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MIXED MULTIPLICITIES OF MAXIMAL DEGREES

TrRUONG THI HONG THANH AND DUONG QUOC VIET

ABSTRACT. The original mixed multiplicity theory considered the class
of mixed multiplicities concerning the terms of highest total degree in
the Hilbert polynomial. This paper defines a broader class of mixed
multiplicities that concern the maximal terms in this polynomial, and
gives many results, which are not only general but also more natural
than many results in the original mixed multiplicity theory.

1. Introduction

Let (A, m) be an Artinian local ring with maximal ideal m and infinite residue
field A/m. Let S = @, cnaSa be a finitely generated standard N?-graded
algebra over A (i.e., S is generated over A by elements of total degree 1) and
let M = @, cne Mn be a finitely generated N?-graded S-module. Denote by
Pys(n) the Hilbert polynomial of the Hilbert function £4[My] and by ProjS
the set of the homogeneous prime ideals of S which do not contain Sy =
P,~0Sn- Put Supp, , M = {P € ProjS | Mp # 0} and dimSupp, M =
s. Then by [5, Theorem 4.1], deg Pps(n) = s. Since Pps(n) is a numerical
polynomial, one can write Pp(n) = > e e(M;k) (ntk), e(M;k) € Z and
(L) = (R (MR for all k = (ky,. ., ka) and 0= (na, ..., ng) € N

In past years, one studied the mixed multiplicities concerning the coefficients
of the terms of highest total degree in the Hilbert polynomial Py;(n), i.e., the
mixed multiplicities e(M;k) of M of the type k with |k| = k; +---+ kg = s.
These mixed multiplicities are briefly called the original mized multiplicities (or
the mized multiplicities of highest degree). And the original mixed multiplicity
theory has attracted much attention and has been continually developed (see
e.g. [2-12; 14-31)).

In this paper, we consider e(M;k) such that e(M;h) = 0 for all h > k
which concerns the coefficient of the maximal term of degree k in the Hilbert
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polynomial of M. Then e(M;k) is called the mized multiplicity (of mazimal
degree) of M of the type k (Definition 2.2). Proposition 2.4 proves that e(M; k)
are non-negative integers. Note that the presence of the mixed multiplicity
e(M;k) with |k| < deg Pps(n) often arises from the process of transforming
the mixed multiplicities of highest degree (see [31]). Moreover, the natural
appearance of these mixed multiplicities is also expressed via the relationship
between their existence and the existence of other familiar objects. This fact
is shown by Proposition 2.9 which characterizes the existence of the mixed
multiplicity of the type k for a given k € N%. In addition, for the persuasiveness,
Example 2.12 showed the presence of all these mixed multiplicities.

The paper first answers to the question when mixed multiplicities of maximal
degrees are positive and characterizes these mixed multiplicities in terms of
the length of modules via filter-regular sequences. Recall that a homogeneous
element a € S is called an S, -filter-reqular element with respect to M if (Opy :
a)n = 0 for all large n. And a sequence z1,...,z; in S is called an Sy -filter-
reqular sequence with respect to M if x; is an Sy -filter-regular element with
respect to M/(zy,...,z;_1)M for all 1 <i <t. Set e; = (0,...,1,...,0) € N¢
and S; = Se, for 1 < i < d. A sequence of elements in U;l:l S; consisting
of ki elements of Si,...,k; elements of Sy is called a sequence of the type
k = (k1,...,kq). Then we have the following result.

Theorem 1.1 (Theorem 2.7). Let e(M;k) be the mized multiplicity of mazimal
degree of the type k of M. Assume that x is an Sy -filter-reqular sequence of
the type k of M. Then we have e(M;k) = £[(M/xM)_] for all large n. And

e(M;Xk) # 0 if and only if dim Supp++(%) =0.

From this theorem we obtain Proposition 2.9; Remark 2.10; Corollary 2.11;
Example 2.12 on the existence of mixed multiplicities of maximal degrees.

To consider the relationship between mixed multiplicities of maximal de-
grees and other invariants, we turn now to the notion of mixed multiplicity
systems and related invariants. Recall that a sequence y of the type k € N¢ is
called a mized multiplicity system of M of the type k if dim Supp++(y%) <
0. Let x = x1,...,z, be a mixed multiplicity system of M of the type k.
Denote by H;(x, M) the ith Koszul homology module of M with respect
to x. Then one can define that is called the Fuler-Poincare characteristic
x(x, M) = 3" (—1)%a[H;(x,M)n] (a constant for all n > 0). And one
also define the mized multiplicity symbol €(x, M) as follows. If n = 0, then
L4[My] = ¢ (const) for all n > 0 and set é(x, M) =€(0, M) =c. If n > 0, set
e(x, M) =e(x',M/x1 M) —e(x',0p : z1), here X' = x9,...,z, (see [31]).

With the above notations, the main theorem of this paper is stated as follows.
Theorem 1.2 (Theorem 2.13). The mized multiplicity of mazimal degree of

M of the type k is defined if and only if there exists a mized multiplicity system
x of M of the type k. In this case, we have

X(XvM) = g(XaM) = E(M,k)
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As applications of this theorem, we obtain Corollary 2.16 which characterizes
the positivity of mixed multiplicities; Corollary 2.17 on the additivity of mixed
multiplicities of maximal degrees; and the following formula which transforms
mixed multiplicities of maximal degrees via mixed multiplicity systems.

