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ON PARTIAL SUMS OF NORMALIZED ¢-BESSEL
FUNCTIONS

IBRAHIM AKTAS AND HALIT ORHAN

ABSTRACT. In the present investigation our main aim is to give lower
bounds for the ratio of some normalized g-Bessel functions and their se-
quences of partial sums. Especially, we consider Jackson’s second and
third g-Bessel functions and we apply one normalization for each of them.

1. Introduction

Let A denote the class of functions of the form:

1) fE) =2+ 3 anen,
n=2
which are analytic in the open unit disk
U={z:2z€Cand |2| <1}
We denote by S the class of all functions in A which are univalent in U.
The Jackson’s second and third q—Bessel functions are defined by (see [4])

) IJ+1 q - ( )2n+u
(2) I (zq) = . Z ) gt
n>0 n
and
V+1 n 2n+
3 OC Ln(n+1
(3) J( )(Z q) = @ Qoo Z u+1.q)nq2 ),
n>0 ’
where z € C,v > —1,q € (0,1) and
n
(@iq)o=1,(a;0)n = [[ (1 —ad* "), (a,0)00 = [] (1 — ad*™").
k=1 E>1

Here we would like to say that Jackson’s third g-Bessel function is also known
as Hahn-Exton ¢-Bessel function.
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Recently, the some geometric properties like univalence, starlikeness and
convexity of the some special functions were investigated by many authors.
Especially, in [1,5, 6] authors have studied on the starlikeness and convexity
of the some normalized special functions. In addition, the some lower bounds
for the ratio of some special functions and their sequences of partial sums were
given in [3,7,8,10]. Moreover, results related with partial sums of analytic
functions can be found in [2,9,11-13] etc.

Motivated by the previous works on analytic and some special functions, in
this paper our aim is to present some lower bounds for the ratio of normalized
g-Bessel functions to their sequences of partial sums.

Due to the functions defined by (2) and (3) do not belong to the class A, we
consider following normalized forms of the g-Bessel functions:

(4) WP (z5q) = 2, (q)2' " E TP (Vzi0) = Y Koz

n>0

and

(5) WP (z9) = e(@)2' " F TP (Vaq) = ) Tz,
n>0

1) n(n+u) 1 n(n+ ) v
where K, 4"((q,q))n( vrhig)n? Tn= ((q,q)) (@"T15q)n and ¢, (q) =(g; q)oo/ o q)oc
As a result of the above normalizations, all of the above functions belong to
the class A.

Here we would like to mention that the following inequalities

(6) qn(n—i-v) < qnu

(7) (1=a)" < (¢ Dn
(8) (1=¢")" < ("5 )n
and

(9) q%n(nJrl) < q%n

are valid for ¢ € (0,1) and v > —1. These inequalities and the well-known
triangle inequality

(10) |21 + 22| < [21] + |22
will be used frequently in the proofs of our main results.
2. Main results
The following lemmas will be required in order to derive our main results.

Lemma 2.1. Let g € (0,1), v > —1 and 4(1 — q)(1 — ¢¥) > ¢”. Then the
function hl(,2)(z; q) satisfies the next two inequalities for z € U:
41-q)(1—g”
SH-ol-0) -
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2
' 41-q)(1—gq”
(12) (2e0)|< (s ion )
41-q)(1—¢")—¢”

Proof. Making use the inequalities (6), (7), (8) and the well-known triangle
inequality which is given by (10), for z € U, we get

1n n(n+v) L
v zaQ‘:Z+ 2"t
=9 ,; (¢ D)@ D
n(n+u)
§1+Z4n .
n>1
<1+z(y)
S \4 -1 —¢)

q" ql, n—1
4(1-¢q)(1—¢¥) n; <4(1 —q)(1- q”))
__40-9(1-¢)

