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DUAL BASS NUMBERS AND CO-COHEN

MACAULAY MODULES

Lingguang Li

Abstract. In this paper, we show that the co-localization of co-Cohen

Macaulay modules preserves co-Cohen Macaulayness under a certain con-
dition. In addition, we give a characterization of co-Cohen Macaulay

modules by vanishing properties of the dual Bass numbers of modules.

1. Introduction

Let R be a Noetherian ring, M an R-module, p ∈ Spec R. H. Bass defined
so called Bass numbers µi(p,M) by using the minimal injective resolution of
M for all integers i ≥ 0, and proved that

µi(p,M) = dimk(p) ExtiRp
(k(p),Mp).

If M is a finitely generated R-module, the Betti numbers βi(p,M) is defined
by using the minimal free resolution of Mp for all i ≥ 0, and we have

βi(p,M) = dimk(p) Tor
Rp

i (k(p),Mp).

In addition, E. Enochs and J. Z. Xu defined the dual Bass numbers πi(p,M)
by using the minimal flat resolution of M for all i ≥ 0 and showed that

πi(p,M) = dimk(p) Tor
Rp

i (k(p),HomR(Rp,M))

for any cotorsion R-module M in [4]. J. Z. Xu characterized Gorenstein rings
and strongly cotorsion modules by vanishing properties of πi(p,M). The author
have studied the vanishing properties of dual Bass numbers in [6].

A finitely generated R-module M over a Noetherian ring R is called Cohen
Macaulay if dimRp

Mp = gradeRp
Mp for any p ∈ SuppRM . Cohen Macaulay

modules over Noetherian rings are important objects in commutative algebra
and algebraic geometry. In duality, Z. M. Tang and H. Zakeri introduced the
concept of co-Cohen Macaulay modules and studied the properties of this in [10]
and [11]. An elementary and important property of Cohen Macaulay modules is
that the localization preserves the Cohen Macaulayness. The dual question for
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Artinian modules is to ask whether the co-localization of co-Cohen Macaulay
modules preserves the co-Cohen Macaulayness. We show that this statement
is true under a certain conditions (Proposition 3.4).

In addition, we give a characterization of co-Cohen Macaulay modules by
vanishing properties of dual Bass numbers which have relation to the maximal
length of co-regular sequence (Theorem 3.7). This is dual to the theory of
Cohen Macaulay modules over Noetherian rings.

2. Preliminaries

The concept of Krull dimension (Kdim) for Artinian modules was introduced
by R. N. Roberts in [8]. Later, D. Kirby [5] changed the terminology of Roberts
and referred it to Noetherian dimension (Ndim) to avoid any confusion with
well-known Krull dimension defined for finitely generated modules. Let R be a
ring, M a R-module. The Noetherian dimension of M , denoted by NdimRM ,
is defined inductively as follows: when M = 0, put NdimRM = −1. Then
by induction, for an integer d ≥ 0, we put NdimRM = d, if NdimRM = d is
false and for every ascending chain M0 ⊆M1 ⊆ · · · of submodules of M , there
exists a positive integer n0 such that NdimR(Mn+1/Mn) < d for all n > n0.
Therefore NdimRM = 0 if and only if M is a non-zero Noetherian module.

L. Melkersson and P. Schenzel introduced the co-localization of modules in
[7]. Let R be a ring, S ⊆ R a multiplicative set, and M an R-module. The RS-
module HomR(RS ,M) is called the co-localization of M with respect to S, and
defined the co-support of M by CosRM = {p ∈ Spec R |HomR(Rp,M) 6= 0}.
In [6], we define the co-dimension of M as

CdimRM = sup{dimR/p | p ∈ CosRM}.
If R is a Noetherian ring and M an Artinian R-module, then AttRM ,

CosRM , AnnRM have the same minimal elements by [2, Corollary 4.3].
Let R be a ring (not necessarily Noetherian), S ⊆ R a multiplicative set, M

an Artinian R-module. Then we have

CdimS−1RHomR(S−1R,M) = sup{dimS−1R/S−1p | p ∈ CosRM, p ∩ S = ∅}
= sup{dimS−1R/S−1p | p ∈ AttRM, p ∩ S = ∅}.

