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A NOTE OF LITTLEWOOD-PALEY FUNCTIONS ON
TRIEBEL-LIZORKIN SPACES

FeENG Liu

ABSTRACT. In this note we prove that several classes of Littlewood-
Paley square operators defined by the kernels without any regularity are
bounded on Triebel-Lizorkin spaces F;'?(R™) and Besov spaces BY?(R™)
for0<a<land1l<p,q<oco.

1. Introduction

It is well known that the theory of the Littlewood-Paley functions has been
an important part of harmonic analysis. One can consult [13-15] for its history
and significance. The LP mapping properties for these operators have also been
studied extensively by many authors (see [3-8,11,12,19] for example). In this
note we shall prove the boundedness of the Littlewood-Paley square functions
on Triebel-Lizorkin spaces and Besov spaces. Let 1 € L*(R™) and satisfy

Y(x)dx = 0.

R’!L
We consider a square function of Littlewood-Paley type

s = ([l s@P) "

where () =t~ (t " tx).
A well-known result for g, proved by Benedek, Calderén and Panzone [2] is
the following:

Theorem A. Suppose that i satisfies
[(x)] < C(1+|z|)™" "¢ for some e > 0,
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/ [Y(x —y) —Y(x)|de < Cly| for some e > 0.
Rn
Then gy is bounded on LP(R™) for all 1 < p < oco.

Later on, Fan and Sato [8] relaxed the conditions imposed on 1 in Theorem
A and proved the following result.

Theorem B. Suppose that the function i satisfies the following conditions:
(1) Jiz1 W(@)]z]dz < oo for some e > 0;

(ii) (f\x|<1 |¢(m)|“dm)1/u < oo for some u > 1;

(iii) |¢(z)| < h(x)Qa") for all x € R™"\{0}, where ' = x/|z|, for some
non-negative function h on (0,00) and Q on S"~! (the unit sphere in R™) such
that

(a) h(r) is non-increasing on (0,00) and h(|z|) € L'(R"),

(b) Q € L5(S™™ 1) for some 1 < s < 0.

Then gy is bounded on LP(R™) for all 1 < p < oco.

Recently, Sato [12] used a minimum condition on ¢ to obtain the following
result.

Theorem C. Suppose that [¢(z)] < h(z)Qz") for all z € R™\{0}, where h
is a non-negative, non-increasing function on (0,00) with supported in (0,1]
and ) is a non-negative function on S"71. We assume that h(|z|) € L*(R™),
Qe LY(S" 1) and ¢ € L¥(R™) for some 1 < s < oo. Put my(z) = h(|z|)Q(z').
Then

g (F)l o @ny < Cp(s/(s = D)2l Loy + llmap s @) ILF 1l 2o @y
for all 1 < p < oo, where the constant Cp, > 0 is independent of s, 1, h, .

By extrapolation, Theorem C yields a more general result.

Theorem D. Suppose that [1(x)| < h(|z])Q(z") for all x € R"\{0}, where h
is a non-negative, non-increasing function on (0,00) with supported in (0,1]
and Q is a non-negative function on S"~'. We further assume that Q) €
L(log™ L)Y2(S"=1) and h(|z|) € L*(R™) for some 1 < s < oo. Then gy is
bounded on LP(R™) for all 1 < p < co.

Here L(log™ L)?(S"~1) for 8 > 0 denotes the class of all functions Q on S”~*
satisfying
12 Ltog+ £y (s = /S  |(0)[(og(2 + [2(6)]))*do () < oo,
where do denotes the Lebesgue surface measure on S"~'. Clearly, for any
a>pB>0and 1< q< oo,
L9(8"1) € L{log™ L)?(S"~") € Lllog*™ L)*($"~1) € LI(S"1).

In this paper we focus on the boundedness of the Littlewood-Paley function
gy on Triebel-Lizorkin spaces. It is well known that the Triebel-Lizorkin spaces
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and Besov spaces contain many important function spaces, such as Lebesgue
spaces, Hardy spaces, Sobolev spaces and Lipschitz spaces. Let us recall some
definitions. For e € R and 0 < p, ¢ < oo (p # o0), we define the homogeneous
Triebel-Lizorkin spaces F?4(R™) and homogeneous Besov spaces B??(R™) by
(1.1)

BRAR) = {1 €SB Wfligoraey = | (S 2w 1), o) <00}
1€EZ

(1.2) 1/q

BLAR") = {1 € S'®R"): Iflsgaey = (270 Flfpen) <00},

€L

where §’'(R"™) is the tempered distribution class on R", @(g) = ¢(2'¢) fori € Z
and ¢ € C°(R™) satisfies the conditions:

(i) 0< o) < 1;

(ii) supp(¢) C {x e R™: 1/2 < |z| < 2};

(iii) ¢(z) > ¢ > 0if 3/5 < || < 5/3.

