —
1

where ¢1 and co are real constants.

5. Involutes in E*

In the present section we consider involutes of order k, 1 < k < 3 of a given
curve z in Euclidean 4-space E*.

5.1. Involutes of Order 1 in E*

The following result gives a simple representation of Theorem 1 in [16].

Proposition 5.1.1. Let x = z(s) be a regular curve @Eigiven with the Frenet
curvatures K1, ko and k3. Then Frenet 4-frame, V1,V2, V3 and V4 and Frenet
curvatures K1, ke and Rs of the involute T of the curve x are given by

Vl(S) = ‘/27
— —k1 V1 4+ Ko V3

— (k2A — £10) kaVi — (koA — k1C) k1 V3 + D (K3 + K3) Vy

5]. L S — )
( ) 3() W\/H%—‘r‘l{%

— DKZL +D:‘€[/ — K}A—I’ic [/

V() 2 V1 1V3 (2 1 ) 47

w
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and
_ VK2 + K2
Rl = YL 2 5= (c—s)ki,
]
w
52) Ry = ——b
52 R ? (k7 + K3)
R o= _ (IQQA — /@10) (ch + D/) + D (K/QA/ — /@10/) + D2/€1l€3
3 W§04E1E2 ’
respectively, where
A = Kip+2m1¢
C = khp+ 2k
D = KoK3®
and
(5.3) W = \/D2 (K2 4 k2) + (k1C — Ko A)?

ol /33 (12 + 1B + (1 — o).

Proof. As in the proof of Proposition 4.1.1, the involute T = Z(s) of the curve z in
E* has the parametrization

Z(s) = x(s) + (¢ — s)Vi(s),

where V7 is the unit tangent vector of x.
Further, the differentiation of the position vector Z(s) implies that

T'(s) = ¢V,
(5.4) 7'(s) = —prmVi+ @' Vo + praVs,
T"(s) = —{(kp) + R} Vi +{¢" — Kl —K3p} Vo

+ {(k2)" + K29} Vs + proksVi,

where ¢ = (¢ — s)k1 is a differentiable function. Consequently, substituting

A = Klo+2k1¢
(5.5) B = ¢"—rip—r3p

C = kho+ 2Ky

D = praks,

the last vector becomes

(5.6) 7" = —AVy + BV + CV3 + DV
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Furthermore, differentiating 7'/ with respect to s, we get

f//// = —{A/+K)13} V1 +{—I€1A—I€QC+B/} VQ
(5.7) +{kaB — k3D + C'} V3 +{D' + r3C} Vj.

Now, by the use of (5.4), we can compute the vector T’'(s) AZ” (s) AT"'(s) and second
principal normal of T as the following;

7 (s) AT (s) AT (s) = > {DraVi + Dr1 Vs + (51C — k2 A) Vi }

and
— _2l(s)ANa"(s) A" (s)  DraVi+ DriVs — (koA — k1C) V)
08 Valo) = ey Aa(e) e W |
where
(5.9) W = /D2 (k3 + K3) + (k2 A — 1, C)°.
Similarly,
2
Va(s) AT (s) AT (s) = % {— (keA = K1C) K2V — (K2 A — K1C) K1V + D (:‘i% + ng) Vi)
and
T Va(s) A *’( ) NT"(s)
v = =
3(8) HV4(S) /\ x// H
(5.10) = (koA — nlC) koVi — (koA — K1C) K1 Va + D (/{% + n%) Va4

W/K3 + K3

Finally, the vectors V3(s) A V4(s)A T'(s) and Va(s) are

Vs(s) AVa(s) AT (s) = ¢ {D2 (K7 + K3) — (koA — /{10)2} (=K1 V1 + Ko V3)

and

— Vi(s) AVa(s) AT (s) —k1 V] + Ko V3
5.11 Vals = .
(5.11) (s) = [Va(s) AVa(s) AE(s)] V2 + m3

Consequently, an easy calculation gives

(Va(s),7"(s)) =/ K1 + K3
512 (Valo). 7)) = s
<V4 7HN(S)> __ (I*CQA - H,1C) (K,3C + D ) —|—VVD (IizA — k1 C ) + D k1k3 .
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Hence, from the relations (5.12) and (4.4) we deduce (5.2). This completes the
proof of the proposition. o

If x is a W-curve we find the following results.