Corollary 1.3 (Corollary 2.14). Letx = x1,...,xs be a mized multiplicity sys-
tem of M of the type k. Denote by h; = (h;q, ..., hiq) the type of a subsequence

T1,...,2; of X for each 1 < i <'s. Then for all large n, we have
> (ml,...,xi_l)M:xi >
e(M;k)=V0a|(M/xM)_| — e ;k—h; |.
( ) A[( / )“] Zz:; ( (xl,...,xi,l)M

And by Theorem 1.1 and Corollary 1.3, we immediately get the following
result.

Corollary 1.4 (Corollary 2.15). Let x be a mized multiplicity system of M of
the type k. Then we have e(M;k) < €a[(M/xM) n} for all large n, and equality
holds if x is an Sy -filter-reqular sequence.

Moreover, applying Theorem 1.2 for mixed multiplicities of maximal degrees
of ideals, we get several corollaries (see Theorem 3.5, Corollary 3.8, Corollary
3.9, Corollary 3.10, Corollary 3.11, Corollary 3.12, Theorem 3.13) in Section 3.

The results of this paper show that many important properties of the mixed
multiplicities of highest degree not only are still true but also are more natural
in the broader class of the mixed multiplicities of maximal degrees. Further, we
see that because many constrained conditions in the original mixed multiplic-
ity theory can be eliminated, statements and proofs sometimes become more
convenient in the class of these new objects. Moreover, we hope that these
objects and results on them not only are a pure extension, but also will bring
a certain geometrical significance.

The paper is divided into three sections. Section 2 is devoted to the discus-
sion of mixed multiplicities of multi-graded modules. Section 3 gives applica-
tions of Section 2 to mixed multiplicities of ideals.

2. Mixed multiplicities of graded modules

This section studies a class of mixed multiplicities which concern the coeffi-
cients of the maximal terms in the Hilbert polynomial of multi-graded modules.
Let d be a positive integer. Put e; = (0,..., (1), ...,0) € N? for each 1 <

1

i<dand k! = ki!---kg; | k|=Fky +---+ kg for any k = (ky,...,kg) € N
Moreover, set 0 = (0,...,0) € N%; 1 = (1,...,1) € N? and nk = n’fl -~~n§d
for each n,k € N? and n > 1. Let S = P,.cne Sn be a finitely generated
standard N%graded algebra over A (i.e., S is generated over A by elements
of total degree 1) and let M = @, ., Mn be a finitely generated N?-graded
S-module. Set Sy, = @,,~1 Sn and S; = Se, for any 1 < i < d. Denote by
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ProjS the set of the homogeneous prime ideals of S which do not contain S .
Put

Supp, M = {P € ProjS | Mp # 0}.

By [5, Theorem 4.1], £4[My] is a polynomial for all large n. Denote by Pjs(n)
the Hilbert polynomial of the Hilbert function £4[My,].

Remark 2.1. If we assign dim Supp, , M = —oo to the case that Supp, M =0
and the degree —oo to the zero polynomial, then by [5, Theorem 4.1] and
[27, Proposition 2.7], we always have deg Py;(n) = dim Supp,, , M.

Recall that in particular, if dimSupp, , M = s > 0 and the terms of to-

tal degree s in the polynomial Pp;(n) have the form -, _  e(M; k)%7 then
e(M;k) are non-negative integers not all zero, called the mized multiplicity
of M of the type k [5]. Obviously, these mixed multiplicities only concern
the coefficients of the terms of highest total degree in the Hilbert polynomial
deg Pyps(n). And from now on, these mixed multiplicities are called the original
mized multiplicities (or the mized multiplicities of highest degree).

Now, we give a broader class than the class of the original mixed multiplic-
ities as in the above introduction.

Since Pjys(n) is a numerical polynomial, it is well known that we can write

n+k
Py(n)= Y e(M;k)( N )
keNd
Then e(M;k) € Z for all k € N%. And we would like to select the following
objects.

Definition 2.2. We say that e(M; k) is the mized multiplicity of M of the type
k if e(M;h) = 0 for all h > k. These mixed multiplicities are called the mized
multiplicities of mazimal degrees.

Remark 2.3. Note that in the above definition, the mixed multiplicity of M of
the type k does not depend on dim Supp, , M. And if all the mixed multiplici-
ties of highest degree of M are positive, then the set of the mixed multiplicities
of maximal degrees of M and the set of the original mixed multiplicities of M
are the same.

Denote by AXf(n) the k-difference of the function f(n) for each k € N
If e(M; k) is the mixed multiplicity of M of the type k, then it can be verified
that AX[e(M;h)(*[)] =0 for all h # k. Hence

A¥Py(n) = AX[e(M; k) (“ I k)] = e(M;k).

Moreover, in this case, since Pys(n) takes positive values for all large n, it
follows that AXPy/(n) > 0, and so e(M;k) > 0. Hence we obtain a result as
follows.
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Proposition 2.4. Let e(M;k) be the mized multiplicity of M of the type k.
Then

(i) e(M;k) is a non-negative integer.

(ii) AkPy(n) = e(M;k).

Note that one can also get (i) as an immediate consequence of Theorem 2.7.

Next, we discuss filter-regular sequences as one of tools in the paper. The
notion of filter-regular sequences was introduced by Stuckrad and Vogel in
[13](see [1]). The theory of these sequences became an important tool to study
some classes of singular rings and has been continually developed (see e.g.
[1,17,27,29,32]).