41-q)(1—¢") —gq”

and
’ n n+v)
’(hl(/)(zaQ)> =1+ Z 4n t/+1 q)n z
n>1
TL—|— 1 n(n+v)
<1+ Z 4n V+1. )
n>1 7q n
q n
<143 (1 ()
2 ) ¢)
_ < 4(1 — (1 — q )
41-q(1-¢) = ¢
Thus, the inequalities (11) and (12) are proved. O

Lemma 2.2. Let ¢ € (0,1), v > =1 and (1 — q)(1 — ¢") > /q. Then the

function h&s)(z; q) satisfies the inequalities

(1-g(1—-¢")

(13) ><z;q>|s(1_q)(1_qy)_ﬂ
and

_ _ g 2
(14 ’(h@('z ‘M ((1(1q><?(1qv>q)\/a>

for z € U.
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Proof. By using the inequalities (7), (8), (9) and the well-known triangle in-
equality which is given by (10) for z € U, we have

)Z' = |z qzn(n+1) ZnJrl
O (ziq)| +§1—”“vq>n
= 1+7; 1*(1 )"

\/q \/a n—1
S”(1—q><1—qv>§>31<<1—q><1—qv>>
__(1-9(-¢9)

1-a9)(1—-¢") =4
and
' TL 2n(n+1)
\(hp(z;q))\ I e e
n>1 "
qz"
§1+;n+1 DD
Va . Vi "
ST & Sl Gerie)

_ < (1-q(-¢") >2
1-a)1-¢)-va
So, the inequalities (13) and (14) are proved. O

Let w(z) denote an analytic function in U. The following well-known result
is important for our main results:

1
R Lt w(z) > 0 if and only if |w(z)| <1,z € U.
1—w(z)
Theorem 2.3. Let v > —1,q € (0,1), the function hf,z) : U — C be defined by
(4) and its sequences of partial sums by (h,(,z))m(z;q) =z4+ >0 Kyz" L If
the inequality 2(1 —q)(1 —¢) > ¢ is valid, then the following inequalities hold
true for z € U:
h? 41— q)(1 — ¢¥) — 2¢"
(h )m(z;q) 41-q9)(1—-¢")—q

(16) 3%{ (B m(239) } A0 -g0 ) g

h? (z:q) 41-q)(1—¢")
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Proof. From the inequality (11) we have that

—9(1-q")

17 1+ K,| < .
an 2Kl < T
The inequality (17) is equlvalent to

4(1 —
(18) = DI}
n>1

In order to prove the inequality (15), we consider the function w(z) defined by

1+wz) 41— q)(1—¢") —q”{ h(zq) 41— q)(1—¢") —2qv}

W (zq) AL —a)1—¢") — ¢

1—w(z) qv
which is equivalent to
14uw(z) 14+ 3™ K2+ %Zf:m«fll{nzn
1—w(z) L+ >0 Kz ’
By using the equality (19) we get

(19)

wz o Kz

w(z) =
24 2271:1 K,z + (1q)(1—yq)q Zzo:mﬂ K, 2"

q

and

41— Q)(l Q)qz +1\K|

lw(z)| <
2_22n:1 K| _Mzn m+1\K |

The inequality

m oo

Al-g(1-¢") —¢"
(20) > IKal+ ; Y Kl <1
n=1 q n=m-41
implies that |w(z)| < 1. It suffices to show that the left hand side of (20) is

bounded above by

4(1 - Q) —-¢ Z
| Knl,
n>1
which is equivalent to

4(1—q)(1—q") —2¢"
K,| > 0.
p > K|

n>1

The last inequality holds true for 2(1 — ¢)(1 — ¢*) > ¢".
The proof of the result (16) would run parallel to those of the result (15).
Now, consider the function p(z) given by

1+p(2) _ (1 LA -9 - - q”) (B m(zq) 40— q)(1—g¢") — ¢"
1-p(2) q’ hl(,Q)(z; q) 41-q)(1—¢") .
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Then, from the last equality we get