The inhomogeneous versions of Triebel-Lizorkin spaces and Besov spaces,
which are denoted by FP-4(R"™) and BP?(R"™), respectively, are obtained by
adding the term ||©  f| pr®n») to the right hand side of (1.1) or (1.2) with

> icz replaced by >7,.,, where © € S(R") (the Schwartz class), supp(©) C

{€eR": |¢] <2}, O(z) > ¢ > 0if |z| < 5/3. The following properties are
well known (see [9,16] for example):

(1.3) FP?(R™) = LP(R™) for 1 < p < o0;
(1.4) FPP(R™) = BPP(R™) for « € R and 1 < p < o0;
w5 FPY(R") ~ EP9(R™) N LP(R™) and

£l Fzany ~ 1 f1l goagny + [ fllLo@ny (> 0);
16) BPY(R™) ~ BP4(R™) N LP(R™) and

1Bz @ny ~ [l ppagny + 1f Lo @ny (> 0).
In 2009, Zhang and Chen [20] proved the following result.

Theorem E. Let Q € H'(S"™') satisfying [g.—. Q(a')do(2') = 0 and ¢(z) =
h(|z])Q(z"). Suppose that there exist €, v, C > 0 such that |h(t)] < Ct~"T¢(1+
t)=2¢ and

/ |(t+7)" " h(t +r) — t" " h(t)|dt < O
R

Then gy is bounded on FEI(R") for all0 < a <1 and 1< p,q < co.
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Here H'(S"7!) denotes the Hardy space on S"~!  which is the set of all
LY (S"~1) functions Q satisfying

1—1r2
Q| g1(gn-1y 1= su ’/ 0)—————do(0)|do(w) < oo.
@iy z= [ s | [ 000) o) dotu)
It was known that

HY(S" 1) ¢ Llog™ L)?(S"~ 1) ¢ H'(S"™!) for any 0 < 8 < 1.

It follows from Theorems B-D and (1.3) that the operator g, is bounded

on Fg’z(R”) for all 1 < p < oo under the same assumptions on ¢ as in one of
Theorems B-D. A natural question is the following:

Question F. Is the operator g, bounded on Fg’q(R") for some a # 0 and
q # 2 under the same assumptions on 1 as in one of Theorems B-D?

Question F' is the main motivation for this work. This problem will be
addressed by our main result.

Theorem 1.1. (i) Suppose that v satisfies the condition of Theorem B. Then

190 ()Nl sy < CNF Nl poa(gemy

for all0 < a <1 and 1 < p,q < oo, where the constant C > 0 depends on
s, ¥, h, Q.
(ii) Suppose that ¢ satisfies the condition of Theorem C. Then

g6 (D)l pgagzny < Cls/(s = 1)/ (19]

forall0 < a <1 and 1 < p,q < oo, where the constant C' > 0 is independent
of s, ¢, h, Q.

Ls(Rn) T+ ||m1/1HLl(R"))”f”Fg’q(R")

Actually, Theorem 1.1 will be derived from the following more abstract one.

Theorem 1.2. Let A > 0 and v > 1. Suppose that i satisfies the following
conditions:
(i) there exist €, § > 0 and C > 0 independent of A, v such that

o(k+1)v

(L.7) [ (t€)

okv

forallk € Z and £ € R™;
(ii) there exists a constant C > 0 independent of A, v such that

(1.8) H(Z Hsup“l/ft Lot )Uq

1/
< CAH ( > gl %r(%)) q
IeL

for all 1 < p,q,r < oo, where R,, = {¢ € R"; 1/2 < |¢| < 1}.

dt
|2 <CA21)m1n(1 |2kv§|e/v |2kv£| 5/1))

Lr (Rn)

Lp(R")
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Then for all 0 < a < 1 and 1 < p,q < oo, there exists a constant C > 0
independent of A, v such that

ng(f)HFg’Q(Rn < CAUUZHfHFg’Q(Rn)-

Applying Theorem 1.1, Theorems B-C and (1.5), we can get the following
result immediately.

