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EXISTENCE AND LONG-TIME BEHAVIOR OF
SOLUTIONS TO NAVIER-STOKES-VOIGT EQUATIONS
WITH INFINITE DELAY

CuNG THE ANH AND DANG THI PHUONG THANH

ABSTRACT. In this paper we study the first initial boundary value prob-
lem for the 3D Navier-Stokes-Voigt equations with infinite delay. First,
we prove the existence and uniqueness of weak solutions to the prob-
lem by combining the Galerkin method and the energy method. Then
we prove the existence of a compact global attractor for the continuous
semigroup associated to the problem. Finally, we study the existence and
exponential stability of stationary solutions.

1. Introduction

Let Q be a bounded domain in R? with boundary 0. In this paper we con-
sider the following three-dimensional Navier-Stokes-Voigt (sometimes written
Voight) equations with infinite delay:

(1.1)

Ou — vAu — &2A(Qpu) + (u-V)u+Vp = f+ F(u) in (0, +00) x Q,

V-u =0 in (0,400) x €,
u(t, x) =0 on (0,400) x 09,
u(s, ) = ¢(s,x), s € (—00,0],z € £,

where u = u(t,z) = (uy,us,us) is the unknown velocity vector, p = p(t, )
is the unknown pressure, v > 0 is the kinematic viscosity coefficient, « is a
length-scale parameter characterizing the elasticity of the fluid, f = f(x) is a
given force field, u; is the function defined by the relation u;(s) = u(t + s),s €
(—00,0].

The Navier-Stokes-Voigt equations were introduced by Oskolkov in [23] as
a model of motion of certain linear viscoelastic fluids. This system was also
proposed by Cao, Lunasin and Titi in [4] as a regularization, for small values
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of o, of the 3D Navier-Stokes equations for the sake of direct numerical sim-
ulations. In the past years, the existence and long-time behavior of solutions
in terms of existence of attractors for the 3D Navier-Stokes-Voigt equations
has attracted the attention of many mathematicians in both autonomous and
non-autonomous cases (cf. [2,9,10,12,16,17,23,24,28]). We also refer the in-
terested reader to [3,22,29] for recent results on the decay rates of solutions to
the Navier-Stokes-Voigt equations in the whole space R3.

On the other hand, there are situations in which the model is better de-
scribed if some terms containing delays appear in the equations. These delays
may appear, for instance, when one wants to control the system (in a certain
sense) by applying a force which takes into account not only the present state
but its history, either the finite time history (bounded delay) or the whole past
(unbounded or infinite delay). In the past years, equations of Navier-Stokes
type with delays have been studied in [6-8], etc, for the case of finite delays, see
also a recent survey paper [5]; and in [1,13,14,19-21,25] for the case of infinite
delays. The Navier-Stokes-Voigt equations with finite delays or with memory
have been studied recently in [11,18,26]. However, as far as we know, the infi-
nite delay case, the more delicate case due to the unboundedness of the delay
involved, has not been studied before for the Navier-Stokes-Voigt equations.
This is the main motivation of our study in the present paper.

As noticed in [17], the presence of the regularizing term —a?Awu; in the
Navier-Stokes-Voigt equations has some important consequences. First, the
natural energy space (for weak solutions) of the Navier-Stokes-Voigt equations
is V instead of H in the case of the Navier-Stokes equations, and we can prove
the global well-posedness even in the case of three dimensions. However, the
Navier-Stokes-Voigt equations do not have a parabolic character, as Navier-
Stokes equations do, behaving instead as a damped hyperbolic system. Thus,
the associated semigroup is only weakly dissipative, and this leads to the fact
that the proof of existence of a global attractor is more involved because we
have to check the asymptotic compactness of the associated semigroup directly.
On the other hand, it is known that there are numerous technical difficulties
in dealing with partial differential equations with infinite delays due to the
unboundedness of the delay involved. These introduces a major obstacle for
studying the existence and asymptotic behavior of solutions, in particular, in
passing to the limit in the nonlinear term and especially in the delay term.
In this paper, to overcome these difficulties, we try to exploit and combine
the Galerkin method and the energy method, and particularly, the techniques
dealing with the infinite delay used in [1,13,19-21,25].

Let us recall functions spaces, operators, inequalities and notations which
are frequently used in the paper.

