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WEIGHTED COMPOSITION OPERATORS WHOSE RANGES

CONTAIN THE DISK ALGEBRA II

Kei Ji Izuchi, Kou Hei Izuchi, and Yuko Izuchi

Abstract. Let {ϕn}n≥1 be a sequence of analytic self-maps of D. It is
proved that if the union set of the ranges of the composition operators

Cϕn on the weighted Bergman spaces contains the disk algebra, then ϕk

is an automorphism of D for some k ≥ 1.

1. introduction

Let D be the open unit disk. We denote by H(D) the space of all analytic
functions on D. We denote by S the set of analytic self-maps of D. For each
ϕ ∈ S and u ∈ H(D), we may defined the weighted composition operator MuCϕ
on H(D) by (MuCϕ)f = u(f ◦ϕ) for f ∈ H(D). For a subset E of H(D), write
(MuCϕ)(E) = {(MuCϕ)f : f ∈ E}. There are a lot of studies of (weighted)
composition operators on various space of analytic functions, see [1, 8].

We denote by A(D) the disk algebra, i.e., the space of functions in H(D)
which can be extended continuously on D (see [4]). Let Aut (D) be the set of
automorphisms of D. For finitely many ϕ1, ϕ2, . . . , ϕ` in S and u1, u2, . . . , u`
in H(D), in the previous paper [5, Theorem 2.1] the authors proved that if

A(D) ⊂
⋃`
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some

1 ≤ k ≤ `, where Z(uk) denotes the zero set of uk in D. We have a con-
jecture that for sequences {ϕn}n≥1 in S and {un}n≥1 in H(D), if A(D) ⊂⋃∞
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. At

this moment, we can not prove this. In this paper, we shall study the same
type of problems.

For 0 < p < ∞, let Ap, the Bergman space, be the space of functions f in
H(D) satisfying that ∫

D
|f(z)|p dA(z) <∞,

Received February 1, 2017; Revised May 14, 2017; Accepted June 8, 2017.

2010 Mathematics Subject Classification. Primary 47B33; Secondary 46J15, 30H50.
Key words and phrases. composition operator, disk algebra, automorphism, weighted

Bergman space, QA space.
The first author is partially supported by Grant-in-Aid for Scientific Research, Japan

Society for the Promotion of Science (No.15K04895).

c©2018 Korean Mathematical Society

507



508 K. J. IZUCHI, K. H. IZUCHI, AND Y. IZUCHI

where dA is the normalized area measure on D. It is well known that Cϕ(Ap)
⊂ Ap. In Section 2, applying the Baire category theorem we shall prove that if

A(D) ⊂
∞⋃
n=1

Cϕn

( ⋃
0<p<∞

Ap
)
,

then ϕk ∈ Aut (D) for some k ≥ 1.
Let H∞ be the space of bounded analytic functions on D. We denote by ∂D

the boundary of D. For each f ∈ H∞, there exists f∗(eiθ) = limr→1 f(reiθ) for
almost all eiθ ∈ ∂D. We identify f with f∗, so we may think of H∞ the closed
subalgebra of L∞(∂D), the space of bounded measurable functions on ∂D. It is
well known that H∞+C(∂D) is a closed subalgebra of L∞(∂D), where C(∂D)
is the space of continuous functions on ∂D ([6]). We write

H∞ + C(∂D) =
{
f : f ∈ H∞ + C(∂D)

}
.

Let

QA = H∞ ∩H∞ + C(∂D).

Then QA is the closed subalgebra of H∞ and A(D) ⊂ QA ⊂ H∞. It is
considered that QA is a fairly small and an interesting space in H∞ (see [2, 7,
9, 10]). In [5, Theorem 4.1], the authors pointed out that if

H∞ ⊂
∞⋃
n=1

(MunCϕn)(H(D)),

then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. In Section 3, we shall show
that the above result holds if we replace H∞ by QA.

2. Weighted Bergman spaces

We study under more general setting. Let ω be a positive continuous func-
tion on D satisfying that

(α) ω(z)→ 0 as |z| → 1.