Theorem 1.3. (i) Suppose that v satisfies the condition of Theorem B. Then

gy (Nl proa@ny < ClIf |l ppoagn)

for all0 < a« < 1 and 1 < p,q < oo, where the constant C depends on
s, ¥, h, Q.
(ii) Suppose that ¢ satisfies the condition of Theorem C. Then

gy ()l o @y < Cls/(s = 1)2(|9]

forall0 < a <1 and 1 < p,q < oo, where the constant C' is independent of
s, ¥, h, Q.

Le@n) + lmyllor @) | fll peoa )

By (ii) of Theorems 1.1 and 1.3 and applying extrapolation argument, we
can prove the following result.

Corollary 1.1. Let Q € L(log™ L)'/2(S*1) and Q > 0. Suppose that [1p(z)| <
h(|z])Q(z") for all x € R™\{0}, where h is a non-negative, non-increasing
function on (0,00) with supported in (0,1] and h(|z|) € L*(R™). Then gy is
bounded on FP9(R"™) and FPI(R™) for all 0 < a < 1 and 1 < p,q < oc.
Moreover,

gy fll 2oy < ClH | z2@n) (1 + Q] Laog+ £yr/2(sm-1)) [ f]

for all0 < o<1 and 1 < p,q < oo, where H(z) = h(|z|) and the constant C
is independent of 1, h, €.

In particular, when ¢(z) = Q(a/)|x|*"x{|4|<1} With p >0, @ € L*(S"1)
and [q,_, Q(a)do(2") = 0, the Littlewood-Paley operator g, reduces to the
classical parametric Marcinkiewicz integral operator pf,. As an application of
Corollary 1.1, we have:

Corollary 1.2. Let p>0, Q€ L(log™ L)"/?(S"1) and satisfy [q. . Q(z')do(2")

= 0. Then pf is bounded on EP9(R™) and FPI(R™) for all 0 < o < 1 and
1<p,q<oo.

FRan)

Observing that

(1.9) 18¢ (g (F))(@)] < g0 (A (f)) ()

for all z, ¢ € R", where A¢(f) denotes the difference of f, i.e., Ac(f)(x) =
f(x 4+ ¢) — f(x) for all z, ( € R™. By (1.9) and (ii) of Lemma 2.1, the LP
boundedness of g, automatically implies its boundedness on BZ9(R™). This
together with Theorems B-D and (1.6) yields the following result immediately.
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Theorem 1.4. Under the same conditions of Theorem 1.1 and Corollaries 1.1-
1.2, the operator gy is bounded on B%9(R™) and BRI(R™) for all 0 < a < 1
and 1 < p,q < 0.

The rest of this paper is organized as follows. After presenting some auxiliary
lemmas following from [18], we shall prove Theorems 1.1-1.2 and Corollary 1.1
in Section 3. We would like to remark that the main method employed in
this paper is a combination of ideas and arguments from [1], [11], [12], [18],
among others. Compare our main results with Theorem E, our main results
and proofs are greatly different from Theorem E and its proof. In [20] the
proof of Theorem E relies heavily on BCP’s method developed in [10] and the
rotation method developed in [17], but the above methods do not work for our
main results.

Throughout the paper, we denote p’ by the conjugate index of p, which sat-
isfies 1/p 4+ 1/p’ = 1. The letter C or ¢, sometimes with certain parameters,
will stand for positive constants not necessarily the same one at each occur-
rence, but are independent of the essential variables. In what follows, we set
R, = {C € R™ 1/2 < [¢| < 1}.

2. Preliminary lemmas

To prove our main results, we need some useful characterizations of Triebel-
Lizorkin spaces and Besov spaces, which are followed from [18].

Lemma 2.1. (i) Let0<a<1,1<p<oo,1<qg<ooandl <r <min(p,q).

Then
Lo .o \9/ T\ /e
ez ~ [ (2 ( [ 18actnrac)™ )|
leZ n
(i) Let 1 <p < oo, 1<g<o0and1<r<p. Then

1/r)q 1/q
o~ olac Ay "d .

sz~ (E2( [ 12sctnrae) L o,

The result for the following vector-valued inequalities of the Hardy-Littlewood
maximal functions followed from [18] will also be needed.