Denote

3
(u,v) := / Zujvj dz, u = (uy,uz,uz),v = (v1,v2,v3) € (L*(Q))?,
Q7
j=1
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and
3
((u,v)) == / ZVuj Vv dr, u= (uy,us,uz),v=(v1,v9,v3) € (Hy (),
Qi3

and the associated norms |u|? := (u, u), |[ul|? := ((u,u)).

Let

V={ue(Cr ) : V-u=0}.

Denote by H the closure of V in (L?(Q)3), and by V the closure of V in
(HL(Q)3). Tt follows that V. C H = H' C V', where the injections are dense and
continuous. We will use |||« for the norm in V', and (-, -) for the duality pairing
between V' and V’. Denote by P the Helmholtz-Leray orthogonal projection
in (H3(9Q))? onto the space V.

We now define the trilinear form b by

3
b(u,v,w) = Z /Quig:jwj dz,

ij=1
whenever the integrals make sense. It is easy to check that if u,v,w € V, then
b(u,v,w) = —b(u,w,v).
Hence
b(u,v,v) =0, Yu,v € V.

Set A:V — V' by (Au,v) = ((u,v)), B: V xV = V' by (B(u,v),w) =
b(u,v,w). Then Au = —PAwu for all u € D(A).

Using Holder’s inequality and Ladyzhenskaya’s inequality in three dimen-
sions:

lullpe < clul ], Vu e Hy (),
one can prove the following lemma.
Lemma 1.1 ([27]). We have for all u,v,w € V,
[l a4 o | w4 w27

|b(uv v, w)' <c {Al—l/4

where A1 > 0 is the first eigenvalue of the Stokes operator A defined above. In
particular,

(1.2) blu,v,u)| < clul?|u|>?|v|  for all u,v € V.

lellllollllell,

As we know, the first step in studying differential equations with infinite
delays is to choose a suitable phase space. There are several phase spaces which
allow us to deal with infinite delays (see e.g. [15]). In this paper, inspired by
recent works [1,13,19-21,25], we will use the following phase space

Cy(V)={p e C((—00,0;V) : 3 Egl e’ p(s) € V} for some v > 0.
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This is a Banach space with the norm

lelly == sup e”[le(s)]-

s€(—o00,0

In order to study problem (1.1), we make the following assumptions:

(H1) feV,
(H2) F:C,(V ) — (L2(Q))” satisfies

(i) F(0) =

(ii) there ex1sts a constant Lp > 0 such that for all £,n €C,(V),

[F() = F(n)| < Lrll€ = nlly-

It is noticed that the assumption F(0) = 0 is not restrictive because it is
made for the convenience of the presentatlon only. Indeed, if F(0) # 0, then

we put F(u;) = F(uy) — F(0) and f = f 4 F(0), then F' and f will satisfy
the assumptions (H1)-(H2) above. In particular, from (H2) we will have
|F(ut)| < Lp|luy for all uy € C,(V).

We now give an example of the delay term F(u;) (cf. [21]). Let F': C, (V) —
(L2(£2))? be defined as follows

0
6) = / G(s.£(s))ds, Y& € Cy(V),

where the function G : (—o0,0) x R? — R? satisfies the following assumptions:
(1) G(s,0) =0 for all s € (—o0,0);
(2) There exists a function k : (—00,0) — (0, 00) such that

IG(s,u) — G(s,v)||rs < K(s)||lu — v||gs, Yu,v € R3,Vs € (=00, 0),

and the function  satisfies that x(-)e” (") € L?(—o0,0) for some
e >0.

Then the function F' satisfies (H2). Indeed, (H2-i) is obviously satisfied, for
(H2-ii) we have

P - Fln)l
= [ 1@ —no)wlds)
< [(J e ([ e @ - o) @lads)s
=IO o) / 0 [ e @) = (o) (@) odads
< IO [ [ ) @] [ as

(—00,0 —00

= (e Bl - 77||72
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= LElI€ = nll3.

The plan of the paper is as follows. In Section 2, we prove the existence and
uniqueness of weak solutions to problem (1.1) by using the Galerkin method,
the energy method and the Gronwall inequality technique. In Section 3, we
prove the existence of a global attractor for the continuous semigroup gener-
ated by weak solutions to the problem. The existence, uniqueness and global
stability of stationary solutions are studied in the last section.

