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A Bayesian Approach to Gumbel Mixture Distribution for the
Estimation of Parameter and its use to the Rainfall Frequency
Analysis

ABSTRACT

More than half of annual rainfall occurs in summer season in Korea due to its climate condition and geographical location. A frequency
analysis is mostly adopted for designing hydraulic structure under the such concentrated rainfall condition. Among the various
distributions, univariate Gumbel distribution has been routinely used for rainfall frequency analysis in Korea. However, the
distributional changes in extreme rainfall have been globally observed including Korea. More specifically, the univariate Gumbel
distribution based rainfall frequency analysis is often fail to describe multimodal behaviors which are mainly influenced by distinct
climate conditions during the wet season. In this context, we purposed a Gumbel mixture distribution based rainfall frequency analysis
with a Bayesian framework, and further the results were compared to that of the univariate. It was found that the proposed model
showed better performance in describing underlying distributions, leading to the lower Bayesian information criterion (BIC) values.
The mixed Gumbel distribution was more robust for describing the upper tail of the distribution which playes a crucial role in estimating
more reliable estimates of design rainfall uncertainty occurred by peak of upper tail than single Gumbel distribution. Therefore, it can
be concluded that the mixed Gumbel distribution is more compatible for extreme frequency analysis rainfall data with two or more
peaks on its distribution.
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SEvEle] A SERERS BA4% 29 GEV 25 vt
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FEHRIEFH o Z MASIITE Lee et al (2009)L HHIE 3]—?*.‘::_
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Fig. 1. A Graphical Representation of Annual Maximum Rainfall at Jeonju Station. Kernel Density Functions are Displayed in the Left Panel
While Gumbel Probability Plots are Illustrated in the Right Panel for Different Durations
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Fig. 1. A Graphical Representation of Annual Maximum Rainfall at Jeonju Station. Kernel Density Functions are Displayed in the Left Panel
While Gumbel Probability Plots are Illustrated in the Right Panel for Different Durations (Continued)
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Bayesian7 |5 &5 mi/iH 7L 7€ HREEETE
H, ZHEY, SErleRHEY )= tiEA vy iaaE she]
FEATE FEeith S, wWhES7E 9 gro] ohd SErre]
PR Fojun HFH o wpfHe] AR 3 (posterior
distribution) & Fgsh=tl H25 71, Bayes’ g2|(Eq. (1)&
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26| x):p;‘?—ﬁocp(x 16) « p(6) )

P, p(Ol) & AT =, 2314 AT ASAR 7
RADE] Gumbel EE(Gumbel (11,0,)), (Gumbel (jy,0,))
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ol e ke e Sl e S84 o s
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k2] Monte Carlo7 e 5SS 7ko] EPAS 7o
ol oAl A1 olaby, MCMC7TH-e: thissl el
TERE VIR E 20 AEHo] 7hsg Aol & < itk
=, FolR vk SREEYY} B5}aL iid (independent identically
distributed) 4= th2] Markov Chainol] <Ak ﬂ/‘—,é —Z,%s]——
d) &5}ty Markov Chaing E3) tha =k ShEi 2=
= A fsiMe e ARE F3 %101] —’F%ﬂ"]ﬂ%
o] Hashrt weha] MCMC7IH2 Bayesian 7 7ol
AT FEE I B8 5 glon) WIESE o)
A gE 545 LS si4s 7FssiAl gtk
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B el YAIRAE olgaic Ui ok
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B Aol B9ARe] WY AL F A estel F
M) g 2 Asial T mdve e BRRERS HEs)
7) $lshAk RS IR, Ao AR, @
he] El(mixing ratio) 5 % Th 7o) A4 Hastck
B3] Al Thest 2k

[1] 71208} TRy 1. 01, 0 p) & NI A
uPl 7 e A mepAA shie] A
= Pian

AT BSAEE P AN PR

=

WHE

(2] &3l 7he]

(3]
7 Bie] s vehlie mi i p= AR

Aol BR8-S ovlste] vhe wpassh T she)
gro= F malde] ulgo] etk B Al A A=

Aerwala 7)Y A

iy

e Rojdd Ayl teat 2k Casel(p=0.5), Casell
(p=0.3), Caselll(p=0.7)o]|t}
2] &Afol] w2 Cased Ro) @ A7= Table 17} Fig. 2¢]