Lemma 2.2. Lety' € S"~! and My be the directional Hardy-Littlewood mazx-
imal function along 0 defined by

1
My (f)(z) = sup o |f(z —ty")|dt.
r>0 2T Jjt|<r
Then
1/q 1/q
. q L 19
(S 508 ), <N (S W) e
JEL JEZ

for all 1 < p, q, v < 0o, where C > 0 is independent of y/'.
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3. Proofs of main results

This section is devoted to proving our main results. Let us begin with the
proof of Theorem 1.2.

Proof of Theorem 1.2. By (1.9) and (i) of Lemma 2.1, we have

196 (Ol oo )

<ol (2 [ Bomrctoatie)) | o
(3.1) <C (é%a(/mn |gw(A2_l<(f))|d<)q>l/q Lp(R™)
<c @W(/mn ([ weraenctnrg) ac)) )

forall 0 < a < 1 and 1 < p, g < co. Therefore, to prove Theorem 1.2, it
suffices to show that there exists a constant C' > 0 independent of A and v

such that
H(%Z:qua(AH (/OOO e *A2—1<f|2%>1/2dc)q>1/q

< CAUI/?HfHngQ(Rn)

(3.2) Lr(®")

forall0<a<land1<p, qg<occ.

Let 19 € C**(R) be an even function satisfying 0 < ng(¢) < 1, 19(0) = 1 and
no(t) = 0 for [t| > 1. Set n(¢) =1 for €] < 1, n(§) = no(lfvljﬁ where a > 1.
Then, 7 satisfies x{j¢j<1}(€) < 1(€) < X{le|<20y(€) and [9°n(€)| < ca(2V—1)7 "
for £ € R" and a € N”, where ¢, is independent of v. We define the sequence
of functions {¢g }rez on R™ by

o (&) = n(2~ ke —p(27kvg), ¢ e R™

Observing that supp(¢y) C {2%v < |¢] < 22V} supp(éy) Nsupp(¢;) = 0 for
|j—k|>2and ), ., or(§) =1 for £ € R"\{0}. Define the multiplier operator
Ty on R™ by

T/ (€) = or(l€]) f(£)-

It follows from [18, Lemma 2.5] that for 1 < p, ¢, r < oo, there exists a constant
C > 0 independent of v such that

1/21q 1/q
(3.3) H(J‘%H<kezz|rkfj’d2) ‘Lr(vm) ’LP(R”)
< C<2v2—1)n+2H(j%||fj,< qu(m))l/q o
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By Minkowski’s inequality, it follows that for all 0 < @ < 1 and 1 < p, ¢ < oo,

(3.4)
H(églw( /| K | e sacte ) Fa)y
= H(%T‘I“(/%" (%/;i ’%*ZFJ kD210 (f) Zdt)l/ZdC)q)l/q
e (S e ) )
nkez 2

lEZ

Lp(R™)

Lp (]R") ’

Define the mixed norm |[|-|| go = for measurable functions on R" xR, x ZXZ xR
by

ez, = (2 ([, (S ] e ) "))

keZ

Lr(R™)
For any j € Z, 1et
AJ(f)(t7 z, Ca l7 k) = wt * Fj*kAQ’lC(f)(x)X[ka,Z(k+1)"’] (t)

Thus, we have

(3.5)
J(S2( [ (], e 2o (NP ) )

forall 0 <a<land 1< p,q< oc.

By our assumption (1.7), (ii) of Lemma 2.1, Holder’s inequality, Minkowski’s
inequality, Fubini’s theorem and Plancherel’s theorem, it yields that
(3.6)

<
LT’(Rn Z HA ||E1) q

JEZ

145 ()1,
(k+)
diN1/2 N2\ 1/2)2
2la 2
—H(Zz /m Z/z [Yex Dysbamic (NP ) TaC) ) L L
o(k+1)v
dEn1/2 N2
= [ ([ (S, werasednwrg) ) a
R = keZ Qk'u
o(k+1)v gt
<02221a/ Z/ / [ Ty By () () P S G
ez Rn ez "

2(k+1)u

soy e [ S )P AT @) e

leZ WkeZ
) 1/2)12
< CA202—clil 37 glac / Ay (f)[2d ‘
< oAy ([, 18ewcnbac) .

