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FRACTIONAL INTEGRATION AND DIFFERENTIATION OF
THE (p, q)-EXTENDED BESSEL FUNCTION

JUNESANG CHOI AND RAKESH K. PARMAR

ABSTRACT. We aim to present some formulas for Saigo hypergeomet-
ric fractional integral and differential operators involving (p, q)-extended
Bessel function Jy, p (%), which are expressed in terms of Hadamard
product of the (p,q)-extended Gauss hypergeometric function and the
Fox-Wright function ,¥4(2). A number of interesting special cases of our
main results are also considered. Further, it is emphasized that the re-
sults presented here, which are seemingly complicated series, can reveal
their involved properties via those of the two known functions in their
respective Hadamard product.

1. Introduction and preliminaries

Fractional calculus, which has a long history, is an important branch of math-
ematical analysis (calculus) where differentiations and integrations can be of
arbitrary non-integer order. During the past four decades or so, fractional cal-
culus has been widely and extensively investigated and has gained importance
and popularity due mainly to its demonstrated applications in numerous and
diverse fields of science and engineering such as turbulence and fluid dynamics,
stochastic dynamical system, plasma physics and controlled thermonuclear fu-
sion, nonlinear control theory, image processing, nonlinear biological systems,
and astrophysics (see, for details, [6,9,10,13-15,21,25]).

We recall Saigo fractional integral and differential operators involving the
hypergeometric function 3 Fy (see [20]):
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Here and in what follows, [x] denotes the greatest integer less than or equal to
a real number x. Setting 8 = —a in (1), (2), (3), and (4) yields the familiar
Riemann-Liouville fractional integrals and derivatives of order a € C with
R(a) >0 and = € RT (see, e.g., [7-9,21]):

B W @ = (50 @0 = [ -0
© @ = (1) @) = o [ a0
and
(D31 @) = (D8,0) @) = (1) pory [ -0 r0

@ ~(4) @Wenw  o=mel+,
(D215) () = (D) ()
0 ~ 0" () torma | @m0 a
0 (5) @ =B

Here and in the following, let C, R*, and N be the sets of complex numbers,

positive real numbers, and positive integers, respectively, and let Ny := NU{0}.
Setting 8 = 0 in (1), (2), (3), and (4) yields the so-called Erdélyi-Kober

fractional integrals and derivatives of order o € C with R(«) > 0 and z € R

(see, e.g., [9,21]):
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Recently, many authors have investigated the (p, ¢)-variant (when p = ¢, the
p-variant) associated with a set of related higher transcendental hypergeomet-
ric type special functions (see, for details, [1-4,11,17-19,22]). In particular,
Masirevic et al. [12] introduced and studied the (p, g)-extended Bessel function
Ju, p,q(2) of the first kind of order v with min{p,q} > 0 and R(v) > —1 when
p =q =0 in the form:

v 00
5 1 1 2
Jup, (Z)=7(2) (-1)"B <n+,V+;p,q>
P Val(v+ %) n;) 2 2 (2n)!
z\Y 00 1 1. n
(15) _ ) 3 B (n+3. v+ 3:p,9) <22>

where B(z,y;p,q) is the (p, ¢)-extended Beta function introduced by Choi et
al. [5]

n=0

1
(16) B(w,y;p,q):/ # 1=y le F s
0

(min{R(z), R(y)} > 0; min{R(p),R(q)} > 0).

It is noted that B(z,y;0,0) = B(x, y) is the familiar Beta function (see, e.g.,
[23, Section 1.1]). They [5] established various properties of B(z,y;p,q) in
(16) such as integral representations, Mellin transforms (see, e.g., [18]), com-
plete monotonicity, Turdn type inequality (see, e.g., [16]) and associated non-
homogeneous differential-difference equations. Clearly, the case p = 0 = ¢ in
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(15) reduces immediately to the classical Bessel function J, (z) of the first kind
(see, e.g., [22,26])

S D)

(17) L=

« nlD(v+n+1)

Also, for our present investigation, we need the concept of Hadamard prod-
uct (or convolution) of two analytic functions. It can help us in decomposing
newly established series into two known functions. Let