Corollary 5.1.2. Let T be an involute of a generic x curve in E* given with
the Frenet curvatures Ry, ks and Rs. If x is a W-curve then the Frenet 4-frame,
V1,V2,Vs and V4 and the Frenet curvatures R1, Ko and K3 of the involute T of the
curve x are given by

Vl(s) = ‘/27
_ —rk1 Vi V-
Ty - el
K1 + K3
(5.13) Vi(s) = Vi
— V; V-
Vi(s) = K2 12-1-:%123’
\ K1+ K3
and
/2 2
K1 = 1 + e )
|l
_ Rak3
(5.14) Ry = ———
ol /K1 + K3
_ —R1K3
R3 =

ol /K7 + K3

respectively, where ¢ = (¢ — $)K1.

Corollary 5.1.3. Let T be an involute of a generic curve z in E* given with the
Frenet curvatures 81,k and Rs. If © is a W-curve then T becomes a ccr-curve.

Proof. Let x be a regular W-curve of E. Since the ratios

K2 K2kK3
R1 K2 + K3
K3 K1
Ko K2
are constant functions then the involute curve T is a ccr-curve. O

5.2. Involutes of Order 2 in E*

An involute of order 2 of a regular curve = in E* has the parametrization

(5.15) T(s) = x(s) + A (8)Vi(s) + Aa(s)Va(s)
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where Vi, Vs are tangent and normal vectors of 2 in E* and A, g are differentiable
functions satisfying

M(s) = ri(s)ha(s) — 1,
(5.16) Ao(s) = =Ai(s)ki(s).

As in the previous subsection we get the following result.

Corollary 5.2.1. Let x = x(s) be a unit speed Salkowski curve in E*. Then the
involute T of order 2 of the curve x has the parametrization (5.15) given with the
coefficient functions

A1(s) = crsin(k1s) + o cos(k15),

1
(5.17) A2(s) = c1cos(k18) — cosin(kis) — —.

K1
where ¢1 and co are real constants.
Proof. Assume that x = z(s) is a unit speed Salkowski curve in E* then ;(s) is a
constant function. So, differentiating first equation of (5.16) and using the second
equation we get

X (s) = =KAi(s)

which has a solution A1 (s) = ¢; sin(k18)+c2 cos(k18). And substituting this function
into the first equation of (5.16) we obtain the second equation of (5.17). O

We obtain the following result.

Proposition 5.2.2. Let © = x(s) be a regular curve infE“igiv@ with nonzero
Frenet curvatures k1, ko and k3. Then Frenet 4-frame, V1,Vo, Vs and V4 and
Frenet curvatures K1, Ko and K3 of the involute T of order 2 of a regular curve x in
E* are given by
Vl(s) = ‘/37
—ko Vo + K3V}
VK3 + K3
K (/{% + n%) Vi + (kaN — k3L) k3Va + (kaN — k3L) kaVy
W\/K3 + K3 ’

— (HQN — /€3L) Vi 4+ k3sKVo + ko KV

VQ(S) =

V4(S) = W ,

and

_ K2+ K2

o= 23 §i= Ay(s)ka(s)

9]
w

5.19 Ro = ——5——5=
N CE )

= (KQN - KZ3L) (KZ]_L + KI) + (KQN/ - HgL/) K + /€1H3K2

3 =

W prF 1Ko
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where
K = Kik20
L = 2Kko¢d' + K5
N = 253¢/+ng¢
and
(5.20) W = \/K2 (K2 4 k%) + (koN — K3L)?

9] \/51“2 (53 + £3) + (marh — Kgk)”.