For f ∈ H(D), let denote

‖f‖ω = sup
z∈D

ω(z)|f(z)|.

Write

H(ω) = {f ∈ H(D) : ‖f‖ω <∞}.
Then H(ω) is a Banach space with the norm ‖ ·‖ω and A(D) ⊂ H(ω). For each
positive integer m, let

Hm(ω) = {f ∈ H(ω) : ‖f‖ω ≤ m}.

We have H(ω) =
⋃∞
m=1Hm(ω).

Lemma 2.1. Cϕ(Hm(ω)) ∩A(D) is closed in A(D).
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Proof. Let {fj}j≥1 be a sequence in Cϕ(Hm(ω)) ∩ A(D) such that fj → f0 in

A(D) as j → ∞. For each j ≥ 1, there is gj ∈ Hm(ω) such that fj = gj ◦ ϕ.
Since ω(z)|gj(z)| ≤ m on D for every j ≥ 1, by the normal family argument we
may assume that gj → g0 ∈ H(D) uniformly on any compact subset of D as

j →∞. Then we have g0 ∈ Hm(ω) and f0 = g0◦ϕ, so f0 ∈ Cϕ(Hm(ω))∩A(D).
Thus we get the assertion. �

Since Cϕ(H(ω)) ∩ A(D) is a subspace of A(D) and H(ω) =
⋃∞
m≥1Hm(ω),

we have the following.

Lemma 2.2. If Cϕ(Hm(ω)) ∩A(D) contains a non-void open subset of A(D),

then A(D) ⊂ Cϕ(H(ω)).

Proof. Take a non-void open subset U of A(D) satisfying

U ⊂ Cϕ(Hm(ω)) ∩A(D).

Fix f0 ∈ U . There is g0 ∈ Hm(ω) such that f0 = g0 ◦ ϕ. Take f ∈ A(D)
arbitrary. We have

f0 + εf ∈ U ⊂ Cϕ(Hm(ω)) ∩A(D)

for some ε > 0. Then there is h ∈ Hm(ω) such that f0 + εf = h ◦ ϕ. Since
(h− g0)/ε ∈ H(ω), we have

f =
(h− g0) ◦ ϕ

ε
∈ Cϕ(H(ω)).

Thus we get the assertion. �

By [5, Theorem 1.1], we have the following.

Lemma 2.3. If A(D) ⊂ Cϕ(H(ω)), then ϕ ∈ Aut (D).

Theorem 2.4. Let {ϕn}n≥1 be a sequence in S and {ω`}`≥1 be a sequence of
positive continuous functions on D satisfying condition (α). If

A(D) ⊂
∞⋃
n=1

Cϕn

( ∞⋃
`=1

H(ω`)
)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

Proof. We may assume that ϕn is non-constant for every n ≥ 1. We have

∞⋃
`=1

H(ω`) =

∞⋃
`,m=1

Hm(ω`).

By the assumption,

A(D) =

∞⋃
n,`,m=1

Cϕn(Hm(ω`)) ∩A(D).
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By Lemma 2.1, Cϕn(Hm(ω`)) ∩ A(D) is closed in A(D) for every n, `,m ≥ 1.

By the Baire category theorem, Cϕn(Hm(ω`))∩A(D) contains a non-void open

subset of A(D) for some n, ` and m. By Lemma 2.2, A(D) ⊂ Cϕn(H(ω`)). By
Lemma 2.3, we have ϕn ∈ Aut (D). �

For 0 < p < ∞ and −1 < α < ∞, the weighted Bergman space Apα is the
space of f ∈ H(D) satisfying that

‖f‖p,α :=
(∫

D
|f(z)|p dAα(z)

)1/p

,

where

dAα(z) = (α+ 1)(1− |z|2)α dA(z)

(see [3, p. 2]). We have Ap0 = Ap,

Apα1
⊂ Apα2

if −1 < α1 < α2 <∞
and

Ap1α ⊃ Ap2α if 0 < p1 < p2 <∞.

