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FREE AND NEARLY FREE CURVES
FROM CONIC PENCILS

ALEXANDRU DiMcaA

ABSTRACT. We construct some infinite series of free and nearly free curves
using pencils of conics with a base locus of cardinality at most two. These
curves have an interesting topology, e.g. a high degree Alexander polyno-
mial that can be explicitly determined, a Milnor fiber homotopy equiv-
alent to a bouquet of circles, or an irreducible translated component in
the characteristic variety of their complement. Monodromy eigenspaces
in the first cohomology group of the corresponding Milnor fibers are also
described in terms of explicit differential forms.

1. Introduction

Let S = Clz,y, 2] be the graded polynomial ring in the variables z, y, z with
complex coefficients and let C': f = 0 be a reduced curve of degree d in the
complex projective plane P2. The minimal degree of a Jacobian syzygy for f
is the integer mdr(f) defined to be the smallest integer » > 0 such that there
is a nontrivial relation

(1.1) prafy+bfy+cf.=0

among the partial derivatives f;, fy and f, of f with coefficients a, b, c in S,,
the vector space of homogeneous polynomials of degree r. Such a curve C is
free (resp. nearly free) if the graded S-module of Jacobian syzygies AR(f) C S®
consisting of all relations of type (1.1) is free (resp. has a very special minimal
resolution), see [7] for details. The knowledge of the total Tjurina number of C,
denoted by 7(C), which is the sum of the Tjurina numbers 7(C, p) for all the
singular points p of C, and of the invariant mdr(f), allows one to decide if the
curve C is free or nearly free. Indeed, the curve C is free (resp. nearly free) if
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706 A. DIMCA

and only if 7(C) = (d—1)?2—r(d—7r—1) (vesp. 7(C) = (d—1)®>—r(d—r—1)—1),
where r = mdr(f), see [7,15].

Assume from now on that C is not a union of lines passing through one
point, which is equivalent to mdr(f) > 0. When C is a free (resp. nearly free)
curve in the complex projective plane P?, then the exponents of C, denoted by
dy < da, satisfy d; = mdr(f) > 1 and one has

(1.2) dy+dy=d—1,

(resp. d1 + do = d). For more on free hypersurfaces and free hyperplane ar-
rangements see [8,11,19,21, 28].

If the curve C is reducible, one also calls it a curve arrangement. When the
curve C' can be written as the union of at least three members of a pencil of
curves, we say that C' is a curve arrangement of pencil type. Such arrangements
play a key role in the theory of line arrangements, see for instance [8,16], and
their relation to freeness was considered in [9, 29].

From the topological view-point, we consider the complement U = P? \ C
and let F : f = 1 be the corresponding Milnor fiber in C3, with the usual mon-
odromy action h : ' — F'. One can also consider the characteristic polynomials
of the monodromy, namely

(1.3) AL(t) = det(t - Id — hi|H’(F,C))

for 7 = 0,1,2. It is clear that, when the curve C is reduced, one has Aoc(t) =
t — 1, and moreover

(1.4) AZBALD A () = (¢! = 1),

where x(U) denotes the Euler characteristic of the complement U, see for in-
stance [5, Proposition 4.1.21]. Recall that

(1.5) x(U) = (d—=1)(d—2)+1-pu(C),

where p(C') is total Milnor number of C', which is the sum of the Milnor numbers
u(C, p) for all the singular points p of C. It follows that the polynomial A(t) =
AL(t), also called the Alexander polynomial of C, determines the remaining
polynomial AZ(t). When x(U) < 0, a situation described for instance in
[17,18,30] and occurring in Theorems 1.1, 1.3 below, then A(t) is quite large.
Recall also the Hodge spectrum definition

o i
(1.6) Sp(f) = _nht
a>0
for 7 = 0,1, where 4
n} , = dim Gri.H*71(F,C),

with F' denoting the Hodge filtration in Grp, p = |3—«] and A = exp(—2mia),
see [4,8,10,22]. It is clear that Sp'(f) determines the Alexander polynomial
A(t).