Proof. Let T = T(s) be the involute of order 2 of the curve z in E*. Then by the
use of (3.2), we get

(5.21) T'(s) = ¢V3
where ¢ = Ao(s)ka(s) is a differentiable function. Further, the differentiation of
(5.21) implies that
T'(s) = —praVa+ ¢'Va+ dr3Vy,
(5.22) T"(s) = KikegVi + {2h20" + Koo} Vo,
+{¢" — K30 — K30} Va + {2k3¢" + K50} Vi

Consequently, substituting

K = Kikao
(5.23) L = 2Kko¢ + Koo
M = ¢"—ryp— K30
N = 2k3¢ + k5o
the last vector becomes
(5.24) 7" = KVi — LVa + MVs + NV,.

Furthermore, differentiating 7"/ with respect to s we get
f’m = {K/ + IilL} V1 + {:‘ilK — HQM — L/} ‘/2
(5.25) +{M' — koL — kgN} V3 + {N' + kg M} Vj.

Hence, substituting (5.21)-(5.25) into (2.4) and (2.5), after some calculations as
in the previous proposition, we get the result. O

If « is a W-curve then we find the following results.
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Corollary 5.2.3. Let T be an involute of order 2 of a generic curve x in E* given
with the Frenet curvatures R, ke and R3. If x is a W-curve then the Frenet 4-frame,
V1,Va,Vs and V4 and Frenet curvatures i, Ko and Rs of the involute T of order
2 of a reqular curve x in E* are given by

Vl(S) - ‘/37
—roVa + K3Va
Vo(s) = —r2l2thsh
VK3 + K3
(5.26) Vi(s) = W
_ k3Vat+ KoV
R s
and
—_— VK3 + K3
' E
_ Ri1k2
(5.27) Ry = ———"
(6] /K5 + K3
_ R1K3
R3 =

|61 /53 + K3
where ¢(s) = Aa($)k2(s).

Corollary 5.2.4. Let T be an involute of order 2 of a generic curve x in E* given
with the Frenet curvatures Ry, Re and Rs. If x is a W-curve then T becomes a
cer-curve.

Proof. Let x be a regular W-curve of E4.
K2
kK1
K3
K2

are constant functions then the involute curve 7 is a ccr-curve.

5.3. Involutes of Order 3 in E*

Since the ratios

R1kK2
2 2

Ky + K3
K3

K2

An involute of order 3 of a regular curve x in E* has the parametrization

(5.28)

where

(5.29)

T(s) = x(s) + M (s)Vi(s) + Aa(s)Va(s) + As(s)Vs(s)
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By solving the system of differential equations in (5.29) we get the following
result.

Corollary 5.3.1. Let x = x(s) be a unit speed W-curve in E*. Then the involute
T of order 3 of the curve x has the parametrization (5.28) given with the coefficient
functions

k1 (c1sin(y/ks) — cacos(y/Rs))  Kas

Mls) = NG T +c3,
(5.30) Xa(s) = cpcos(vVks) + cosin(vks) + %,
Aa(s) = Ko (2 cos(ﬁs\)ﬁ{— csin(vks)) ,‘41:23 e

where k = K2 + K3, ¢1, ¢2, czand cq4 are real constants.

Proof. Suppose that z is a unit speed W-curve in E* then the Frenet curvatures
K1, ko and k3 of x are constant functions. Consequently, if T is the involute of x
which is an order 3 curve then (5.29) holds. Differentiating the second equation of
(5.29) and using the others we get A2(s) = ¢ cos(y/ks) +casin(y/ks) + =L, Further,
substituting this function into (5.29) we get the result. a

We obtain the following result.