Then ⋃
0<p<∞

Apα =

∞⋃
`=1

A1/`
α and

⋃
−1<α<∞

Apα =

∞⋃
k=1

Apk.

Hence ⋃
0<p<∞,−1<α<∞

Apα =

∞⋃
`,k=1

A
1/`
k .

For f ∈ Apα, we have

sup
z∈D

(1− |z|2)
2+α
p |f(z)| ≤ ‖f‖p,α <∞

(see [3, p. 53]). Set ωp,α(z) = (1− |z|2)(2+α)/p. Then Apα ⊂ H(ωp,α) and⋃
0<p<∞,−1<α<∞

Apα ⊂
∞⋃

`,k=1

H(ω1/`,k).

So by Theorem 2.4, we have the following.

Corollary 2.5. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃
n=1

Cϕn

( ⋃
0<p<∞,−1<α<∞

Apα

)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

For 0 < p <∞, let Hp be the space of functions f in H(D) satisfying that

sup
0<r<1

∫ 2π

0

|f(reiθ)|p dθ
2π

<∞.

The space Hp is call the Hardy space. Since Hp ⊂ Ap, we have the following.
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Corollary 2.6. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃
n=1

Cϕn

( ⋃
0<p<∞

Hp
)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

3. The QA space

In this section, we shall prove the following.

Theorem 3.1. Let {ϕn}n≥1 be a sequence in S and let {un}n≥1 be a sequence
in H(D). If

QA ⊂
∞⋃
n=1

(MunCϕn)(H(D)),

then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1.

Proof. The proof is a modification of the one of [5, Theorem 1.1]. We may
assume that un 6= 0 for every n ≥ 1. To prove the assertion, suppose that
either ϕk /∈ Aut (D) or Z(uk) 6= ∅ for every k ≥ 1. We shall show the existence
of F ∈ QA such that

F /∈
∞⋃
n=1

(MunCϕn)(H(D)).

Let N be the set of positive integers,

Σ1 =
{
n ∈ N : Z(un) 6= ∅

}
,

Σ2 =
{
n ∈ N : n /∈ Σ1, ϕn is constant

}
,

Σ3 =
{
n ∈ N : n /∈ Σ1 ∪ Σ2, ϕn is not a finite Blaschke product

}
,

and

Σ4 =
{
n ∈ N : n /∈ Σ1, ϕn is a finite Blaschke product

}
.

Since ϕn /∈ Aut (D) for every n ≥ 1 with n /∈ Σ1, ϕj /∈ Aut (D) for every

j ∈ Σ2 ∪ Σ3 ∪ Σ4. We note also that N =
⋃4
i=1 Σi and Σi ∩ Σ` = ∅ for i 6= `.

For each k ∈ Σ1, take ζk ∈ D satisfying uk(ζk) = 0.
Associated with the set Σ3, we shall define a function in QA satisfying some

additional conditions. First, suppose that Σ3 6= ∅. Let j ∈ Σ3. Then there
is a sequence {zj,n}n≥1 in D such that {zj,n}n≥1 ∩ {ζk}k∈Σ1

= ∅, |zj,n| → 1
as n → ∞ and ϕj(zj,n) → αj as n → ∞ for some αj ∈ D. Since ϕj is
non-constant, we may take {zj,n}n≥1 as ϕj(zj,n) 6= ϕj(zj,m) for every n 6= m.
Considering a subsequence of {zj,n}n≥1, further we may assume that∑

j∈Σ3

∞∑
n=1

(1− |zj,n|) <∞.
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Let bΣ3
be the Blaschke product with zeros {zj,n : j ∈ Σ3, n ≥ 1}, that is,

bΣ3
(z) =

∏
j∈Σ3,1≤n<∞

−zj,n
|zj,n|

z − zj,n
1− zj,nz

, z ∈ D.

Then bΣ3
(ζk) 6= 0 for every k ∈ Σ1. By the Wolff theorem [10], there is a

function qΣ3
in QA such that bΣ3

qΣ3
∈ QA and |qΣ3

| > 0 on D. When Σ3 = ∅,
we set bΣ3 = qΣ3 = 1.