It is an interesting question to see how the freeness of a curve C' is reflected in
the topological properties of U and F', see for instance [2]. In this note we show
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that many interesting free and nearly curves can be obtained from pencils of
conics. Our examples go beyond the papers [9,29], where pencils are considered
mostly under the hypothesis that the base locus is smooth and no member in the
pencil has non-isolated singularities. The freeness of conic-line arrangements
is also discussed in [25], from a different perspective and with a different aim.
The topology of the complements of some conic-line arrangements is discussed

in [1,3].
Consider first the following conic pencil with one point base locus:
(1.7) Py :te® 4+ s(zz +y*) =0
b

FiGUrE 1. The pencil P,

In this pencil, there is a double line 2L, where L : x = 0, and all the other
members are smooth conics, meeting just at the base point b = (0 : 0 : 1).
Using this pencil we construct the following curves:

Com : f =2 4 (22 +%*)™ =0 and
Comr : f=x(a® + (zz +y*)™) = 0.

These curves have been essentially introduced by C. T. C. Wall in [31, Chapter
7, Section 7.5, p. 179] (where the common tangent is = 0 and not y = 0 as
claimed) and independently by Arkadiusz Ploski in [20]. These authors showed
that these curves have a maximal possible Milnor number at b, namely

d
(19) u(Cat) = (d—1)° - 5]
in the class of all plane curves C of degree d, with mult, C' < d. Then Jaesun
Shin has shown that if we consider the total Milnor number px(C') of plane curves
C of degree d, we get the same result, see [26]. Since very singular plane curves
tend to be free, the first claim of our first main result is not surprising. The

other properties of these curves listed below are quite unusual in our opinion.

Theorem 1.1. Consider the curves Cy defined in (1.8), for d > 3. Then the
following holds.

(1.8)

(1) The curves Cq are free with exponents di = 1 and do = d — 2. In
particular, the global Tjurina number 7(Cy) = (d — 1)? — (d — 2) is
maximal in the class of all plane curves C of degree d, with mult, C < d.
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(2) The complement U satisfies ba(U) = 0. Moreover, U is homotopy
equivalent to a bouquet of circles VS if and only if d is odd. In addi-
tion, the Euler characteristic x(U) is given by

d
x(U)=2-d+ 5],

(3) When d is odd, then the Milnor fiber F is homotopy equivalent to a bou-
quet of circles VS', and hence the corresponding Alexander polynomial
A(t) of Cq is given by

At) = (t—1)(t? —1)=x),

(4) When d = 2m is even, the Alexander polynomial A(t) of Cq is deter-
mined by the Hodge spectrum

Sp(f) = =Lty 3y £ m— 12,
P (f) j_;;ll 5 )+ ( )

Remark 1.2. (i) The Hodge spectrum Sp!(f) in the case d odd follows easily
from Proposition 2.1 and Lemma 2.2 below.

(ii) The characteristic polynomial A%(¢) of C, is non-trivial when d = 2m
is even. For instance, it follows easily from Theorem 1.1(4) and formula (1.4),
that A%(t) = ®o(t)Pg(t) (vesp. A?(t) = @s(t)) for d = 6 (resp. d = 8). Here ®;
denotes the j-th cyclotomic polynomial.

(iii) Since 7(Cyq) < p(Cyq) for d > 5, it follows that the singularity (Cy,b) is
not weighted homogeneous in this range. Note also that the computation of
7(Cyq) is rather difficult without using the freeness of the curve Cj.

Consider next the following conic pencil with a two points base locus:
(1.10) Py trz+sy? =0

FIGURE 2. The pencil Ps

This pencil is considered also in Shin’s paper [26] mentioned above. In
this pencil, there is a double line 2L/, where L' : y = 0, a singular conic
Q' : xz =0, and all the other members are smooth conics, meeting at the base
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points b= (0:0:1) and ¥ = (1: 0 :0). Using this pencil we construct the
following curves:

Chm o f = x2[(22)™F + 4?72 = 0 and
Comyr [ =a[(z2)™ +y*™] = 0.

These curves present a dramatic change in their Alexander polynomials when
we pass from an even degree to an odd one.