Zan (lz] < Ry) and g(z Zb 2" (|z| < Ry)

be two given power series whose radii of convergence are given by Ry and R,
respectively. Then their Hadamard product is a power series defined by

(18) Zanb 2= (g% f)(2) (2| <R),

n=0

whose radius of convergence R is

1 1 1 1 1
B= limsup (Jan, bn|)71b < (limsup (|an|)i) <limsup (bn|)i) =

n—00 n—00 n— 00 Rf . Rg

and so R 2 Ry - Ry. In particular, if one of the power series defines an entire
function, then the Hadamard product series defines an entire function, too.

In this paper, we aim to investigate compositions of the generalized frac-
tional integration and differentiation operators (1), (2), (3) and (4) involving
(p, g)-extended Bessel function J, , 4(z). Also, those results for the classical
Riemann-Liouville and Erdélyi-Kober fractional integral and differential oper-
ators involving the (p, g)-extended Bessel function J,, , 4(z), which correspond
to the main identities, are deduced. Further, we show that those compositions
are expressed in terms of the Hadamard product (18) of the (p,q)-extended
Gauss hypergeometric function (see [5, p. 354, Eq. (7.1)])
(19)

= B n,c—b; z"

F, 4(a,b;c;2z) = ;(a)n ® _];(é’CC_ b; P:q) o (Jz] < 1; R(c) > R(b) > 0)
and Fox-Wright function ,¥,(2) (p, ¢ € No) (see, for details, [9,15]; see also
[21,24)):
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where the equality in the convergence condition holds for

P q
el <ve=[[TAY | | ] B
j=1 j=1

Here and in the following, (A\), denotes the Pochhammer symbol defined (for
A, v € C), in terms of the Gamma function T', by

_F()\+V)_{1 (v=0; e C\{0})

(21) (A)V:—W_ AA+1)---(A+n=-1) (wr=neN; xeC).

2. Fractional integrations of the J, p 4(2)

Here, composition formulas of generalized fractional integrals (1) and (2)
involving the (p, ¢)-extended Bessel function J,, p 4(2) of the first kind of order
v are presented. To do this, we begin by stating some image formulas regarding
(1) and (2) which may be known formulas and are given in the following lemma.

Lemma 2.1. Let o, 3,7 € C and x € RT.
(a) If R(a) > 0 and R(o) > max {0, R(5 —n)}, then

_ T'(o)(c+n—P) _5_
29 Ioéﬂﬂ]ta 1 _ o—p-1
( ) ( 0+ )(J?) F(U—ﬁ)F(U—l—a—l—n)x
In particular, we have

03) U@ =

a7t} min o o
(c+a) (min {R(c), R(o)} > 0)

and
o—1 _ F(U + 77) CCU_l

(b) If R(a) > 0 and R(o) < 1+ min {R(B), R(n)}, then
Do+ D0+ 1) .
'l-o)l'a+B8+n—0+1) '

In particular, for x > 0, we have

(R(a) > 0, R(o) > —R(n)).

(25) ) =

(26)  (I*t7 ") (z) = Wx”a—l (0 < R(a) <1—R(0))

and

F(’I] — 0+ 1) wa’—l
MNa+n—oc+1)
Theorem 2.2. Let «,f3,n,0,v,w € C be such that min{R(p), RN(q)} > O,
R(v) > -1, R(a) > 0 and R(o + v) > max{0,R(5 —n)}. Then

@) (P TpawD)}) @)

(27) (K,;at“_l)(m) = (R(o) <14+ R(0)).
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where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

Proof. Applying (15) to (1) and changing the order of integration and sum-
mation, which is valid under the given conditions here, and using (22), we
find

29) (16" {7 Tupat)}) (@)