2. Existence and uniqueness of weak solutions
Definition 2.1. A weak solution on the interval (0,7T) of problem (1.1) is a
function v € C((—o0,T]; V) such that % € L?(0,T;V), ug = ¢, and for all
v € V we have
d
2.1) 7 ((®),v) +v((u(t),v)) + a®((Opu(t), ) + bu(t), u(t), v)
= (f,0) + (F(w),v)
in the sense of distributions in D’(0,T).
It is noticed that if u is a weak solution of (1.1) on (0,7T), then u satisfies
the following energy equality
t
u(t)]* + o®||u(t)]|* + 2V/ [u(r)||*dr

= Ju(s)? + a2|ju(s)? + 2/ [(f,u(r)) n (F(ur),u(r))} dr for all s, € [0,T].

Theorem 2.1. Let ¢ € C,(V) and T > 0 be given. Then, there exists a unique
weak solution w of problem (1.1) on the interval (0,T).

Proof. (i) Uniqueness. Let u,v be two weak solutions of problem (1.1) with
the same initial condition. Setting w = u — v, we have

1d

§£(|w|2 +a®[[w]?) + vlwl® + blu, u,w) = b(v, v,w) = (F(ur) — F(ve), w).
Integrating from 0 to ¢ and noticing that b(u, u, w) — b(v, v, w) = b(w, v, w), we
obtain

w(t)|* + o [lw(®)|* + 2V/0 [w(s)|[*ds

= — 2/0 b(w(s),v(s),w(s))ds + 2/0 (F(us) — F(vs),w(s))ds.
Since w(s) = 0,Vs < 0, we deduce that

ws|ly = supe?|Jw(s + )| < sup e|w(s+0)| for0<s<T.
0<0 0

€[—s;0]
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Because of (H2-ii), we have

2 (P~ Fo.),w(s))ds| < 2L / il fo(s)lds.

On the other hand,
t t
2 [ bwts).os) wo)s] < 2 [ fols) | fu(e) | ds
! 2 ¢ 2 2
<2 [ fus)Pds+ 5, [ s Plots) s
0 0

Therefore,

c2 t t
) + oo < 5 [ TP o) s +2Le [l fote)lds.

Since
[ws|lylw(s)] < C1 sup [lw(r)|?,
re(0,s]

we arrive at

sup (lw(r)? + ®|lw(r)|?)

re(0,t]

t 2
c o, 2CiLp 2 2 2
< [ G PO+ 2055 s () + 02 () )

Applying the Gronwall inequality completes the proof of uniqueness.
(ii) Existence. We split the proof of the existence into several steps.

Step 1: A Galerkin scheme. Let {vy,vs,...} be the basis consisting of
eigenfunctions of the Stokes operator A, which is orthonormal in H and or-
thogonal in V. Denote V,, = span{vi,...,v,} and consider the projector
Pru =30 (u,v5)v;. Define also

W (t) =D Am i (s,

where the coefficients v, ; are required to satisfy the following system

d m m 2 m m m
(2.2) 7 " (@), 0) +v((u™ (), v5)) +o (O™ (1), v5)) +b(u™ (8), u™ (), vj)
= <f’vj>+(F(u;n)7Uj)v Vi=1,...,m,

and the initial condition u™(s) = Pp,¢(s) for s € (—o0,0].

The above system of ordinary differential equations with infinite delay in
the unknowns (,1(%), ..., Ym,m(t)) fulfills the conditions for existence and
uniqueness of local solutions in [15, Theorem 1.1, p. 36], so the approximate
solutions u™ exist.
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Step 2: A priori estimates. Multiplying (2.2) by vy, ;(t) and summing in j,
we obtain

d m 2 Zd m 2 m 2 m m m
2O + o u™ O + 2vl[u™ O] = 2(f, ™ (8)) + 2(F (uf"), u™ (¢))-

Using the Cauchy inequality, we get
d m m
= (e @F + a2 (1)) + 20 @)

m 2I/1F | 2Lr m
gllu O + 1/2|| i Il @1,

IN

and hence
d m 2 21,,m 2 m 2 2||f||i 2LQF m||2
g (@ + @) + vl @) < = 4+ T |,

Integrating from 0 to ¢, we obtain
t
WP + @ v [ o)ds

0

t 2 2
12 , 2L% )

< (O + a?u(o)+ [ ( xR ) ds,
0 14 V

and therefore

t
2 [[u™ (1)2 + v / u™ (s)|2ds
L / AL 205
< (— ZHJ
< (5; o) O + [ (S0 + JEE a2 ) s

Furthermore,

e < max{ sw o0 + )]