Let p ∈ CosRM , we denote

htMp = sup{n | p0 ( p1 ( · · · ( pn, pi ∈ CosRM for i = 0, 1, . . . , n}.
It is obvious that htMp = CdimRp

HomR(Rp,M).
We expect that NdimRM = CdimRM for any Artinian module M . Unfor-

tunately, this equality may not hold in general. In fact, there exists an Artinian
module M over a Noetherian local ring (R,m) such that NdimRM < CdimRM
(See [3, Example 4.1]). However, we have the following proposition.

N. T. Cuong and N. T. Dung showed that the above condition does not hold
for any Artinian modules, and they also gave some sufficient conditions for that
in [1].
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[1, Proposition 2.1] Let (R,m) be a Noetherian local ring, M an Artinian
R-module, if one of the following cases happens:

(i) R is complete with respect to m-adic topology.
(ii) M contain a submodule which is isomorphic to the injective hull of

R/m.

Then AnnR(0 :M p) = p for any p ∈ V(AnnRM).

Definition 2.1. A Noetherian ring R is called a U ring, if for any Artinian
R-module M such that AnnR(0 :M p) = p for any p ∈ V(AnnRM).

Hence, any complete Noetherian local rings are U rings.
Let R be a ring, M an Artinian ring. R. Y. Shorp in [9] showed that

SuppRM is a finite subset of Max R, and if SuppRM = {m1, . . . ,ms}, then
M = M1 ⊕ · · · ⊕Ms, where Mi = {x ∈M |mi =

√
AnnRx}.

3. Co-localization of co-Cohen Macaulay modules

Cohen-Macaulay modules over Noetherian rings are important objects in
commutative algebra. In duality, Z. Tang and H. Zakeri introduced the co-
Cohen Macaulay modules over local rings in [11] and it was generalized to
general rings by Z. Tang in [10].

Definition 3.1 ([10, Definition 5.3]). Let R be a ring. An Artinian R-
module M is called a co-Cohen-Macaulay R-module, if cogradeR(J(M),M) =
NdimRM , where cogradeR(J(M),M) is the common length of any maximal
M co-regular sequence contained in J(M) :=

⋂
p∈SuppRM p.

Proposition 3.2. Let R be a ring, M an Artinian R-module. If M = M1 ⊕
· · ·⊕Ms and SuppRM = {m1, . . . ,ms}, where Mi = {x ∈M |mi =

√
AnnRx}.

Then M is a co-Cohen-Macaulay R-module if and only if Mi is a co-Cohen-
Macaulay R-module and NdimRM = NdimRMi for i = 1, 2, . . . , s.

Proof. Notice that NdimRM = max{NdimRMi | i = 1, 2, . . . , s} by [8, Propo-
sition 1]. Since M is a co-Cohen Macaulay R-module, and J(Mi) = mi for any
1 ≤ i ≤ s, by [10, Lemma 5.1 and Proposition 5.2], we get

NdimRM = NdimRMi = cogradeR(mi,Mi) = cogradeR(J(M),M)

for i = 1, . . . , s. Hence, Mi is a co-Cohen Macaulay R-module and NdimRM =
NdimRMi for any i = 1, 2, . . . , s. It is similar to prove the other side. �

It is well-known that operation of localization preserves the Cohen Macaulay-
ness of Cohen Macaulay modules over Noetherian rings. Since co-localization is
dual to localization, hence there is a natural question: Whether co-localization
preserves the co-Cohen Macaulayness of co-Cohen Macaulay modules? The
main content of this section is to study the properties of co-localization of
co-Cohen Macaulay modules, and give a partial affirmative answer to above
question.
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Proposition 3.3. Let R be a Noetherian ring, M an Artinian R-module such
that AnnR(0 :M p) = p for any p ∈ V(AnnRM). If p ∈ CosRM ,and x

s ∈ pRp

is a HomR(Rp,M) co-regular element. Then

CdimRp
(0 :HomR(Rp,M)

x

s
) = CdimRp

HomR(Rp,M)− 1.

Proof. Since (0 :HomR(Rp,M)
x
s ) ∼= HomR(Rp, 0 :M x), we have

CdimRp
(0 :HomR(Rp,M)

x

s
) = ht(p/AnnR(0 :M x)).