Proposition 5.3.2. Let v = 2(s) be a reqular curve in E* given with nonzero
Frenet curvatures ki,k2 and k3. Then Frenet 4-frame, V1,Vo, Vs and V4 and
Frenet curvatures K1, Ko and K3 of the involute T of order 3 of a regular curve x in
E* are given by

Vi(s) = Vi
(5.31) Vals) = —Va,
Vi(s) = Vi,
Vals) = W,
and
T r
K2
(5.32) Rp = ok
" [l

where Y(s) = A3(s)krs(s).
Proof. Let T = T(s) be the involute of order 3 of the curve z in E*. Then by the
use of (3.2) with (3.3), we get

(5.33) 7(s) = Vi
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where ©» = A3(s)ks3(s) is a differentiable function. Further, the differentiation of
(5.33) implies that
z'(s) —r3Vs + 'V,

KokahVa — {2650 + kh} Vs + {0 — K30} Vi

8|
L
I
~
»
N
\

Consequently, substituting

E = Koksy
2k5 + K50
G = ¢ -k

|
I

(5.34)

the last vector becomes
(5.35) 7" = EVy — FVs + GV
Furthermore, differentiating 7'/ with respect to s we get
7" = —kEVi+{keF+E'}V,
(5.36) +{koE — k3G — F'} V3 + {G' — k3F} Vy.

Hence, substituting (5.33)-(5.36) into (2.4) and (2.5), after some calculations we get
the result. O

Corollary 5.3.3. The involute T of order 3 of a ccr-curve x in E* is also a ccr-
curve of E*.

Proof. Let x be a regular ccr-curve of E*. Since the ratios

K2 K2
K1 K3
K3 K1
Ko )
are constant functions then the involute curve 7 is also a ccr-curve. O

6. Generalized Evolute Curves in E™t!

Let = x(s) be a generic curve in E™ given with Frenet frame Vi, Vo, V3,...,V,,
and Frenet curvatures k1, ko, ..., kyp_1. For simplicity, we can take n = m + 1, to
construct the Frenet frame Vi = T,V = N1,V3 = No,...,V, = N,, and Frenet
curvatures K1, K2, - .., Km. Lhe centre of the osculating hypersphere of = at a point
lies in the hyperplane normal to the x at that point. The curve passing through
the centers of the osculating hyperspheres of x defined by

m

i=1
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which is called generalized evolute (or focal curve) of x, where c1,¢a,..., ¢y are
smooth functions of the parameter of the curve z. The function ¢; is called the i*"
focal curvature of . Moreover, the function ¢; never vanishes and ¢; = k% [18].

The differentiation of the equation (6.1) and the Frenet formulae (2.1) give the
following equation

7(s) = (1—r1e))T + (c) — Kaco) Ny
m—1
(62) + (Cifllii + C; — Ci+1"§i+1)Ni + (Cmfllﬂm + C/m)Nm.
1=2

Since, the osculating planes of x are the normal planes of z, and the points of = are
the center of the osculating sphere of x then the generalized evolutes = of the curve
x are determined by

(6.3) (@'(s),T(s)) = (T'(s), N1(8)) = ... = (Z'(5), Nju—1(5)) = 0.

This condition is satisfied if and only if

1-— KR1C1 = 0
cy —kaca = 0
(6.4)
Cim1Ki + ¢ —Ciy1hip1 = 0, 2<i<m-—1

hold. So, the focal curvatures of a curve parametrized by arclength s satisfy the
following ”scalar Frenet equation” for ¢, # 0 :

R2
2¢m,

(6.5)

/
=Cm—1KEm + ¢,

where

R =7 —all= /& +3+...+¢,

is the radius of the osculating m-sphere [18]. Consequently, the generalized evolutes
Z of the curve x are represented by the formulas (6.1), and

(6.6) 7'(s) = (cm—1Km + ) N

If #’(s) = 0, then R,, is constant and the curve z is spherical.
From the equalities in (6.4) one can get (see, [18])

acdy Feady+ .o cidh

(67) R; =

Ci—16C;

The following result gives the relations between the Frenet frames and Frenet
curvatures of z and its evolute Z.