4(1—q)(1—q" 0o n
R Y o

p(z) = v
24230 Kyen — AE00=0) 520 K
and
4(1-q¢)(1—¢") ZOO |K |
v n=m-+1 n
Ip(2)| < . -

— m 4(1—q)(1—q” e '
2- 2277,:1 |K7l| - % Zn:erl |K71|

The inequality

- 11-q)(1-¢")
(21) Sl + =T 5 <

v
n=m-+1

implies that [p(z)| < 1. Since the left hand side of (21) is bounded above by

A1 -q)(1—¢") — ¢ \-
K, >0
- ; ||
the proof is completed. O

Theorem 2.4. Letv > —1,q € (0,1), the function h,(,z) : U — C be defined by
(4) and its sequences of partial sums by (h(uz))m(z;q) =z4+ >0 Kyz"tIf
the inequality (1 — q)(1 — ¢¥) > q¥ is valid, then the following inequalities hold
true for z € U:

(22)

0 <h£2)(z; Q)) S 16(1 = q)(1 — ) (1 — g)(1 — ¢*) — ¢”) + 2
((hg))m(z;; Q)>/ - 8(1 —q)(1 —g")g” — ¢* ’

- o (Bn50) \ = g - g) - g7
(h£2> (2 q))/ ~8(1-q)(1-¢")g" — ¢

Proof. From the inequality (12) we have that

(24) 143 (4 1) Kl < (4(40—61)(1—61”) ) .

= 1-q)(1—¢") —¢"

The inequality (24) is equivalent to

(4(1 - q)(1 - ¢*) — ")

(#) 8(1—q)(1 - g¢")g" —g*

d (n+ 1)K, <1

n>1



ON PARTIAL SUMS OF NORMALIZED ¢-BESSEL FUNCTIONS 541

In order to prove the inequality (22), we consider the function h(z) defined by

Lehe) =) — g { (h? () _5}
O (o) )

1 —h(z) B 8(1 —q)( q" —q* hl(/Q))m(Z; q) !

16(1—q)(1—¢")((1=a)(1=g")—q")+2¢>"

where § = 8(1-q)(1—¢")q" —q*” . The last equality is equivalent to
(26)
L+ h(z) L+, (n+ 1) Kyt + S0l 570 (04 1) K"
1—h(z) L+Y " (n+1)K,z" '
By using the equality (26) we get
z) = St S (04 1) K"

242500 (0 1) Kna + gl S0 (04 1) Ko

(4(1-q)(1-¢")—¢")? oo
|h(2)] < 8(1— qgl(l qq)q Eq Znemt1 (n+ 1) [ Kl

225 (n+ 1) |K,| - U0t D50 (1) K|

9)(1—q¥)q" —q?¥ L=n=m+1

The inequality

(27) Z(n+1)|Kn|+(( f)f_‘” ) DGR AR

8(1—q)(1 —¢")g" —¢* 4=,

implies that |h(z)| < 1. It suffices to show that the left hand side of (27) is
bounded above by

n=1

(41 - q)(1 - g¢") — ")’
8(1-q)(1—q")g” —q*

D (n+ 1)Ky,

n>1
which is equivalent to
53 (n+1)[Ku| >0.

n>1

Thus, the result (22) is proved.
To prove the result (23), consider the function k(z) defined by

1+k() _ 14 (40-90-¢")—q")* (rP(=0)  (a-g)(1-g")—¢")?
1—k(z) 8(1-q)(1-¢")q" —¢*” ((h&”)m(z;q))/ 80—-q)(1-q )" —a* (-
The last equality is equivalent to
(28)
m 4(1—q)(1—¢")—q")? oo
1+k(z) 1+ Yome(n+ 1)Ky — é({fqggiqg)gugqgu S0 (1) 2"
1—k(z) 14+, 51 (n+ DK, 2"
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From the equality (28) we have