Definition 2.5. Let a € S be a homogeneous element. Then a is called an
St -filter-regular element with respect to M if (Ops : a)y, = 0 for all large n. Let
z1,...,r; be homogeneous elements in S. We call that z1,...,2; is an S; -
filter-regular sequence with respect to M if x; is an S, | -filter-regular element
with respect to M/(x1,...,2;-1)M for all 1 <i < t.

Remark 2.6. We need to emphasize the following notes for filter-regular se-
quences:
(i) By [27, Proposition 2.2 and Note (ii)], for each k = (k1,...,kq) € N¢
there exists an Sy ;-filter-regular sequence x in Ule S; with respect to
M consisting of k1 elements of S1, ..., ks elements of Sy. In this case,
x is called an Sy ;-filter-regular sequence of the type k.
(ii) If a € S; is an Sy -filter-regular element, then by [27, Remark 2.6]
we obtain Ca[(M/aM)n] = La[Mn] — €a[Mn—e,] for large n. Hence
A% Pp(n) = Ppgjqar(n). From this it follows that for any S, -filter-
regular sequence x of the type k, we get AXPy/(n) = Parjxar(n).

In a recently appeared paper [27], by using Sy -filter-regular sequences,
Manh and Viet answered to the question when original mixed multiplicities
are positive and characterized these mixed multiplicities in terms of lengths of
modules (see [27, Theorem 3.4]). This theorem is developed to a broader class
as the following.

Theorem 2.7. Let S be a finitely generated standard N%-graded algebra over
an Artinian local ring A and let M be a finitely generated standard N®-graded
S-module. Let e(M;k) be the mized multiplicity of mazimal degree of the type
k of M. Assume that x is an Si4-filter-reqular sequence of the type k of M.
Then we have

e(M;k) = KA[(M/XM)n]
for all large n. And e(M;k) # 0 if and only if dim Supp++(%) =0.
Proof. First, we have AXPy/(n) = Ppr/xn(n) by Remark 2.6(ii). Note that

Prijxnt () = La[(M/xM), ]
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for all n > 0 and AXPy/(n) = e(M;k) by Proposition 2.4(ii). So for all
n > 0, we get e(M;k) =4 [(M/xM)n] From this it follows that e(M, k) # 0
if and only if deg Py;/xpr(n) = 0. Remember that dim Supp, | (M/XM) =
deg Pyr/xar(n) by Remark 2.1. Thus,

e(M,k) # 0 if and only if dim Supp, | (M/xM) = 0. 0

The following important notions will be used in the next parts of the paper.

Definition 2.8 ([31]). Let y = y1, ..., yn be a sequence of elements in szl S;
consisting of my elements of 51, ..., mg elements of S;. Then y is called a mized
multiplicity system of M of the type m = (mq,...,mg) if

dim Supp,, (M/yM) <0.

Let x = 21, ..., 2, be a mixed multiplicity system of M of the type k. Then
(i) If n = 0, then £4[My] = ¢ (const) for all n > 0 and set e(x, M) =
e@, M) =c. Ifn >0, set e(x, M) = e(x',M/x1 M) —e(x',0p : x1),
here x’ = z,...,2,. Then e(x, M) is called the mized multiplicity
symbol of M with respect to x of the type k.
(ii) From the Koszul complex of M with respect to x

0 — Kp(x,M) — K, 1(x, M) — - — K1(x, M) — Ko(x,M) — 0,
one obtain the sequence of the homology modules
oo Ho(x, M), Hy(x, M), ..., Hy(x,M),....

Then x(x,M) = >0 (=1)"4a[H;(x, M)y](const) for all n > 0 is
called the Fuler-Poincare characteristic of M with respect to x of the
type k.

The compatibility of mixed multiplicities with other familiar objects is shown
by the following proposition which characterizes the existence of mixed multi-
plicities of maximal degrees in different terms.

Proposition 2.9. Let S be a finitely generated standard N%-graded algebra over
an Artinian local ring A and let M be a finitely generated standard N%-graded
S-module. Then the following are equivalent:

(i) There exists an Sy -filter-reqular sequence x of the type k such that x
s a mized multiplicity system of M.

(ii) There exists a mized multiplicity system of M of the type k.

(iil) AXPy(n) is a constant.

(iv) The mized multiplicity of M of the type k is defined.

Proof. ()= (ii) is clear. (ii)= (ili): Let x be a mixed multiplicity system of
M of the type k. By [31, Theorem 3.7], we obtain

x(x, M) =¢e(x,M) = AkPM(n).
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Hence AKPyr(n) is a constant. (iii)= (iv): Since AXPy/(n) is a constant, it
follows that AP Pys(n) = 0 for all h > k. Therefore, e(M;h) = 0 for all h > k.
So the mixed multiplicity of M of the type k is defined. (iv)=- (i): By Remark
2.6(i), there exists an S, ;-filter-regular sequence x of the type k. By Theorem
2.7, we get

e(M;k) = EA[(M/XM)H]

for all large n. Hence Pyy/xp(n) is a constant. So dim Supp, (M/XM) <0
by Remark 2.1. Therefore, x is a mixed multiplicity system of M. O

From Proposition 2.9 and the proof of Proposition 2.9, we obtain some
following effective comments for the existence of mixed multiplicities.