_ (%)V — B(’“‘%’ V—|—%;p,q) w2\ a,B,m0+v+2k—1
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Expressing the last summation in (29) in terms of the Hadamard product (18)

with the functions (19) and (20), and considering (21) for (%)k, we obtain the

right-hand side of (28). O

k=0

k=0

Theorem 2.3. Let «,f8,n,0,v,w € C be such that min{R(p),R(q)} > 0,
R(v) > -1, R(a) > 0 and R(o —v) < 1 +min{R(5),R(n)}. Then

o0 (et ()

w\Y 1 2
— oc—v—[fF—1 (5) I3 1’5; _ L
\/%x 1—\(1/_’_1) p,q [
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where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

Proof. Applying (15) to (2) and changing the order of integration and sum-
mation, which is valid under the given conditions here, and using (25), we

find
(= ()0

(%)V = B(k"'%v’/‘*‘%;p?q) ( w2>k B yo—v—2k—1
Mo D =) B yw 1) (7 )@

4
k=0
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Applying a similar argument as in the proof of (28) to the last summation leads
to the right-hand side of (30). O

The results in Theorems 2.2 and 2.3 can be specialized to give a number of
identities involving known fractional integral operators. Here, we present four
identities as in the following corollaries, without their proofs.

Corollary 2.4. Let a,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
—1, R(a) >0, R(c +v) >0. Then

B (s {7 opawh)}) (@)
3

v

— \/EzGJrVJrOL*l (7

I'(v+1)
1. 2.2 . 2.2
< F,, 1,23 _wizt Py | (O’+l/,2)? L wim ’
V+1, 4 (2’1),(U+V+Oé,2), 4

where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

Corollary 2.5. Let a,n,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
—1, R(a) > 0 and R(o +v) > —R(n). Then

(32) (I;:a {tU_IJV’p,q(Wt)}) (z)

_ \/;Txa-&-y—l (%)V

I'v+1)
1. 2,2 . 2,2
< F,, 1,2? L wiat Py | (U—I—V—H7,2)i _wi 7
v+1; 4 (3,1): (0 +v+a+n,2); 4

where % denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

Corollary 2.6. Let a,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
-1, 0< R(a) <1—R(oc —v). Then

()0

_ oc—v+a—1 (%)V
=T I'(v+1)
Y F , l1—-a—-0+v,2); w?

1,1. w?
2 Y Y
P, [ v+ 1; 4x2} * 1\112[ 1), 1-0+1,2); 422’
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where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

Corollary 2.7. Let a,n,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
-1, R(a) > 0 and R(oc —v) <1+ R(n). Then

00 (K (2)))

_ o—v—1 (H)V
= Ve r(y2+ 1)

2 2

1 1+n—0+rv2); w

27 . ) b o
XFM[VH; 43:2} *“PQ{(%,1>,(1+a+n—a+v,2); 422 ]’
where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional integral is assumed to be convergent.

3. Fractional differentiations of the J,, , 4(2)

Here, composition formulas of the generalized fractional differentiations (3)
and (4) involving (p, g)-extended Bessel function J, , 4(2) of the first kind of
order v are presented. To do this, we begin by giving the following image
formulas asserted in Lemma 3.1, without their proofs.

Lemma 3.1. Let o, 3,7 € C and x € R*. Then
(a) If R(a) > 0 and R(o) > —min{0, R(a+ B+ n)}, then

(35) (DG 1) () = r(ggg(i;)? (jf ;’7) AL
In particular, we have
36 (DRt )o) = o et (Rla) > 0. Rio) > 0)

and
(37) (D;atail)(x) - Wm”l
(b) IfR(ar) > 0,R(0) < 1+min{R(—B—n), R(a+n)} and n = [R(a)]+1,
then

(38) (D2 () =

(R(a) >0, R(o) > —R(a+1n)).