B, = g B ARde Bl A s
Atz A8 o vkl dekskgivk

4. 2T M= DA =8 X BIS0iA FOt 2t

FEAEFE 75k WhHolle w72 (parametric)
H3t vlu7E =2 (non-parametric)H O & HEETE w7
2 e Ao 54 SEdegre] ek 2ds Asea
AFZERRE BHlo] vt ks WhAlolt) & ol
AL Q= EHBEREF L ol afdehl e AAH
o2 EX FEREE A AREh= e 4A] Lok wehA]
AR AELE 22 glo] A5 AlERke 2 EUndE g5t
= vz =34 (Kernel density estimation, KDE)
S ARFEQ] AR oA dirto 2 ARSI S, i

o g e sEdnslael KDES 53l 4o FEdss
F Ak s 7R A0 R BaEage] s udt
3t AFAR ] Q- sl ASARPER 285t
A= vhgat 2t

4 AGARBER 329 viyfiaE v]asle] Table 29 e
slo] ERAICE B AR thEiA] 31 94 Gumbel F30]
TFEESE7 5 AR Gumbel 2324 B3] AUl oz 2
A= glom, T Gumbel X9} BlusHH F Ha) Gumbel

.

W

.
T %

_l?.

Table 1. Estimated Parameters and Their Credible Intervals of Synthetic AMRs for Three Different Mixing Ratios

Case I (p=0.5) Case 11 (p=0.3) Case III (p=0.7)
Known parameter - B .
25% median 75% 25% median 75% 25% median 75%
I 30 30.05 30.23 30.40 29.11 29.32 29.54 30.09 30.24 30.40
o 60 60.06 60.31 60.56 59.88 60.07 60.25 59.61 59.96 60.31
o, 5 5.11 5.25 5.40 4.63 4.81 4.99 5.26 5.39 5.52
[op) 7 6.77 6.95 7.15 6.58 6.72 5.87 6.70 6.96 7.22
p (Case I, 11, I11) 0.51 0.52 0.53 0.28 0.29 0.30 0.70 0.71 0.72
Ratio 5:5 0.04 Ratio 3:7 0.06 Ratio 7:3
0.03 ‘ o Synthetic pdf ' ‘ o Synthetic pdf ! ‘ o Synthetic pdf
—Estimated pdf] [ |—Estimated pdf] e —Estimated pdf]
0.02 1 b 4 0.04
2 2002 g
0.01 0.02
0 0 0
0 50 100 150 0 50 100 150 0 50 100 150
Rainfall(mm) Rainfall(mm) Rainfall(mm)
Fig. 2. A graphical Representation of Synthetic Annual Maximum Series for Different Mixing Ratios
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Table 2. Comparison of the Estimated Parameters between Univariate and Mixed Gumbel Distributions

Quartiles Mixed Gumbel Univariate Gumbel
Duration & Gumbel-1 Gumbel-2 p
Mean H 01 Hao Oy i %