€(—o0,—t]
! o L e 2 ”/“3 2If|2 | 2L%
— Su e“” — +« (0 +€’Y LA L m
o7, S [+ o)l R TR}
1
<max{ sup_ o0+ Ol (5 + o))
€(—oo,—

f 2l 2L%
7* u™ > 0.
Since

sup )| 6(0 + )| = sup eI |p(0)[| = e[l < @]l
€ (—o0,—t] 0<0

and [lu(0)[| = [[#(0)[| < [[¢[ly, we deduce that

1 2112, 2% [
m||2 2 2 * r m||2
o 2 < (5 + a® + Dol + 2T+ 28 [z
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By the Gronwall inequality we have
2

12 < (5 + a? )l + 227,
Then we obtain the following estimates: for any R > 0 such that ||¢|, < R,
there exists a constant C'; depending on A\, v, «a, Lp, f, R, T, such that
(2.3) uf™||2 < Cy, YVt €[0,T], Vm > 1.
In particular,
(2.4) {u} is bounded in L*(0,T;V).

Hence, it is easy to check that {Au™} and {Bu™} are bounded in L?(0,T;V").
Now, we prove the boundedness of {du™/dt}. Multiplying (2.2) by 7, ;(s),
then adding the resulting equations for j and integrating from 0 to ¢, we obtain

t m t m t
/ |8u |2ds + 1// / Vau™ OV dzds + 02/ / |V (0,u™)|*dxds
o Os 0 JQ ds 0 Jo
t t t
—|—/ b(um,um,asum)dSZ/ (f, Gsum>ds+/ (F(ul'), 0su™)ds.
0 0 0
Using the Cauchy and Ladyzhenskaya inequalities, we have

Eoum o v [0 mi2 2 [ my|2
R Fameraes oo
P

:A l)(11ﬂ7”“785u7n’um)ds—l—/:(f7 5Sum>ds+/Ot(F(u;n),asum(s))d8

A+ S0 oy e [ TV @ ds
0

t 1 2 m||2 1/2 m
+(/0 S Ll 2ds) - o o)

IN

1 a2 m !
B+ S0 gy e [ IV BT @) s

t 1 5 mi2 1/2 m
+(/O S Ll 2ds) - 1o o)

IN

1 a?
@Hf”it + Z”asumHQL?(O,t;V) + cHumH%A(O,t;V)

o? 2 1 ¢ 2 2 o’ 2
+ IH@sUmHLz(o,t;V) + o /0 Lp|lug|5ds + leasumHLz(O,t;V)'
Hence
K 8um 2 2 K my|2 m 2
4 |=|ds+a [V(0su™)|*ds + 2v|Vu™(t)|
o Os 0

4 m 4 f* m
< IIET + el g + 5oz | b Bds + 20 u(O)
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for all 0 <t < T. Therefore, from (2.3) we deduce that

(2.5) {‘Zét} is bounded in L2(0,T; V).

So, it follows from above estimates that there exist u € L°(0,T;V) with
% € L?(0,T;V) and a subsequence of {u™}, relabeled the same, such that

o {u™} converges weakly-star to v in L>(0,T;V),

o {44} converges weakly to 4 in L2(0,T;V).

Repeating the arguments as in the proof of Theorem 3.2 in [2], we get

T T
(2.6) / /(um - V)u"vpdedt — / / (u - V)uv;hdedt

o Ja o Ja
for any function v; in the basis and any continuously differentiable function 1
on [0,T7.

However, the estimates obtained above are not enough to pass to the limit in
the delay term F'(uj®) because in general the nonlinear term is not continuous
with respect to the weak convergence. To overcome this point, we need some
kind of strong convergence.

Step 3: Convergence in C (V') and existence of a weak solution.

We will prove that

uf® — uy in Co(V), Vt € (—o0,T7,
by showing that

(2.7) Pt — ¢ in C(V),

(2.8) u"™ — win C([0,T]; V).

Step 3.1. Approzimation in C, (V) of the initial datum.
Assume contrary that (2.7) is not true. Then there exist ¢ > 0 and a subse-
quence, relabeled the same, such that

(2.9) % || Pug(Bm) — ¢(0m)|| > €.

One can assume that 6,, — —oo, otherwise if 8,, — 0, then P,,,¢(6,,) — ¢(0),

since [P (0m) — ¢(0 < [P (0m) — P (0)|| + [ Pmg(0) — ¢(0)| — 0 as

m — +oo. But with 0,,, - —oco0 as m — +o0, if we denote x = . lim e"?¢(6),
——o00

we obtain
e | Pr@(0m) — &(0m)|| = ||Pm(€wm¢(0m)) - 679’"¢(9m)ll
<N P (€77 ¢(0m)) — Pro|| + |1 P — ]| + [z — €97 (0 || — 0.