Moreover, by [6, Lemma 4.3] we have V(AnnR(0 :M x)) = V(AnnRM,x).

Hence
√

AnnR(0 :M x) =
√

(AnnRM,x). Since

CdimRp
HomR(Rp,M) = ht(p/AnnRM),

we only need to show that ht(p/(AnnRM,x)) = ht(p/AnnRM)− 1.
Since x

s ∈ pRp is a HomR(Rp,M) co-regular element, we get

x

s
∈ pRp −

⋃
q⊆p

q∈AttRM

qRp.

It follows that x ∈ p−
⋃
q⊆p

q∈AttRM

q. Thus ht(p/(AnnRM,x)) ≤ ht(p/AnnRM)−1.

On the other hand, we get ht(p/(AnnRM,x)) ≥ ht(p/AnnRM)−1 by the theory
of system of parameters. Hence, the result follows. �

The following proposition shows that co-localization preserves co-Cohen
Macaulayness under a certain conditions.

Proposition 3.4. Let R be a Noetherian ring, M a co-Cohen Macaulay R-
module, such that AnnR(0 :M p) = p for any p ∈ V(AnnRM). Then for any
p ∈ CosRM ,

cogradeR(p,M) = cogradeRp
HomR(Rp,M) = CdimRp

HomR(Rp,M).

Proof. Let p ∈ CosRM , then we have cogradeRp
HomR(Rp,M) <∞, and

cogradeR(p,M) ≤ cogradeRp
HomR(Rp,M) ≤ CdimRp

HomR(Rp,M).

We only need to show that cogradeR(p,M) = CdimRp
HomR(Rp,M).

Let n = cogradeR(p,M), we use induction on n. For the case n = 0,
there exists Q ∈ AttRM such that p ⊆ Q. Since p ∈ CosRM , then for any
q ∈ AttRM with q ⊆ p, we have q = p = Q by [10, Proposition 5.2] and
co-Cohen Macaulayness of M . Thus AttRp

HomR(Rp,M) = {pRp}. Hence,
CdimRp

HomR(Rp,M) = 0.
Suppose that n > 0 and the Proposition holds for n− 1. Let x ∈ p be a M

co-regular element, then cogradeR(p, 0 :M x) = n− 1. Then we have

cogradeR(p, 0 :M x) = CdimRp
HomR(Rp, 0 :M x)
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by induction hypothesis. On the other hand, by [6, Proposition 3.4], x
1 ∈ pRp

is a HomR(Rp,M)-quasi co-regular element. Since (0 :HomR(Rp,M) pRp) 6= 0,
we know that x

1 is a HomR(Rp,M) co-regular element. Then we have

CdimRp
HomR(Rp, 0 :M x) = CdimRp

HomR(Rp,M)− 1

by Proposition 3.3. Hence cogradeR(p,M) = CdimRp
HomR(Rp,M). �

To obtain the main result of this section, we first prove the following lemma.

Lemma 3.5. Let R be a Noetherian ring, M an Artinian R-module. Then

CosRM ∩V(J(M)) = SuppRM.

Proof. Let

M = N1 +N2 + · · ·+Nn

be a minimal secondary presentation of M such that AttRM = {p1, . . . , pn},
where pi =

√
AnnRNi for i = 1, 2, . . . , n. On the other hand, we have decom-

position

M = M1 ⊕ · · · ⊕Ms,

SuppRM = {m1, . . . ,ms}, where Mi = {x ∈M |mi =
√

AnnRx}. Assume that
there exists mj ∈ SuppRM − CosRM , then pi * mj for any 1 ≤ i ≤ n. Hence

n⋂
i=1

pi * mj .

Let x ∈
⋂n

i=1 pi −mj , then xl ·M = 0 for some integer l. Let u be a non-zero
element in Mi, then there exists n ≥ 0 such that mn

i u = 0. Thus (mn
i , x

l)u = 0.
Since mi is a maximal ideal, we get (mn

i , x
l) = R. Thus u = 0. This induces a

contradiction. Hence, SuppRM ⊆ CosRM . This implies

CosRM ∩V(J(M)) = SuppRM. �

Proposition 3.6. Let R be a Noetherian ring, M an Artinian R-module such
that AnnR(0 :M p) = p for any p ∈ V(AnnRM). Then

max{cogradeR(p,M) | p ∈ CosRM} = max{cogradeR(m,M) |m ∈ SuppRM}.