25% 26.54 5.75 36.30 9.94 31.94 9.04 0.37

median 29.22 7.86 40.44 11.59 32.84 9.64 0.56

: 75 31.52 9.53 45.42 14.17 33.74 10.31 0.79

mean 28.99 7.98 42.09 12.98 32.84 9.71 0.56

25% 35.26 8.78 50.77 9.70 43.34 12.91 0.35

median 38.67 10.71 60.26 13.57 44.67 13.72 0.60

? 75 41.17 12.84 73.86 16.04 45.98 14.63 0.75

mean 37.79 11.00 61.84 13.15 44.66 13.81 0.54

25% 33.66 8.99 55.49 15.99 51.18 15.21 0.12

median 41.26 12.83 58.96 17.80 52.69 16.17 0.28

3 75 47.49 16.44 64.26 19.80 5422 17.14 0.54

mean 40.25 12.87 61.20 18.06 52.69 16.23 0.34

25% 34.99 1.69 73.15 21.86 66.57 20.88 0.06

median 36.08 4.39 76.10 23.80 68.73 22.07 0.09

6 75 40.59 11.71 79.16 25.98 70.84 2332 0.15

mean 39.46 7.87 76.11 24.17 68.71 22.16 0.14

25% 42.81 3.22 84.18 25.20 76.06 23.30 0.07

median 44.84 5.95 87.69 27.54 78.52 24.61 0.11

? 75 48.42 11.19 91.34 30.02 80.86 26.00 0.16

mean 46.28 8.43 87.80 27.77 78.51 24.711 0.13

25% 50.46 4.54 92.57 25.98 84.48 23.80 0.07

. median 53.29 7.29 96.42 28.27 86.98 25.17 0.12

75 56.91 12.98 100.20 30.91 89.43 26.62 0.17

mean 54.14 10.01 96.22 28.67 86.96 25.27 0.15

25% 55.68 3.53 103.40 28.82 93.46 26.43 0.07

median 57.74 5.67 107.40 31.34 96.26 27.87 0.11

8 75 60.36 9.76 111.60 34.14 98.87 29.45 0.16

mean 58.40 8.11 107.10 31.75 96.18 27.98 0.13

25% 60.79 4.65 111.80 30.40 99.88 28.00 0.09

median 63.25 6.44 116.40 33.11 102.70 29.53 0.13

# 75 65.64 9.98 120.80 36.15 105.60 31.16 0.17

mean 62.80 8.64 116.20 33.44 102.70 29.62 0.14
Fa7h ARk o g Aol At e AEAR o] Fhe 1-34] 3] p7} 34% oPFow FAHUCH, o= 2702] Gumbel
2] 7oz @l Gumbel #3209} 2jo]7} FA] VRERJAL 912 E27F A ti5sH 7RIS ke Ao R B 4 Sl olefE
o= Eghu) poke Qlgbo] Ack EE ALARE 6ARIIAS] Aol B Gumbel HEoh= REo] e 9 npfuid Siold
U9} 30 W) Gumbel 2] 913, Fuphasz ishe Aol Sk @ 4 ek ol SAe Fig 304 e
o= vehtat glek of= 3 ) Gunbel $30) SoR= AmE  SEUEGSL] vE TS He1E 5 9Irk 5, 4SRN
o] ARAR) 21 A} AR 40 B OIS e 134102 4% % A 2] S} 21 A 9

= A0R AL otk F, ASAR] A2 1-3AKEe) - o2 7Pk Wi xEAR ] 21 7g9-ol= 5 WA 357} Upper
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Fig. 3. Comparison of Probability Density Functions between Univariate and Mixed Gumbel Distributions at Jeonju Station. All the
Parameters for the Univariate and Mixed Gumbel Distribution were Estimated Within a Bayesian Framework
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Table 3. Estimations of Design Rainfalls of Univariate and Mixed Gumbel Distribution and Their Comparison Corresponding to Different

Durations
Duration 1-Hour 2-Hour 3-Hour 6-Hour 9-Hour 12-Hour 18-Hour 24-Hour
liiti‘(ﬁls Mixed | Univ. | Mixed | Univ. | Mixed | Univ. | Mixed | Univ. | Mixed | Univ. | Mixed | Univ. | Mixed | Univ. | Mixed | Univ.
(year) (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm) | (mm)
2 37 36 54 50 60 59 80 77 92 88 100 96 112 106 121 114
5 52 47 71 65 81 77 108 102 125 116 134 125 150 138 161 147
10 61 55 82 76 95 89 127 119 146 134 156 144 174 159 186 169
30 76 66 97 91 115 108 154 144 178 162 189 172 210 191 224 203
50 82 71 104 99 124 116 167 155 192 175 204 186 226 205 242 218
100 91 78 113 108 137 127 184 171 212 192 224 203 249 225 265 239
200 100 84 122 118 149 139 201 186 231 209 244 221 271 244 288 260
500 112 93 134 130 166 154 223 206 256 232 270 244 300 270 319 287
BIC 445 454 477 496 512 516 543 559 560 576 564 580 571 593 574 601
IDF Curve(Mixed) IDF Curve(Univariate)
10% —2yrs —2yrs
—5yrs —5yrs
10 yrs 10 yrs
—30 yrs —30yrs
—50yrs —50yrs
= 100 yrs = 100 yrs
g —200 yrs % —200 yrs
g —500 yrs g —500 yrs
= =
g N % \
E N\ b=
N 1 N
10' 10 =
10 10° 10° 10°
Duration(min) Duration(min)
Fig. 4. IDF Curves of Univariate and Mixed Gumbel Distributions
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