131
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Theorem 6.1.([18]) Let x = x(s) be a generic curve in E™*1 given with Frenet
fl"anje T, N1, No, ..., Ny, and Frenel curvatures ki, k2, ..., km. Then Frenet frame
T,Ny,Na,..., Ny, and Frenet curvatures ki, Ka, ..., km of the generalized evolute I
of x in E™*T1 are given by

T = €N,
(6.8) Np = O6Nm_p; 1<k<m-—1
N,, = +T
and
(6.9) K1 _ Ko _ :|T<Zm|: 1
’ |Hm| Km—1 K1 |Cm—1’im+clm,|

where €(s) is the sign of (Cy—1Km + c,) (s) and & the sign of (—1)%e(s)km(s).
6.1. Evolutes in E?

A generalized evolute of a regular curve z in E3 has the parametrization
(6.10) Z(s) = x(s) + c1(8)N1(s) + ca(s)Na(s)

where N; and N, are normal vectors of z in E® and c;, ¢y are focal curvatures
satisfying

(6.11) ci(s) = , C2(s) =

where p =c¢; = ;«% is the radius of the curvature of x.

We obtain the following result.

Proposition 6.1.1. Let x = x(s) be a regular curve in E3 given with nonzero
Frenet curvatures k1 and ko. Then Frenet curvatures K1 and Ko of the evolute T of
the curve x are given by

H% ~ K1K2

(6.12) Fl=—2 | Fy= a2
3 + 0| k3 + 0|

where p = N% is the radius of the curvature of x.

Proof. As a consequence of (6.9) we get (6.12). O

Corollary 6.1.2. The evolute T of a generalized heliz in E3 is also a generalized
heliz in E3.

By the use of (6.5) with (6.11) one can get the following result.
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Corollary 6.1.3. A regular curve with nonzero curvatures k1 and ko lies on a
sphere if and only if

(6.13) <pl>/ + pry =0

Ko
holds, where p = n% is the radius of the curvature of x.
6.2. Evolutes in E*
A generalized evolute of a generic curve x in E* has the parametrization
(6.14) Z(s) = z(s) + c1(8)N1(8) + ca(s)Na(s) + c3(s)N3(s)

where Ni, Ny and N3 are normal vectors of z in E* and ¢1, ¢ and c3 are focal
curvatures satisfying

(6.15) c(s) = 511(8)7 co(s) = p'(s) ,e3(s) =

where p = ,%1 is the radius of the curvature of x.
We obtain the following result.

Proposition 6.2.1. Let v = 2(s) be a reqular curve in E* given with nonzero
Frenet curvatures k1, ke and k3. Then Frenet 4-frame, T, N1, No and N3 and Frenet
curvatures k1, o and ks of the evolute T of a regular curve x in E* are given by

T(s) = Ns,
(6.16) Ni(s) = —N,
Na(s) N,
Ny(s) = T,
and
Bo= oo
||
(6.17) By = @)i'
- K1
K3 Tl
where ¥(s) = ca(s)ks(s) + c5(s) is a smooth function.
Proof. As a consequence of (6.8) with (6.9) we get the result. a

Corollary 6.2.2. The evolute T of a ccr-curve = in E* is also a ccr-curve of E*.
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Proof. Let x be a regular ccr-curve of E*. Since the ratios

R2 K2
%1 K3
E?, K1
Ko K2
are constant functions then the evolute curve ¥ is also a ccr-curve. O

By the use of (6.6) with (6.11) one can get the following result.

Corollary 6.2.3. A reqular curve with nonzero curvatures ki1, ks and k3 lies on a
sphere if and only if

p(s)rals) + (243)'

K3 (s) K2(s)

(6.18)

holds, where p = ;«% 1s the radius of the curvature.

Proposition 6.2.4. [11] A curve x = z(s) : I C R — E* is a spherical, i.e., it is
contained in a sphere of radius R, if and only if x can be decomposed as

(6.19) 2(s) = m — gNl(s)—i— o)+ & ( al ) Ns(s).

Kok? K3 \ Kak?

where m 1is the center of the sphere.
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