Remark 2.10. Assume that the mixed multiplicity of M of the type k is defined.
Then there exists a mixed multiplicity system x = x1,...,xs of M of the type
k by Proposition 2.9. Now let x1,...,x; be a subsequence of x of the type
h = (hy,...,hg) for each 1 < i < s. It is easily seen that z;y1,...,25 is a
mixed multiplicity system of M/(x1,...,2;)M of the type k — h. Hence the
mixed multiplicity of M/(z1,...,2;)M of the type k — h is also defined by
Proposition 2.9. Moreover, from the proof of Proposition 2.9, it follows that
any S, -filter-regular sequence x of the type k of M is a mixed multiplicity
system of the type k of M. Hence if a € S; is an Sy ;-filter-regular element and
k; > 0, then e(M/aM;k — e;) is defined.

Let a € S; be an S, ;-filter-regular element. Now if e(M;k) is defined and
ki > 0, then e(M/aM;k — e;) is defined by Remark 2.10. Since A® Pys(n) =
Pprjan(n) by Remark 2.6(ii), it implies that

Ak’eiPM/aM(n) = Ak=ei (A% Py (n)] = APy (n).

So e(M;k) = e(M/aM;k—e;) by Proposition 2.4. From this it follows that for
any Sy -filter-regular sequence y of the type h with h < k, e(M/yM;k — h)
is defined and e(M; k) = e(M/yM;k — h). In particular, if x is an S -filter-
regular sequence of the type k, then e(M/xM;0) is defined and e(M;k) =
e(M/xM;0).

The above facts yield:

Corollary 2.11. Let e(M;k) be the mized multiplicity of the type k of M.
Assume that'y is an Si 4 -filter-regular sequence of the type h of M with h <k,
and x is an Sy -filter-reqular sequence of the type k of M. Then e(M/yM;k —
h) and e(M/xM;0) are defined. Moreover, we have

e(M;k) =e(M/yM;k —h) =e(M/xM;0).

The following example will build a finitely generated standard N3-graded
algebra containing full mixed multiplicity kinds.
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Example 2.12. Let k be an infinite field and let x1, 2, T3, Y1, Y2, Y3, 21, 22, 23
be indeterminates. Let
B = k[mlv T2,T3,Y1,Y2,Y3, 21,22, Z3]
be a finitely generated standard N3-graded algebra over k with
degxi = (1507O)a degyz = (07 1,0), degzi = (0703 1)a 1= 17273-
Set
I'=(z1,y1,21) N (z1,22) N (Y1,92) N (21, 22)
and S = B/I. Then S is a finitely generated standard N3-graded algebra over
k and dim .S = 7. Denote by Pg(n1,na,n3) the Hilbert polynomial of S. For
x € B, denote by & the image of = in S. Then [27, Example 3.7] showed that
deg Pg(ni,n2,n3) =4 and
e(S;2,2,0) = e(5;2,0,2) =e(S5;0,2,2) =
e(5;3,1,0) = e(S5;1,3,0) = e(S;3,0,1) —e(S,l,O 3)
=¢(S5;0,3,1) =¢e(S;0,1,3) = e(5;4,0,0)
=¢(S5;0,4,0) = ¢e(S;0,0, 4)—e(S 2,1,1)
=e(5;1,2,1) = e(S;1,1,2) =
Hence the mixed multiplicities e(S; 3,0,0); ¢(S;0, 3,0); e(S;0,0,3); e(S;1,1,1)
are defined. By the symmetry, we get
e(S;3,0,0) = e(S;0,3,0) = e(S5;0,0,3).

By [27, Example 3.7], Z3, fg, Z1 is an S, -filter-regular sequence consisting of

3 elements in S7 and W = 0. So dim Supp++(stzjl) < 0. From
this it follows that

z3,T

S
for all ny,m9,n3 > 0. Hence by Theorem 2.7, we obtain e(S;3,0,0) = 0. Thus
e(5;3,0,0) = e(S;0,3,0) = e(S;0,0,3) = 0.
Upon simple computation, we show that Zs,ys, Z3 is an Sy -filter-regular

sequence of S consisting of 1 element of S7, 1 element of S and 1 element of
S3, and

0| ( =0

~

S/(Z3,93, 23) : ST = B/(I,x3,y3,23) : BY, = B/(x1,y1,21,73,Y3,23)

= klza, ya, 22].

By [27, Remark 2.4], we have
(23,93, 23) 1 ST

— — = = 0
(:L'Sa Y3, 23) (n1,n2,n3)

for all ny,nq,n3 > 0. Therefore, the mixed multiplicities of S/[(Zs3,¥s3,Z3) :
S%° ] and the mixed multiplicities of S/(z3,%s,23) are the same. Moreover,
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note that by Corollary 2.11, we get e(S;1,1,1) = e(S/(Z3,¥3,23);0,0,0). So
we obtain

6(5; 1,1, 1) = S(S/[(i'g,gg,,ig),) : Sfﬁ];0,0,0) = 6(](5[.%'27:[/2,22];0,0,0).

Now, since deg z2 = (1,0,0),degy2 = (0,1,0),deg zo = (0,0, 1) in the standard
N3-graded algebra k[zq, Y2, 20] over k, it follows that e(k[z2, Y2, 22];0,0,0) = 1.
Thus, e(S;1,1,1) = 1. Consequently, it can be verified that all mixed multiplic-
ities of maximal degrees of this finitely generated standard N3-graded algebra
S are indicated.

The following useful result proves that mixed multiplicity of the type k; the
FEuler-Poincare characteristic and the mixed multiplicity symbol of any mixed
multiplicity system of the type k are the same.