Theorem 1.3. Consider the curves Clj defined in (1.11), for d > 3. Then the
following holds.

(1) The curves C!j are free with exponents di =1 and do = d — 2. In par-
ticular, the global Tjurina number 7(CY) = (d—1)?—(d—2) is mazimal
in the class of all plane curves C of degree d, with mult, C < d. More-
over, all the singularities of the curve C!, are weighted homogeneous
and hence p(Ch) = 7(Ch).

(2) The complement U’ = P?\ C/; satisfies x(U') = 0. More precisely, one
has

(1.11)

m@mngam @@W:L%—L

(3) When d = 2m + 1 is odd, one has H'(U',C) = H(F',C), where
F’ denotes the corresponding Milnor fiber. Hence the corresponding
Alezander polynomial A(t) of Cl is given by

A(t) = (t — 1)1,
(4) When d = 2m is even, the Alexander polynomial A(t) of CY; is deter-

mined by the Hodge spectrum
Sp(f) = T2 L+ 4 54y 4ome.
= 2 I )
Remark 1.4. As mentioned above, the curves Cy realize the maximum value
of the total Milnor number p(C) in the class of curves C of degree d, and
the curves realizing this maximum are essentially unique, as shown by Jaesun
Shin in [26] (and by Arkadiusz Ploski in [20] for p(C,b)). If one asks the same
question for the total Tjurina number 7(C'), then Theorem 1.1(1) and Theorem
1.3(1) show that this unicity does no longer hold. For a discussion on maximal
Tjurina numbers see also [31, Chapter 7, Section 7.5, pp. 178-179].

Using the pencil (1.10) we construct also the following curves:
(112) s f = (22)™ + 42" = 0 and Gl = f = yl(z2)™ +52™) = 0.
These curves are no longer free, but they are nearly free as defined for instance

in [7]. The next result shows that from a topological view-point, the behaviour
of these two classes of curves can be very similar.

Theorem 1.5. Consider the curves C] defined in (1.12), for d > 3. Then the
following holds.
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(1) The curves C! are nearly free with exponents dy =1 and dy = d — 1.
In particular, the global Tjurina number is given by 7(CY) = (d—1)* —
(d—2)—1. Moreover, all the singularities of the curve C!] are weighted
homogeneous and hence u(CY) = 7(CY).

(2) The complement U" = P?\ C/ satisfies x(U") = 1. More precisely,
one has

b(U") = ba(U") = (157

(3) The Alexander polynomial A(t) of C!; is determined by the Hodge spec-
trum

s = Y S e (e

2
j=3,d—1

Remark 1.6. The complements U, U’ and U” come each with a surjective
regular mapping ¢ : U — P\ B, ¢ : U — P!\ B’ and ¢" : U — P!\
B" respectively. Here B, B’ and resp. B" are finite sets of points in P!
corresponding to the members of the pencil that occur in the given curve,
see the next section for a precise description of B for Cy,,41. Note that for
the curve Cs,,, the mapping ¢ has a multiple fiber 2L, and for the curves
C!, (resp. C%,,) the mapping ¢’ (resp. ¢’') has a multiple fiber 2L’. These
multiple fibers create translated irreducible components in the corresponding
characteristic varieties, as explained in [6,8]. Note also that the fundamental
groups m1(U’) (resp. w1 (U")) are described in [1] for d = 5,6 (resp. d =4, 5).

In the final section we explain how our results on Alexander polynomials
give in fact explicit de Rham cohomology classes in the Milnor monodromy
eigenspaces HYO(F), = FYH!(F,C)) of the Milnor fiber F, similar to the
results in [12].

We thank Arkadiusz Ploski for useful discussions and a pointer to the refer-
ences [26,31], and the referee for the careful reading of our manuscript.

2. Conic pencils with one point base locus

In this section we prove Theorem 1.1 and give additional information on the
free curves Cy.