< CAQUQ—c\jIHfH%iQ(Rn),



A NOTE OF LITTLEWOOD-PALEY FUNCTIONS 667

where E;_j, = {x € R" : 2U=k)v < x| < 20=F+2v} and ¢ = min(e, §). Here
the constant C' > 0 is independent of A and v. (3.6) together with (1.4) yields

(3.7) 14; (D55, < CA0 22 V2| f|| p22 oy

On the other hand, by our assumption (1.8) we have

q 1/q
(Sl ol )
lez (%n)

kEZ te[1,2v] Lr(R™)
q 1/q
ISR 1) of P TR e [
(38) ; £>0 [ keZ| SF N v Lr(r")

‘ q 1/q
o)

for any 1 < p,q,r < 0o. Fix 1 < p,q,r < oo, by the duality, Fubini’s theorem,
Holder’s inequality and our assumption (1.8) again, there exists a sequence of
functions {fi¢c }i,¢ such that [[{fi,c}H 1o (oo (1 (93,),rn)) = 1 and

2Y q 1/q
(SIS [ sl )

leZ
q )1/q
L™(%Rn)

21)
- H (Z H Z/ |[Pakos * gi ¢ k|dt .
ez kez”’1 ('™
v
ez 'R R ez /1
9w )
/ [aroe| * | fr,c
1

Z/R/m Z|91,<,k
vl /]R /m D_ lovcrlsup|[0e] = (1ficl)| (—2)dcda

leZ n kEZ
lEZ n kEZ

q 1/q
< ¢ (] Xl )

LP(R"
l€Z keZ (R™)

0] EI AR W A
ez t>0 i be LT/(%n)

q 1/q
< Cav| (L X o |
< v (é é;gl,c,ﬂ Lr(mn))

where fi¢(z) = fi.c(—x). This together with (3.8) yields

59 (SIS wrmcara) [, )"

kEZ

ke Lr(R™)

ea|(S e
lez z

LP(R™)

(—x)|dtd¢dz

IN

Lr' (Rm)

Lr(R")’

LP(R)



668 F. LIU

1/21q 1/q
< (] (Xlawes) 7. 00)
leZ kEZ ()

for any 1 < p,q,r < 0o, where C is independent of A and v.
Fix 1 < p,q < 00, we can choose 1 < r < min(p,q). By Lemma 2.1, (3.3),
(3.9) and Holder’s inequality, we obtain

Lr(R"™)

(3.10)
14;(Hlles,
o(k+1)w dt\1/2 a\ 1/q
I (S L wersteor D) a)) g,
/ /
N (5 ety
1€z Rn kEZ e
s A 9 1/2)q 1/q
< (22 (k%/l arer # TjkBomie(f)] dt) er)) Lr(R")
. 1/2|q 1/q
<ca | (S (S aec®) L)

leZ keZ

< a2 (S A )

< CAv'/? ||fHF5"I(Rn)7

Lr(R")

where the constant C' > 0 is independent of A, v.
Interpolation between (3.7) and (3.10) implies that for any 1 < p,q < oo,
there exists 6 € (0, 1] and a constant C' > 0 independent of A, v such that

(3.11) 14 (s, < CAUI/Q?_CGWQHf||ng‘1(Rn)~

Combining (3.11) with (3.5) yields (3.2) and completes the proof of Theorem
1.2. U

Proof of Theorem 1.1. Tt was shown in Lemmas 1-3 of [11] that there exists a
constant C depending on ¥, h, ) such that

2k+1

(312) [ 109PS < Cmin 25 25

for all k € Z, £ € R™ and some € > 0 if ¢ satisfies the condition of Theorem B.
It follows from [12, Lemma 2] that there exists C' > 0 independent of s, 9, h, Q
such that

2(k:+1)s/

7, dt . s’ s’ s’ f1— s’
G13) [ WOORT < O I ey minf1, 121/ 0, 12¢] /0

if ¢p € L*(R™) for some s > 1.
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On the other hand, when 1 satisfies the condition of Theorem B or C, as in
Stein [14, pp. 63-64], we can show that

(3.14) sup v« £@)] < [l @y Ma(£) @)
where v,, is the volume of the unit ball in R" and
_n Yy
Ma(P)w) =supt ™ [ (1= iy,

t>0 ly| <t |yl
One can easily check that
(3.15) Ma((e) < [ )My (ot
where 3’ = % and M, is the directional Hardy-Littlewood maximal function

along y/. We notice that ||’/7”L¢||L1(Rn) = Hh||L1(Rn)||Q||L1(Sn71)(nvn)71. By
(3.14)-(3.15), Lemma 2.2 and Minkowski’s inequality, we can obtain