__16(1-q)*(1-¢")? o
k(z) = 8(1—q)(1—¢¥)g" —g*" Zn:erl(n + 1) K"

242" (nH 1)Kz =6 > (n+ DKy 2"

and

16(1—q)%(1—q")> 00
k(z)] < 8(1*q)(f*tI“)q?’fq2” Znemt1(n + 1) Ky
T 2- 22?:1(” +1) [Kn| - 5220:m+1(” +1) | K|

The inequality

m

00 S, + G000 Za ) S e

— —_ ¥V — q2v
8(1—q)(1—q")g" = =,
implies that |k(z)| < 1. Since the left hand side of (29) is bounded above by

(41— q)(1 - ¢") — ")
8(1 — q)(l _ qu)qu _ q21/ nz>:1(n + 1) |Kn| ,

which is equivalent to

n=1

§ Y (nt+1)|K,l >0,
n=m-+1
the proof of result (23) is completed. O

Theorem 2.5. Let v > —1,q € (0,1), the function AP U - C be defined by
(5) and its sequences of partial sums by (h,(,B))m(z;q) =2+ 30" T2t If
the inequality (1 —q)(1 —¢") > 2,/q is valid, then the next two inequalities are
valid for z € U:

h (2:9) (1-ql-¢")-2/a
() | o 1-a)1-¢") - va
(31) %{ h§3>(z;q)q }z 7 .
Proof. From the inequality (13) we have that
(32) 1+ [T < — 91 -¢")

= 1—q)( —¢) =1

The inequalitiy (32) is equlvalent to

(1-g1-¢")—Vva
(33) \/q ;1|T W< 1

In order to prove the inequality (30), we consider the function ¢(z) defined by

1+6(z) _(1-91-¢)—va[ h’(zg (1-gl-q¢)-2/7
1—9(2) Vi (h$ ) (25 q) Vi ’
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which is equivalent to

m n (-90-¢")- 0o n
L+o(z) 14+ T2 + W Zn:erl Thz
1—-9¢(z) 1+ Th2" '
From the equality (34) we obtain

S A DL

(34)

Z) = m 1—qg)(1—gq¥)— 0o
242, Thz" + W nem+1 In2"
and g
W ZTOLO:77L+1 |Tn‘
6()| < . L .
2 - 2271:1 |T’ﬂ| - va Zn:m+1 |T’ﬂ|
The inequality
- (1-9(1-¢") -7 <
(35) STl + VIS <
n=1 \/a n=m-+1

implies that |¢(z)| < 1. It suffices to show that the left hand side of (35) is
bounded above by

(I_Q)(l_qy)_\/az‘j—v |
\/a n>1
which is equivalent to
\/a n=1 a

The last inequality holds true for (1 —¢)(1 —¢") > 2,/3.
In order to prove the result (31), we consider the function ¢(z) given by

1—¢(2) Va h) (zq) Va

Then, from the last equality we get

L+e(z) _ (1 L (kq)(kq“)—ﬁ) {<h£3>>m<z;q> _ (lq)(lq")\/ﬁ}.

7(1_Q)(1_‘1V)_\/§ o0 Tnzn

() = v i
24230 T,2" — W Z;;O:mﬂ T,2™
and ) o
lo(2)] < — ,ﬁ ?z}?“ i .
2230 |T| - BRI T

The inequality

- 1-9)1-¢") V1 <«
(36) Tn| + T, <1
ngl \/a n:;Jrl
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implies that |p(z)| < 1. Since the left hand side of (36) is bounded above by

-9 -9¢") -4

which is equivalent to

(1 - Q)(l \/aqy) — 2\/a nil |Tn| > 0.