Proof of Theorem 1.1, claim (1). When d = 2m, then we have the following
formulas

el omz(zz +yH)™ Y, f, = 2my(rz +y?)™ ! and

f. = ma(ez +y?)" L

fz =2mx

Hence p1 : zfy, —2yf. = 0 and hence mdr(f) = 1. To show that Cy is free, it
is enough to show the existence of a Jacobian syzygy p2 as in (1.1) of degree
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d — 2, which is not a multiple of the degree 1 syzygy pi1, see [27]. In order to
do this, note that

g= —2(ZEZ +y2)m71fx =+ y2m73zfy

is divisible by f,, hence it yields the required syzygy p2. When d = 2m+1, the
above syzygy p; still exists, and we follow the same idea. One has to consider
the polynomial

g=—2mz(zz+y*>)" " fo + ¥y,

and note that this g is again divisible by f.. The claim about 7(Cy) is a
consequence of the maximality of the total Tjurina number for free curves, see
[7,15]. O

Proof of Theorem 1.1, claim (2). Using the formulas (1.5) and (1.9), it follows
that
d

X(U) :bo(U)—b1(U)+b2(U) :2—d+ |_§J,

as claimed. Next note that bo(U) = 1, while by (U) = m — 1 when d = 2m, and
b1(U) = m when d = 2m+ 1. This implies by(U) = 0. When d = 2m, it follows
that

H\(U,Z)=7""'®Z/2Z,

see for instance [5, Proposition 4.1.3], and hence U is not a bouquet of circles.
When d = 2m + 1, note that the mapping

¢:U —P'\ B,

given by (z:y: 2) — (2% : zz+y?), with B = {(0: 1)}U{(1: =) : ¢™ = -1},
is a locally trivial fibration with contractible fiber. Indeed, the fibers are smooth
conics, homeomorphic to S2, with the base point deleted. It follows that U has
the homotopy type of P!\ B, namely a bouquet of m circles S*. (]

Proof of Theorem 1.1, claim (3). The Milnor fiber F is a cyclic covering of U
of degree d. A covering of a 1-dimensional CW complex is still a 1-dimensional
CW complex, hence the first claim follows. This implies that bo(F') = 0, and the
formula for the Alexander polynomial A(t) follows from the formula (1.4). O

Proof of Theorem 1.1, claim (4). First we state in down-to-earth terms some
of our results in [14]. For more details on this spectral sequence approach to the
computation of the Milnor fiber monodromy we refer to [10,12,13,23,24]. O

For any reduced plane curve C : f = 0, consider as in the Introduction the
vector space AR(f); of Jacobian syzygies of f of degree j. We have a linear
mapping d; : AR(f); — S;j_1 given by (a, b, ¢) — ay +b,+c,. For the following
result we refer to [14], see especially Proposition 2.2 and Corollary 2.4.
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Proposition 2.1. Let C': f =0 be a degree d reduced plane curve. With the
above notation, let n; = dimkerd;. Then the Hodge spectrum Sp'(f) is given
by the formula

SP () = Dm0 (D)
j=3,d—1
Proof. Tn the notation from [14] and (1.6) above, one has a = 1+ j/d, n} , =
dimE;’O(f)j for1 < j < dand n}a = dimE;’O(f)d,(j,d) ford+1 < j < 2d-1.
Indeed, for the other values of «, one clearly has n})a = 0. Now it follows from
the definition of Ey°(f)x for k € [1,d], that

dim By (f); = nj-
for 1 <j <d, and
dim EZLO(f)Qd—j = Nad—j—2

ford+1<j<2d-3. Set 7 =2d — j and note that

-/

J J
3—==1+=.
R
This shows that, for 1 < j < d, the coefficient of 3=% has to be Nog—ji—2 =
nj—2. O

Now we come back to our curves Cy and determine the sequence n;. To
start with, we have AR(f)o =0, no = 0 and AR(f); is 1-dimensional, spanned
by

p1 = (0,2, —2y).
Since 01(p1) = 0, it follows that n; = 1. For j satisfying 1 < j < d — 2, the
elements of AR(f); are of the form

Ph = hpl = (07.’17h, _2yh)a

where h € S;_;. Note that §;(ps) = 0 if and only if zh, — 2yh, = 0. The
following result is an easy exercise for the reader.