(S lmtt= sl )
su
= t>g I L v, Lp(R™)
(3.16) 1/q
< Cllmyllr e || ( S Ificll?,
Y| L1 (R™) LA Lr () LP (R
lez (R™)

for any 1 < p,q,r < 0o, where C' > 0 is independent of s, 9, h, 2.
By (3.12), (3.16) and Theorem 1.2 with v = A = 1, there exists a constant
C > 0 depending on v, h, Q such that

19w (Nl pa@ny < Cllf N rpea ey
forall 0 < @< 1and 1< p,q < oo if ¢ satisfies the condition of Theorem B.
It follows also from (3.13), (3.16) and Theorem 1.2 with v = ¢’ and A =

19 s (mny + lmy|lL1(mny that there exists a constant C' > 0 independent of
s, ¥, h,  such that

19w (Nl gzoa@ny < CUYlLe@ny + lImpllzr @) Il 2o @y

forall 0 < @ < 1and 1 < p,q < oo if ¢ satisfies the condition of Theorem C.
This finishes the proof of Theorem 1.1. ([
Proof of Corollary 1.1. One can easily check that H € L"(R") for any 1 <
r < 2. Employing the notation in [12], let F} = {# € S~ : |Q(0)| < 2} and
F, = {0 e S"1:2k=1 < |Q(0)| < 2%} for any k > 2. Let Ej, = {x € B(0,1) :
x #0,2' € F} for all £ > 1, B(0,1) = {z € R" : |z] < 1} and Q; = Qxp,.
We decompose ¢ as ) = Y po | 1y, where

U = txm, — |BO,1) /E W(@)day s,

Note that
Y (z)dz = 0;
RTL
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V(@)X E, | < H(x)Qk(x/)XB(o,l);

’|B(07 1)|71/E Y(x)drxpo)| < 1H| @) 12 L1 sn-1)XB(0,1)-
Let k
h*(|z]) = (H(z) + | H| 1 e)) X B(0,1) (#) and Qp(z") = Qi (") + |Q | 1 (sn-1)-
One can easily check that
[Yi(@)] < h*(|z])Q (2"),

where h* is a nonnegative, nonincreasing function on (0, co) with supported in
(0,1] and QF is a nonnegative function on S"~!. Specially, h*(|z|) € L}(R"),
Q€ LY(S"1) and v, € L*(R") for any 1 < s < 2. Let ¢y = t " (¢t ')
and my, = h*(|z])Q}(2"). By (3.1) and Minkowski’s inequality,

||9w(f)”Fg’Q(Rn)

) 2 / a\ /4
) < O“(ZQIqa(An(/O |¢t*A2—tC(f)\ %)1 2d<) )1

leZ
< CkZ:l H(lezzzlw(/mn(/owd,k’t . A2il<(f)|2%>l/2dc)q)l/q}

forall 0 < o< 1land 1< p, ¢ <oo. By the proofs of Theorems 1.1-1.2, there
exists a constant C' > 0 independent of s, 1y, h*, )}, such that

> / a\ 1/q
(3.18) H(éyqa(/mn (/0 |9 *Azflg(f)P%)l 2dg) )1
< C(s/(s — D)2(|n by + gl )1 s ey

forall 0 < @« < 1 and 1 < p,g < co. Taking s = 1+ 1/k. It follows from
(3.17)-(3.18) that

(3.17 LP(R™)

Ly (R")

Lp(R™)

g (f) HF}Z"Z(R")

< O EYA ([l sy + lIma 1 @) 11 gpa @y
=1

(3.19)

forall 0 <@ <1 and 1< p,q< oo, where C' > 0 is independent of k, vy, h, Q.
Note that

QillLrsn—1y < ClH|| 2 ®ny

M|l @ny < CIA" ([ ) Q|| pr1/m(gn-1y;

Ikl Lrvirm@ny < CIH || L2@n) [l L4175 (gn-1);

[N P— :{C”%k'wsw 2 sy = 275
CH 2K/ (k1) if | Q| pr(gn-1y < 27K
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It follows from (3.19) that

199 f || 2 ey

s 2
< Cl|Hll2@ny Y (K227 /D £ B2 || pasn-1)) L F ]| oo gy
k=1

< ClH | z2@n) (1 + 12| Lot £yr/2(sn- 1)1 f 1 oo ey

This yields the conclusion of Corollary 1.1. (]
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