Theorem 2.13. The mizxed multiplicity of maximal degree of M of the type k
is defined if and only if there exists a mixed multiplicity system x of M of the
type k. In this case, we have

x(x, M) =¢é(x,M) = e(M;k).

Proof. The mixed multiplicity of maximal degree of M of the type k is defined
if and only if there exists a mixed multiplicity system x of M of the type
k by Proposition 2.9. In this case, AXPy;(n) = e(M;k) by Proposition 2.4.
Moreover,

x(x, M) =e(x, M) = AkPM(n)
by [31, Theorem 3.7]. Hence we obtain x(x, M) = é(x, M) = e(M; k). O

We would like to comment here that Theorem 2.13 not only covers, but also
is more natural than [31, Theorem 3.9 and Theorem 3.10].

As an immediate consequence of Theorem 2.13, we also obtain a more natural
result than [31, Corollary 3.11(ii)] in the original mixed multiplicity theory.

Corollary 2.14. Let x = x1,...,x5 be a mized multiplicity system of M of
the type k. Denote by h; = (hiy1, ..., hiq) the type of a subsequence x1,...,x;
of x for each 1 < i < s. Then for all large n, we have
- (xla"'vxifl)M:xi )
e(M;k) =404 (M/xM)_|— e ;k—h; |.
( ) A[( / )n:l ; ( (1‘1,...,$i_1)M

Proof. By Definition 2.8(i), it follows that

S

~ ~ M ~ ($1,...,xi_1)Mixi
M) = — | = ity e
e(x, ) €<®, XM) Ze<xl+17 y Ls, (l’l,...,fﬂifl)M )

i=1

and ¢(0 MY =14 [(%)n] for all large n. Note that z;11,...,2, is a mixed

? xM
multiplicity system of —(I(lwlma;i)%vf

2.13, we get e(M;k) = £y [(M/xM)_]| — Zf_le(w‘l)m'k — hi> for

of the type k — h;. Hence by Theorem

(xl,...,ri,l)M )
all large n. (I
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By Theorem 2.7 and Corollary 2.14, we immediately obtain the following.

Corollary 2.15. Let x be a mized multiplicity system of M of the type k. Then
we have e(M;k) < £a[(M/xM) n] for all large n, and equality holds if x is an
S+ -filter-regular sequence.

Combining Remark 2.6 and Theorem 2.7 with Corollary 2.14, we get:

Corollary 2.16. Let e(M;k) be the mized multiplicity of M of the type k.
Then the following are equivalent:

(i) e(M;k) > 0.
(ii) dim Supp, , (M/XM) = 0 for any mized multiplicity system x of the

type k.

(iii) dim Supp, | (M/XM) =0 for any Si4-filter-reqular sequence x of the
type k.

(iv) There exists an S -filter-reqular sequence x of M of the type k such
that

dimSupp_H_(M/XM) =0.

Proof. (i)= (ii): Let x be a mixed multiplicity system of M of the type k. Then
by Corollary 2.15, we have £4 [(M/XM) n] > 0 for all large n since e(M; k) > 0.
So deg Ppr/xar(n) = 0. By Remark 2.1, we get
dim Supp,, , (M/XM) = deg Pyr/xn(n).

Hence dim Supp, | (M/XM) =0.

(ii)= (iii): By Remark 2.10, any S, ;-filter-regular sequence x of the type
k of M is a mixed multiplicity system of the type k of M. Hence by (ii), we
obtain dim Supp, , (M/xM) = 0 for any S, -filter-regular sequence x of the
type k.

(iii)= (iv): By Remark 2.6(i), there exists an Sy -filter-regular sequence x

of the type k of M. And by (iii), dim Supp, | (M/XM) = 0. Hence there exists
an S, 4 -filter-regular sequence x of the type k of M such that

dimSupp_H_<M/xM) =0.

(iv)= (i): Assume that there exists an S, ;-filter-regular sequence x of M
of the type k such that

dim Supp,, | (M/XM) =0.
Then by Theorem 2.7, we get e(M;k) > 0. O

We obtain the following result which shows that mixed multiplicities of max-
imal degrees are additive on short exact sequences.

Corollary 2.17. Let0 — M’ — M — M” — 0 be a short exact sequence
of N%-graded S-modules. Then the following statements hold.

(i) e(M;k) is defined if and only if both e(M'; k) and e(M”;k) are defined.
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(ii) Assume that e(M;Kk) is defined. Then e(M;k) = e(M'; k) + e(M”; k),
i.e., the mized multiplicities are additive on short exact sequences.

Proof. Let x be a sequence of elements in U;.lzl S; of the type k. Then x is a
mixed multiplicity system of M if and only if x is a mixed multiplicity system
of both M’ and M” by [31, Lemma 2.7]. Hence e(M;k) is defined if and
only if both e(M’;k) and e(M”;k) are defined by Proposition 2.9. We get
(i). The proof of (ii): Since e(M;k) is defined, it follows that there exists a
mixed multiplicity system y of M of the type k by Proposition 2.9. Then we
have x(y, M) = x(y,M’) + x(y,M”) by [31, Lemma 3.2(i)]. So e(M;k) =
e(M’;k) + e(M”;k) by Theorem 2.13. O

3. Mixed multiplicities of ideals

In this section, we will give some applications of Section 2 to mixed multi-
plicities of modules over local rings with respect to ideals.