Associated with the set Σ4, we shall define a function in QA satisfying some
additional conditions. First, suppose that Σ4 6= ∅. Let j ∈ Σ4. Note that
ϕj /∈ Aut (D). Since ϕj is a finite Blaschke product, there are γj , ξj ∈ D such
that γj 6= ξj and ϕj(γj) = ϕj(ξj). Moreover, we may assume that bΣ3

(ξj) 6= 0
and {γj , ξj : j ∈ Σ4} is a set of distinct points. Further, we may assume
that {γj}j∈Σ4 ∩ {ζk}k∈Σ1 = ∅ and

∑
j∈Σ4

(1 − |γj |) < ∞. Let bΣ4 be the

Blaschke product with zeros {γj}j∈Σ4 . Then bΣ4(ξj) 6= 0 for every j ∈ Σ4 and
bΣ4

(ζk) 6= 0 for every k ∈ Σ1. By the Wolff theorem [10] again, there is a
function qΣ4

in QA such that bΣ4
qΣ4
∈ QA and |qΣ4

| > 0 on D. When Σ4 = ∅,
we set bΣ4

= qΣ4
= 1.

We have

F := bΣ3
qΣ3

bΣ4
qΣ4
∈ QA.

Note that F 6= 0,

Z(F ) = Z(bΣ3
) ∪ Z(bΣ4

) = {zj,n : j ∈ Σ3, n ≥ 1} ∪ {γj}j∈Σ4

and

Z(F ) ∩
(
{ζk}k∈Σ1

∪ {ξj}j∈Σ4

)
= ∅.

To show that F /∈
⋃∞
n=1(MunCϕn)(H(D)), suppose that there is a non-zero

function G in H(D) such that

F = bΣ3
qΣ3

bΣ4
qΣ4

= uj(G ◦ ϕj)

for some j ≥ 1. To lead a contradiction, we divide the proof into four cases.

Case 1. Suppose that j ∈ Σ1. Since uj(ζj) = 0, we have

F (ζj) = uj(ζj)(G ◦ ϕj)(ζj) = 0.

This contradicts Z(F ) ∩ {ζk}k∈Σ1 = ∅.

Case 2. Suppose that j ∈ Σ2. Then ϕj(z) ≡ a for some a ∈ D. We have
F (z) = uj(z)G(a). If G(a) = 0, then F = 0. This is a contradiction. Suppose
that G(a) 6= 0. Since Z(uj) = ∅, Z(F ) = ∅. This is also a contradiction.

Case 3. Suppose that j ∈ Σ3. Since F (zj,n) = 0, we have

uj(zj,n)G(ϕj(zj,n)) = 0

for every n ≥ 1. Since Z(uj) = ∅, G(ϕj(zj,n)) = 0 for n ≥ 1. We have
zj,n → αj ∈ D as n → ∞ and ϕj(zj,n) 6= ϕj(zj,m) for every n 6= m. By the
uniqueness theorem, we have G = 0. This is a contradiction.
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Case 4. Suppose that j ∈ Σ4. Since F (γj) = 0, we have

uj(γj)G(ϕj(γj)) = 0.

Since Z(uj) = ∅, G(ϕj(γj)) = 0. Since ϕj(γj) = ϕj(ξj), we have G(ϕj(ξj)) =
0. This shows that F (ξj) = 0. But this contradicts Z(F ) ∩ {ξj}j∈Σ4

= ∅.
Therefore we get the assertion. �

Remark 3.2. Let {ϕn}n≥1 be a sequence in S and let {un}n≥1 be in H∞. It is
known that (MunCϕn)(H2) ⊂ H2 for every n ≥ 1. If

H2 ⊂
∞⋃
n=1

(MunCϕn)(H2),

then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. For, we have

QA ⊂ H2 ⊂
∞⋃
n=1

(MunCϕn)(H(D)),

so applying Theorem 3.1 we have the assertion.
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