Fr(l—oc—-BT(1—-0c+a+ n)mﬂg,l
T1—o)(1l—0+n—p) '

In particular, we have
INl—o+a)

(39) (D" )(a) = T—o)

27 (R(a) >0, R(0) < 1+ R(a) —n)
and

(40)
(Dy. ot ) (@)= on—l (R(a) > 0, R(0) < 1+ R(a+7) —n).
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Theorem 3.2. Let o, f8,n,0,v,w € C be such that min{R(p),R(¢)} > 0,
R(v) > -1, R(a) > 0 and R(o +v) > —min{0, R(a+ S +n)}. Then

(D) (D5 {7 )} ) (@)

— \/;rxa—&-v+ﬁ—l (%)V

I'(v+1)
wr [ Ly @) o[ (042 (o tvtatfan2); W’
POy, 4 LG, (0+v+B.2), (0 +v+n,2); 1]

where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Proof. Applying the fractional differential operator (3) to (15) and conducting
term-by-term fractional differentiation, which is valid under the given condi-
tions here, with the aid of (35), we have

(42) (D5 {7 uat)} ) (@)

(5)" §3Bw+;u+;m&>( w)k@gf%ﬁHMA)u>

:F(l/+1) B(%, v+1) K 4

k=0
_ xo’-i—l/-‘rﬁ—l (%) i (l)kB (k+ %3 v+ %71); Q)
Iy +1) B (3, v+3) K
o To+v+2k)T(c+v+a+ B+n+2k) (W%Q)k
(1), Lo +v+B+2k)(0+v+n+2k)kl \ 4

k=0

o

Expressing the last summation in (42) in terms of the Hadamard product (1
together with the two functions (19) and (20) yields the desired formula (41

)

D\_/

Theorem 3.3. Let «,3,n,0,v,w € C be such that min{R(p), R(q)} >
Rv) > -1, Rla) > 0 and R(o —v) < 1+ min{R(—8 — n),R(a + n)
n=[R(a)]+1. Then

(3) (D {0, (2))) @
S Pt

l-0c+v-p5,2,1—-0c+v+a+n,?2) _i
31, (1—0+v,2),(1-0c+v+n-52); 4da2]’

7

- O

)

-

where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Proof. The proof would run parallel to that of Theorem 3.2. We omit the
details. (I
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Four interesting special cases of the results in Theorems 3.2 and 3.3 are given
in the following corollaries, without their proofs.

Corollary 3.4. Let a,0,v,w € C be such that min{R(p), R(¢)} > 0, R(v) > —1
and R(e) >0, R(oc +v) > 0. Then

(@) (D5 At upa(wt)}) ()

_ \/%x0'+u—o¢—l (%)V

I'v+1)
1,4, w?z? (0 +1,2); w?z?
v 2y [ _
XFM[VH; 1 ]*1‘1’2[<;,1>,(0+y_a,2); rat

where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Corollary 3.5. Let a,n,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
-1, R(a) >0 and R(oc +v) > —R(n+ «). Then

45) (Do {7 upa@)}) (@)

I'v+1)
< F Ly Wil o (c+v+atn2); wa?
Pl v+ 4 LG D, (0 + v+ n,2); 4 |’

where * denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Corollary 3.6. Let a,0,v,w € C be such that min{R(p),R(q)} > 0, R(v) >
-1, R(a) > 0, R(o —v) < R(a) — [R(«)]. Then

w0 (o () 0

_ o—v—a—1 (%)V
BRAE YY)

17%; w? (1-c+v+a,?2); w?
1Yo | 1 B . T3
(271)a(1 U+V72), 4x

where x denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Corollary 3.7. Let a,n,0,v,w € C be such that min{R(p),R(¢)} > 0, R(v) >
-1, R(a) > 0 and R(oc —v) < R(a+1n) — [R(a)]. Then

1) (Do e (7)) @)

o (8
=V R
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< F 17%7 _i ] (1_0'+1/+Oé+’l7,2), _ﬁ
PUlv+ L 42?] P (5 ), (-0t v dn,2); 422

where * denotes the Hadamard product in (18) and whose left-sided hypergeo-
metric fractional derivative is assumed to be convergent.

Concluding remarks

The results presented in Theorems 2.2-3.3 together with corollaries are sure
to be new and potentially useful, mainly because they are expressed in terms
of the Hadamard product with two known functions. At least, what seemingly
complicated resulting series are expressed in terms of two known functions
means that certain properties involved in the complicated resulting series can
be revealed via those of the two known functions in their respective Hadamard
product.

Acknowledgments. The authors would like to express their deep-felt thanks
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