Let (R,n) be a Noetherian local ring with maximal ideal n and infinite
residue field R/n. Let N be a finitely generated R-module. Let J, I1,...,I; be
ideals of R with J being n-primary. For any k = (k1,...,kq);n = (n1,...,nq) €
Neand T=14,..., Iy, set T = g1 plhalgpnq = o pma . We get an
N+ _graded algebra and an N(¢+1)_graded module:

Jnm JI*N

T= T and N = TorAN
n>0, n>0 n>0, n>0
Then T is a finitely generated standard N(¢+1)_graded algebra over an Artinian
local ring R/J and N is a finitely generated standard N+ _graded T-module.
The mixed multiplicity of N of the type (ko, k) is denoted by e(J[k"“] MK N),
ie., e(J[k°+1],I[k];N) := e(N; ko, k) and which is called the mized multiplicity
of N with respect to ideals J,1 of the type (ko + 1,k). The mixed multiplicity of
N with respect to ideals J, I of the type (ko+1, k) with ko+ | k |= dim ()N%*l
(see e.g. [5,10,19]) is called the original mized multiplicity of N with respect to
ideals J,1 of the type (ko + 1,k). Set [ = JI;---Iy; Io = J and T; = I;/JI;
for all 0 <17 < d.

Remark 3.1. Assign dimON% = —oo to the case that 0]\]% = 0. Then we
always have dim Supp, , N = dim ON% — 1 by [31, Remark 4.1].

Definition 3.2 ([31, Definition 4.2]). An element a € R is called a Rees su-
perficial element of N with respect to I if there exists ¢ € {1,...,d} such that
a € I; and

aN ("IN = aI*N
for all n > 0. A sequence z1,...,7; in R is called a Rees superficial sequence
of N with respect to I if ;41 is a Rees superficial element of N/(z1,...,z;)N
with respect to I for all j = 0,1,...,¢t — 1. A Rees superficial sequence of N
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consisting of k1 elements of I, ..., kg elements of I; is called a Rees superficial
sequence of N of the type k = (k1, ..., kq).

Definition 3.3 ([31, Definition 4.4]). Let x be a Rees superficial sequence of
N with respect to ideals J, I of the type (ko,k) € N1, Then x is called a
mized multiplicity system of N with respect to ideals J,1 of the type (ko,k) if
dim & < 1.

Remark 3.4. Recall that e(N; ko, k) = e(JFo+1 TK: N). Then we have:

(i) Let a € I; be a Rees superficial element of N with respect to J, I, a*
the image of a in T;, e(On : a*;ho,h); e(N/a*N;ho,h) be defined.

By [31, (4.1)], (N/Q*N)(m, m) = |:@n>0, n>0 W]( : for
m > 0; m > 0. Hence e(N'/a*N; ho, h) = e(JPot1 1 N/aN).
Recall that there exists u > 0 such that (Onr : @*) (4w, ntu1) =

ol for all n > 0; n > 0 by [31, (4.3)], here W = (O : a) () I“N.
Therefore, we get e(Opr : a*;ho,h) = e(JPoT TR W), Let YV be a
submodule of N. We put R =D, 5 n50 /"™ Y =D,50, nso /" 1Y
and X = Y : ®R,. Then by [27, Lemma 2.3], there exists v > 0 such
that X410 ntv1) = R, n)X (v, v1) for all n > 0; n > 0. Note that
for all n > 0; n > 0, R,, n)X(v,'ul) C Vin+vn+v1)- Consequently
Xintvntvl) = Vntvntor) for all n > 0; n > 0. From this it fol-
lows that (Y : I*°)J"I™ = YJ"I™ for all n > 0; n > 0. Therefore,
we have e(Jhot1] Tl y) = e(glhot1] by . [%°), Next set U =
Oy : a. Then since U : I®® = W : I, we obtain e(Jot1 1l 17) =
e(Jhot] Tl W), Thus e(0pr : a*; ho, h) = e(JPot TR 0y : a).

(i) We always have dim 527= # 0 since (On : [*) : I =0y : I

(iil) If dlmO ¥ =1, then e(JW, 1 N) = ¢(J; ;2%) by [20, Proposi-
tion 3.2]. Moreover, if dimON% < 0, then 01\7% = 0. In this case,
e(J; 0%) =0,and e(JM IO N)=0 since dim Supp, , N < 0 by
Remark 3.1. Thus, if dim N[oo < 1, then e(JM 101 N) = e(J;
by (ii).

(iv) Let x be a Rees superficial sequence of N with respect to J,I of the

) O I

;o)

type (ko, k) and let x* be the image of x in U?ZO T;. Then x is a mixed
multiplicity system of N with respect to J,I of the type (ko, k) if and
only if x* is a mixed multiplicity system of A of the type (ko,k) by
[31, Remark 4.5].

By Corollary 2.14 and Remark 3.4, we obtain the following result.