This completes the proof of the theorem. O

Theorem 2.6. Let v > —1,q € (0,1), the function Y U — C be defined
by (5) and its sequences of partial sums by (hl(,?’))m(z; q) =z+ Yy Tzt
If the inequality (1 —q)(1 — q") > 4,/q, then the neat two inequalities are valid
for z € U:

(37) R (hf)) (7 q)) L (1=9(1—¢")* —4(1 = ¢)(1 = ¢")v/a+2q
(W) mz0)) ]~ 20— —a)Vi—a ’

(1) |~ 2000 —a)a—a’

Proof. From the inequality (14) we have that

1-gl-g¢)
o H;l(nH)T”'S((1—q><1—qv>—ﬁ> '

The inequality (39) is equivalent to

(-9 -¢)-va)°
21— q)(1 —¢")\/a —q ;(”Jrl) Tl < 1.

In order to prove the inequality (37), we consider the function ¢ (z) defined by

1+ 1)(2) ((1—q)(1—q”)—\/?1)2{ (h(”g)(z;Q))l _)\}
(¢ ) )

(40)

1—9(2) 2(1—-¢q)(1 _qy)\/g_q hi?’))m(z;q)
(1-9)*(1—¢")*—4(1—q)(1—¢*)\/q+2
Where )\ = d 2(%_(1)(1_(11/(;\/5_2 \/a K
(41)
m n o (=0(1-¢")-v3)" oo n
L+9(2) _ L+, (n+1)Th2" + M Donemir (M +1)Tnz

1—(2) T+> 0 (n+1)Tyz"

. The last equality is equivalent to
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By using the equality (41) we get

(1-9(1-¢")-va)” "
W(z) = 20—q)(1—¢") Vi1 Y ommi1 (1) Tz

- n . ((—00-¢")-ya)’ .
242" (n4+1)T,2" + (2(1—qq)(1_qu)\/\ga—)q Zzoszrl (n+1) Tz

and

((1=0(1-¢)=ya)* oo
[Y(2)] < 2(1-9)(1—¢)/a—q donemi1 (n+1) [T

- (1-9)(1—¢*)—va)° '
29T, (n 4 1) [T~ SO e+ ) T

The inequality

m _ vy 2 %)
@ Yo+ <2<(11 %2 /@q > wenimis

implies that |¢(z)| < 1. Tt suffices to show that the left hand side of (42) is
bounded above by

(1-q)(1—¢) - a)°
20—q)(1—q")\/a—q g:l(TH D Tl

which is equivalent to
A> (n+1)|T,] > 0.
n=1

Thus, the result (37) is proved.
To prove the result (38), consider the function p(z) defined by

1 +p(2) — {1 4 ((l_q)(l_ql’)_ﬁ)2 }{ (hSIS)(Z;q))’ 7 ((1_q)(1_qy)_ﬁ)2}

1—p(2) 20=)0=a)Va=a [ () m(zg) 200V
The last equality is equivalent to
(43)

m n (1-90-0")-v7)" oo
1+ p(Z) _ 1+ Zn:l(n + 1)Tnz - 2(1—q)(1—q*)/a—q Zn:m+1

=) TF S (0t DTer
From the equality (43) we get

(n+1)T,z"

vy_ 2
((1—11)(1—(] ) \/5) ZOO (n+1)Tn2n

p(z) — T 2(1—q)(A—-¢")va—q n=m+1
2425 ™ n (=9)(1-¢")~7)” o -
+ Zn:l(n+1)TnZ T 20— (=-¢")vi-q Zn:m+1(n+1)Tnz
and

(1-9)(1-¢")~v7)” oo
o(2)] < ) S22 a4 D [T

- m (1-9)(1-¢")~v7)” oo '
223 (0 )T - S e ) T
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The inequality

m _ _ v _ 2 oo
(44) Z(n+1)|Tn|+(2((11qq))((1l ¢) ~ Vi) S 41T <1

n=1 qV)\/a —4q n=m-+1
implies that |p(z)| < 1. Since the left hand side of (44) is bounded above by

(1)1 —¢) - a)*
2(1_q)(1_qy)\/§_q 1122:1(”4-1) |Tn‘7

which is equivalent to

0= =) (-1 =) 4D+ 255 )75,

2(1-¢)(1 = ¢")Va—q
the proof of result (38) is completed.
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