Lemma 2.2. Let h € S be a homogeneous polynomial of degree e = j — 1 such
that zhy — 2yh, = 0. If e = 2e; is even, then h = hi(u,v), where hy € S.,,
u=1x?and v = 2z +y>. Ife = 2e; + 1 is odd, then h = why(u,v), where
hi(u,v) is as above.

Let now j = 2j; be even. Then e = 2j; — 1 =2(j; — 1) + 1 is odd, and it
follows from Lemma 2.2 that n; = e; +1 = j;. When j = 2j; + 1 is odd, then
e = 271 is even, and it follows from Lemma 2.2 that n; = j; +1. It follows that

IRVES
n] - I_ 2 J’

which completes the proof of the last claim in Theorem 1.1.



FREE AND NEARLY FREE CURVES FROM CONIC PENCILS 713

3. Conic pencils with two points base locus

In this section we prove first Theorem 1.3.

Proof of Theorem 1.3, claim (1). By a direct computation, we find the follow-
ing degree one syzygies

p1 = (x’ 0, _Z)
for d even, and

p1 = (2mz, —y, —2(m +1)z)

for d = 2m + 1 odd. Then, in both cases we have f, = g and f. = xh for
some polynomials ¢ and h, which give rise to the degree (d — 2) syzygy

p2 = (0,h, —g).

The singularities of the curve C are located at (1:0:0) and (0:0:1) for d
odd, and the same plus an extra node at (0 :1:0) when d is even. A simple
computation shows that all these singularities are weighted homogeneous. [l

Proof of Theorem 1.3, claim (2). This is obvious, using the formula for p(C/)
and (1.5). O

Proof of Theorem 1.3, claim (3). To prove this claim we use Proposition 2.1
and show that n; = 0 for all j’s with 1 < j < d—3. As in the proof of Theorem
1.1(4), we have AR(f)o =0, no =0 and AR(f); is 1-dimensional, spanned by

pr = (2ma, —y, —2(m + 1)z).

Since d1(p1) = —3, it follows that ny = 0. For j satisfying 1 < j < d — 2, the
elements of AR(f); are of the form

pn = hp1 = (2mah, —yh, —2(m + 1)zh),
where h € S;_1. Note that §,(ps) = 0 if and only if
2mahy — yhy —2(m 4+ 1)zh, —3h = 0.
The following result completes the proof of claim (3). (]

Lemma 3.1. Let h € S be a homogeneous polynomial of degree < 2m — 2 such
that

2mahy — yhy —2(m 4+ 1)zh, —3h = 0.

Then h = 0.

Proof. Assume that a monomial 2%y’2¢ enters into the polynomial A with non-
zero coefficient. Then a+b+c¢ < 2m—2 and 2ma—b—2(m+1)c = 3. The last
relation implies that @ > ¢, say a = c+e where e > 1. Then b+2c+e < 2m—2
implies that

3=2ma—-b—2(m+1)c>2me—(2m—-2—e)=2(e—1)m—+2+e > 3,

a contradiction. This shows that h = 0. ]
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Proof of Theorem 1.3, claim (4). As above, we have AR(f)o = 0, ng = 0 and
AR(f); is 1-dimensional, spanned now by

P1 = (Jf, 07 _Z)
Since 01(p1) = 0, it follows that ny = 1. For j satisfying 1 < j < d — 2, the
elements of AR(f); are of the form
pn = hp1 = (xh,0,—zh),

where h € S;_1. Note that 0;(pn) = 0 if and only if zh, — zh, = 0. The
following result is an easy exercise for the reader.

Lemma 3.2. Let h € S be a homogeneous polynomial of degree e = j — 1 such
that xh, — zh, = 0. If e = 2e; is even, then h = hy(u,v), where hy € Se,,
uw=umxz and v =y> Ife=2e; +1 is odd, then h = yh(u,v), where hy(u,v) is
as above.

It follows as above that

IRVES
n] I_ 2 J ’
which completes the proof of the last claim in Theorem 1.3. O

Next we prove Theorem 1.5.