Theorem 3.5. Let x = x1,...,xs be a mized multiplicity system of N with
respect to ideals J,1 of the type (ko, k). Denote by (m;,h;) = (my, hiv, ... hig)
the type of a subsequence x1,...,x; of X for each 1 <1 <s. For1<1i<s, set
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Nl‘ — (wl,.‘.,zi,l)N:a:i

e O Then we have
geeesli—

S

e(J[kO_H] [k] N) _ e(J Ze J[ko—mi+1]’1[k—h7‘,];Ni).
i=1

XN I°°

Proof. Since x is a mixed multiplicity system of IV with respect to ideals J, I of
the type (ko, k), it follows that dim N]YIOC < 1, and x* is a mixed multiplicity
system of the type (ko,k) of N by Remark 3.4(iv). Recall that e(N;ko, k) =
e(Jko+1 T ). Tt can be verified (see [31, (4.1)]) that

JPI(N/ (1, .., ) N)
J”+1HU(N/(x1’ s 7xz)N)

1) [N/, :)N](m’m)g[

n>0, n>0 (m, m)

for all m > 0; m > 0 and 1 < ¢ < s. Hence it is easily seen by Remark 3.4(i)
that

e(N/x*N;0,0) = e(JM 19 N/xN)

and
I, N :
e (i B VAL “iko —mi, k —hy
(x3,...,xf N
= 6<J[k0mi+1] Tlk—hil. (€1, Zim1) N : xz>
’ (1617...,{131‘,1)]\/'

for each 1 < i < s. Moreover, e(JIU, 10 N/xN) = e(J; 2=) by Remark
3.4(iii). Consequently, by Corollary 2.14 we get

) - Sl 1 ),

i=1

which finishes the proof. O

e(J[ko-H] Tk, :N) = e(J

One expressed original mixed multiplicities of ideals in terms of the Hilbert-
Samuel multiplicity by using different sequences. First, in the case of n-primary
ideals, Risler-Teissier [15] in 1973 showed that each original mixed multiplicity
is the multiplicity of an ideal generated by a superficial sequence and Rees
[11] in 1984 proved that original mixed multiplicities are multiplicities of ideals
generated by joint reductions. For the case of arbitrary ideals, Viet [20] in 2000
characterized original mixed multiplicities as the Hilbert-Samuel multiplicity
via (FC)-sequences.

Definition 3.6 ([20]). Let I = I;,...,I; be ideals of R. Set 3 = I ---I;. An

element a € R is called a weak-(FC)-element of N with respect to I if there

exists ¢ € {1,...,d} such that a € I; and the following conditions are satisfied:
(i) ais an J-filter-regular element with respect to N,i.e., Oy : a C Op : T
(ii) a is a Rees superficial element of N with respect to I.



618 T. T. H. THANH AND D. Q. VIET

A sequence z1,. ..,z in R is called a weak-(FC)-sequence of N with respect to
Tif ;47 is a weak-(FC)-element of N/(z1,...,2;)N with respect to I for all
0 <i<t—1. A weak-(FC)-sequence of N consisting of k; elements of I, ..., kg
elements of I is called a weak-(FC)-sequence of N of the type k = (k1,...,kq).

Remember that [20] defined weak-(FC)-sequences in the condition

J ,‘Z v Anng N
(see e.g. [3,10,21-23,25,26,28,29]). In Definition 3.6, we omitted this condition.
Moreover, the authors of [4] proved that the superficial sequences in [15,17,18,
27] are weak-(FC)-sequences (see [4, Remark 3.8]).

Remark 3.7. Note that for any k € N? there exists a weak-(FC)-sequence
of N with respect to I of the type k by [10, Proposition 2.3]. And if x is a
weak-(FC)-sequence of N with respect to J,I, then x* is a T ;-filter-regular
sequence with respect to A" by [29, Proposition 4.5]. Hence by Remark 2.10, it
follows that if e(J*o+1 1K, N) is defined, then any weak-(FC)-sequence x of
N with respect to J, I of the type (ko,k) is a mixed multiplicity system of NV,
From Proposition 2.9 and Remark 3.4, and Remark 3.7, we have the follow-
ing.
Corollary 3.8. The following are equivalent:
(i) There exists a weak-(FC)-sequence x of N with respect to J, I of the
type (ko, k) such that x is a mized multiplicity system of N.
(ii) There exists a mized multiplicity system of N of the type (ko,k).
(iii) The mized multiplicity of N of the type (ko,k) is defined.

Proof. (1)=-(ii) is clear. (ii)=-(iii): Since x is a mixed multiplicity system of
N of the type (ko,k), x* is a mixed multiplicity system of N of the type
(ko,k) by Remark 3.4(iv). Hence e(N; ko, k) is defined by Proposition 2.9. So
e(Jkot+1 Tkl N) is defined since e(N; ko, k) = e(JFot1 1K N (ii)=(i) is
evident by Remark 3.7. ]

Next, as an immediate application of Corollary 2.11 and Remark 3.4, and
Remark 3.7, we obtain:

Corollary 3.9. Let e(JFot 1K N be the mized multiplicity of the type

(ko, k). Let x be a weak-(FC)-sequence of N with respect to J,1 of the type

(ho, h) with (ho,h) < (ko,k). Then e(J*o—hot1] Tlk=hl. N/x N') is defined and
e(J[k°+1},I[k];N) — e(J[kO_hO“‘l],I[k_h];N/XN).

Proof. Since x is a weak-(FC)-sequence of N with respect to J, I of the type

(ho, h), it follows that x* is a Ty -filter-regular sequence with respect to N of
the type (ho,h) by Remark 3.7. Hence e(N /x*N; kg — ho, k —h) is defined and

G(N;k(),k) :e(N/X*N;]CO 7h0,k7h)
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by Corollary 2.11. So e(JFo—o+1] Tlk=hl: N'//x N') is defined. Moreover,
e(N/x*N; ko — ho, k — h) = e(Jko=hot1] lk=hl. n7/x )
by Remark 3.4(i) and (1). Thus,
e(JRotH T N) = ¢(gtko—hot ] Tlk=hl; N /% ). O

By Remark 3.4, Remark 3.7 and Corollary 3.9, we get the following result
which can be considered as a corollary of Theorem 3.5.