Proof. Since AnnR(0 :M p) = p for any p ∈ V(AnnRM), we have

cogradeR(p,M) <∞

for any p ∈ CosRM . By Lemma 3.5, we only need to show that for any
p ∈ CosRM , there exists m ∈ SuppRM such that

cogradeR(p,M) ≤ cogradeR(m,M).

If x is a M co-regular element, then we have x ∈
⋃

mi∈SuppRM

mi. Let p ∈

CosRM , and x1, x2, . . . , xt be a maximal M co-regular sequence contained in p,
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then there exists m ∈ SuppRM such that xi ∈ m for i = 1, 2, . . . , t. Otherwise,
for any 1 ≤ k ≤ s, there exists xik 6∈ mk for some 1 ≤ ik ≤ t. Then

(0:M (x1, x2, . . . , xt))=(0:M1
(x1, x2, . . . , xt))⊕· · ·⊕(0 :Ms

(x1, x2, . . . , xt))=0.

This is a contradiction. Hence cogradeR(p,M) ≤ cogradeR(m,M) for some
m ∈ SuppRM . �

The following theorem is the main result of this section. We give a charac-
terization of co-Cohen Macaulay modules by vanishing properties of dual Bass
numbers.

Theorem 3.7. Let R be a Noetherian ring, M an Artinian R-module such that
AnnR(0 :M p) = p for any p ∈ V(AnnRM). Let Max CosRM be the maximal
elements of CosRM . Then the following conditions are equivalent:

(1) M is a co-Cohen Macaulay R-module.
(2) cogradeRp

HomR(Rp,M) = htMp for any p ∈ CosRM , and htMm =
CdimRM for any m ∈ SuppRM .

(3) πi(p,M) = 0 for any 0 ≤ i < htMp and for any p ∈ CosRM , and
htMm = CdimRM for any m ∈ SuppRM .

(4) cogradeR(m,M) = htMm = CdimRM for any m ∈ SuppRM .
(5) πi(m,M) = 0 for any 0 ≤ i < htMm, and htMm = CdimRM for any

m ∈ SuppRM .

Proof. Notice that for any p ∈ CosRM , cogradeRp
HomR(Rp,M) < ∞ by [6,

Lemma 4.3]. Moreover, CdimRp
HomR(Rp,M) = htMp, and

cogradeR(m,M) = cogradeRm
HomR(Rm,M)

for any m ∈ SuppRM . Hence, by [6, Proposition 5.2 and Proposition 5.9], we
have (2)⇔ (3) and (4)⇔ (5). On the other hand, (2)⇒ (4)⇒ (1) is obvious.

(1)⇒ (2). From Proposition 3.4 we get cogradeRp
HomR(Rp,M) = htMp for

any p ∈ CosRM . Since cogradeR(m,M) = cogradeRm
HomR(Rm,M) ≤ htMm

for any m ∈ SuppRM , we have

cogradeR(J(M),M) = min{cogradeR(m,M) |m ∈ SuppRM}
≤ max{htMm |m ∈ SuppRM}
≤ CdimRM,

where the third inequality follows from Lemma 3.5. Hence, by definition of co-
Cohen Macaulay R-module, we get htMm = CdimRM for any m ∈ SuppRM .

�

Proposition 3.8. Let R be a U ring, M a co-Cohen Macaulay R-module. If
p, q ∈ CosRM , with q ⊆ p. Then all saturated chains of prime ideals starting
from q and ending at p have the same finite length equal to ht(p/q).

Proof. Suppose that ht(p/q) = s, htMq = n. Let q = p0 ( p1 ( · · · ( pr = q
be a saturated chain of prime ideals. By Theorem 3.7 we have πn(q,M) > 0,
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and πn+r(p,M) > 0 follows from [6, Corollary 5.7]. Since n+ r = htMq + r ≤
htMp, then by Theorem 3.7 we have n+ r = htMp. On the other hand, r ≤ s,
and n+ s ≤ htMp. Hence r = s. �

Proposition 3.8 show that the co-Support of co-Cohen Macaulay modules
over U rings have catenary property.
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