Proof of Theorem 1.5, claim (1). By a direct computation, we find the degree
one syzygy

p1 = (z,0,—2).
Consider then the degree d — 1 syzygies given by the Koszul relations
P2 = (fy7 _fw70) and pP3 = (O7f27 _fy)

It follows from [7, Theorem 4.1] that C// is a nearly free curve with exponents
d1 :17 dgidfl and that

T(CH={d-1)?*—(d—-2)—1=d*>—3d+2.

The singularities of the curve C’; are located at (1 : 0 : 0) and (0 : 0 : 1).
A simple computation shows that all these singularities are weighted homoge-
neous. (I

Proof of Theorem 1.5, claim (2). Obvious. O

Proof of Theorem 1.5, claim (3). The same as the proof of Theorem 1.3, claim
(4). O
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4. De Rham cohomology of Milnor fibers
In this section we give explicit bases for the eigenspaces
HYY(F)\ = F*H'(F,C),,

where F' is one of the Milnor fibers discussed above. First we fix some notation.
For a syzygy p = (a,b,c) € AR(f);, we consider the differential 2-form on C?
given by

wip) =adyAdz—bdzAdz+cdzAdy € Q2

where Q7 denotes the space of j-differential forms on C3 with polynomial coef-
ficients. Then we have deg(w(p)) =j+ 2, d f Aw(p) = 0 and J,(p) = 0 if and
only if dw(p) = 0. Let A : Q% — Q! denote the contraction with the Euler
vector field. Let F : f = 1 be the Milnor fiber of f and denote by ¢ : F — C3
the inclusion. Recall also that h : F' — F' is given by

h(.’t, Y, Z) = exp(2m/d) : (CE, Y, Z)
and the monodromy action on H’(F,C) is induced by (h=1)*.

Consider first the curves Cy : f = 0 from Theorem 1.1. Then take p; =
(0, —z,2y) and set

wi=wlp) =xdzAdz+2ydzAdy € Q2.

If e = 2e; is even, then let E. be the vector space of all polynomials h =
hi(u,v), where hy € Se,, u = 2% and v = zz + y%. If e = 2¢; + 1 is odd, then
let E. be the vector space of all polynomials h = xh;(u,v), where hq(u,v) is
as above, exactly as in Lemma 2.2.

Proposition 4.1. For the Milnor fiber F' : f =1 of the curve Cy : f =0, and

fork=3,...,d—1, the eigenspace H°(F)y where A = exp(—2mik/d) is given
by the cohomology classes of the 1-forms a = 1*(A(hwy)) for h € Ej_o.

Proof. In the notation from the proof of Proposition 2.1, the space
By (e =EX(Nr={weQ® : degw) =k, dfrw=dw=0}

is identified to F1H!(F,C),, via the map w ~ (*(A(w)), see for details [12,
Remark 2.6(i)] and [14, Corollary 2.4]. The same proof applies for the next two
similar results. (]

Consider now the curves C}; : f = 0 from Theorem 1.3 with d even. Then
take pj = (2,0, —2) and set

Wi =w(p)) =xdyndz—zdzAndy € Q%

If e = 2e; is even, then let E. be the vector space of all polynomials h =
hy(u,v), where hy € Se,, u = zz and v = y%. If e = 2e; + 1 is odd, then let
E! be the vector space of all polynomials h = yhy(u,v), where hy(u,v) is as
above, exactly as in Lemma 3.2.
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Proposition 4.2. For the Milnor fiber F : f = 1 of the curve C; : f =0
with d even, and for k = 3,...,d — 1, the eigenspace HO(F)y where \ =
exp(—2mik/d) is given by the cohomology classes of the 1-forms o =*(A(hw?))
forhe Ei_,.

Finally, by the same type of consideration, we get the following result for
the curves in Theorem 1.5. Note that the same 1-form w} and the same vector
spaces Ej as above are used in this case, since the first syzygy is the same in
the two situations.

Proposition 4.3. For the Milnor fiber F : f =1 of the curve CJ] : f =0, and
fork=3,...,d—1, the eigenspace H*°(F), where A\ = exp(—2mik/d) is given
by the cohomology classes of the 1-forms o' = *(A(hw))) for h € Ej,_,.
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