Corollary 3.10. Let e(J[kO“‘”,I[k];N) be the mized multiplicity of the type
(ko, k). Let x be a weak-(FC)-sequence of N with respect to J, 1 of the type
(ko, k). Then
N
ko t1] 106, ) — e(J: .
(711, 14 ) = e )
And e(JW*o+1 T N') =£ 0 if and only if dim # =1.

Proof. Since x is a weak-(FC)-sequence of N with respect to J, I of the type
(ko, k), it follows that e(J*oT1 Tkl N) = ¢(J1 1191 N/xN) by Corollary 3.9.
Note that dim 2= < 1 by Remark 3.7. Therefore, e(JM IO N/xN) =
e(J; oxiv=s) by Remark 3.4(iii). So e(JFo+U Ik N) = ¢e(J; & ). Hence
e(JFo 1 Tk NY £ 0 if and only if e(J; ﬁ) # 0. This is equivalent to

dim &= =1 by Remark 3.4(ii) and Remark 3.4(iii). O

Note that one can prove Corollary 3.10 by using Theorem 3.5 as follows:

Set N; = % for each 1 < ¢ < s. Since x is a weak-(FC)-
sequence of N with respect to J, I, x is an I-filter-regular sequence with re-
spect to N. Consequently, N;/(On, : I®®) = 0 since (x1,...,2,-1)N : x; C
(1,...,xi—1)N : I°°. So dim N;/(Op, : I*°) < 0. Hence

> e(gthommattl b N = 0.

i=1
Then we obtain e(J*o+1 1k N) = e(.J; &) by Theorem 3.5. We get the
proof of Corollary 3.10.

Recall that in the case that ko+ | k |= dim OJ\]% — 1, [20, Theorem 3.4] in
2000 showed (see e.g. [4,10,21,22,25,26,28]) that e(J o+ T N') =£ 0 if and
only if there exists a weak-(FC)-sequence of N of the type (0,k) with respect to
J, I such that dim N/xN : I*° = dim N/Oy : I°°— | k| . In this case, we obtain
e(Jkot1] Tk Ny = e(J; &= ). Hence Corollary 3.10 is a more natural result
than [20, Theorem 3.4] in the original mixed multiplicity theory. Note that [4]
proved that [20, Theorem 3.4] covers the results of Risler and Teissier [15] in
1973; Trung [17, Theorem 3.4] in 2001; Trung and Verma [18, Theorem 1.4] in
2007 (see [4, Remark 3.8]).

As an immediate consequence of Theorem 3.5 and Corollary 3.10, we get
the following interesting corollary.
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Corollary 3.11. Let x be a mized multiplicity system of N with respect to
ideals J, 1 of the type (ko, k). Then we have
N
[ko+1] 1k, A} < .
e(J ’ ’ )76(J’XN:I°°)7

and equality holds if x is a weak-(FC)-sequence of N with respect to J, 1.

By combining Corollary 3.10 and Corollary 3.11 with Remark 3.4 and Re-
mark 3.7, we have the following.

Corollary 3.12. Let e(JFotU Tk N) be the mized multiplicity of the type
(ko, k). Then the following are equivalent:

(i) e(JHot1 T N) > 0.

(ii) dimﬁ = 1 for any mized multiplicity system x of N of the type

(k()a k)
(iii) dim ﬁ =1 for any weak-(FC)-sequence x of N of the type (ko, k).
(iv) There exists a weak-(FC)-sequence x of N of the type (ko, k) such that
N
dim ——— = 1.
1m xN : I

Proof. (i) =(ii): By Corollary 3.11, we have e(J; ﬁ) > 0. Hence since
dim & < 1, it follows that dim 2 = 1 by Remark 3.4(ii). (ii)= (iii)
is clear by Remark 3.7. (iii)= (iv) is evident by Remark 3.7. (iv)=(i) is
immediate by Corollary 3.10. The corollary is proved. Note that the proof of
this corollary can be based on Corollary 2.16, Remark 3.4 and Remark 3.7. [

Suppose that x is a mixed multiplicity system of N with respect to J, I
of the type (ko,k). Then x* is a mixed multiplicity system of A/ of the type
(ko, k) by Remark 3.4(iv). Hence we obtain e(x*, N') = x(x*, N) = e(N; ko, k)
by Theorem 2.13. Moreover, we have e(N; kg, k) = e(JFo+1 Tkl N). So we
get a version of [31, Theorem 4.9] for these mixed multiplicities.

Theorem 3.13. Let x be a mized multiplicity system of N with respect to
ideals J, I of the type (ko,k) and let x* be the image of X in U?:o T;. Then

(T, T V) = x(x", ) = (" ).
Finally, we would like to give some following comments.

Remark 3.14. From the results of [31] and this paper, we find that the pres-
ence of the mixed multiplicity of M of the type k with |k| < Supp,, M also
arises from the process of transforming original mixed multiplicities (see e.g.
[31, Corollary 3.11, Corollary 4.10, Corollary 4.11] and Corollary 2.11, Corol-
lary 2.14, Theorem 3.5, Corollary 3.9). Moreover, in this broader class, many
hypotheses for results in the original mixed multiplicity theory have been re-
moved. It seems that many results of the paper not only cover, but also are
more natural than results in the original mixed multiplicity theory. This con-
tributes to the explanation the meaning of mixed multiplicities of maximal
degrees.
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