This contradicts (2.9), so (2.7) holds.
Step 3.2. Convergence of u™ to u in C([0,T]; V).
From the strong convergence of {u™} to u in L?(0,T; V), we deduce that

u™(t) = u(t) in V for a.e. t € (0,T).
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Since .
um(t) —u™(s) = / (™) (r)dr in V', Vs,t € [0, T,
from (2.5) we have that {u™} is equicontinuous on [0, T| with values in V’. By

the compactness of the embedding V' < V’, from (2.4) and the equicontinuity
in V’, using the Arzela-Ascoli theorem we have

(2.10) u™ — win C([0,T); V).
Again from (2.4) we obtain that for any sequence {t,,} C [0,7T] with ¢, — ¢,
(2.11) U™ (ty) = u(t) in 'V,

where we have used (2.10) in order to identify which is the weak limit.

Now, we are ready to prove (2.8) by a contrary argument. If it would not be
so, then taking into account that u € C([0,T]; V), there would exist € > 0, a
value tg € [0, 7] and subsequences (relabeled the same) {u™} and {¢,,} C [0,7]
with lim ¢,, = tg such that

m——+00
(2.12) [[w™ (tm) — ulto)|| > €, Ym.

To prove that this is absurd, we will use an energy method. Observe that the
following energy inequality holds for all «™:
(2.13)

1 2 o? 2 ¢ 2
S OF + Sl @+ v [l
S
2

< [ edr+ G P + Gl )P + Calt - 5), ¥ st € 0.7),

D_ and D corresponds to the upper bound

where C5 = Toar
t
/ [F(u™)[2dr < D(t— ) ¥0 <5 <t <T.
On the other hand, from (2.4) and (H2), there exists £ € L?(0,T; L*(Q)3)
such that {F(u™)} converges weakly to & in L?(0,T; L?(Q)3). Thus, we can
pass to the limit to deduce that u satisfies

%(u(t)v v) +v((u(t),v)) + a*((Qpu(t), v)) + bu(t), u(t),v) = (f,v) + (€r(t),v)
for all v € V. Therefore, u satisfies the energy equality

u®)* + o [lu(®)|* + 21// [[u(r)||*dr

= |u(s)[* + a®[lu(s)[|* + 2/ ({f,u(r)) + (€r(r), u(r)))dr, ¥s,t €[0,T],

and for the weak limit £ we have the estimate

¢ ¢
/ |Ep|2dr < limi+nf/ |F(u™)?dr < D(t —s), V0< s <t <T.
s m——+00 s
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So, we have that u also satisfies inequality (2.13) with the same constant Cj.
Now, consider two functions J,,,J : [0,7] — R defined by

Tn(8) = (W™ () + a2 (1)) - / (™ () dr — Ct,

70 = 5 + o)1)~ [ (.utryr = Cat.

It is clear that J,, and J are non-increasing and continuous functions. More-
over, by the convergence of u™ to u a.e. in time with value in V', and weakly
in L2(0,T;V), it holds that

(2.14) Im(t) = J(t) a.e. t €]0,T].
Now we will prove that

(2.15) w (tm) = u(to) in V,
which contradicts (2.12). First, recall from (2.11) that
(2.16) w™ () — u(to) weakly in V,
so we have

lu(to)| < limint [l (t)].

Therefore, if we show that

(2.17) lim sup [[u™ (tm)[| < [[u(to)]l;

m——+oo
we will obtain l_1>r4r_1 [[u™(tm)]] = ||u(to)]l, which jointly with (2.16) imply
(2.15).

Now, observe that the case ¢y = 0 follows directly from (2.13) with s = 0
and the definition of ™ (0) = P,,¢(0). So, we may assume that to > 0. This
is important, since we will approach this value tg from the left by a sequence
{t}.}, i.e., limg_ 4 o0 8}, 7 to. Since u(-) is continuous at tg, there is k. such that

|T(t,) — J(to)| < % V k> k..

On the other hand, taking m > m(k.) such that t¢,, > t;ce, as J,, is non-
increasing and for all ¢}, the convergence (2.15) holds, one has

T (tm) = J(to) < [T (tr,) — J(tp )| + 1T (t,) — T (to)];
and obviously, taking m < m’(ke), it is possible to obtain |J,, (¢}, )—J(t}, )| < 5.
It can also be deduced from Step 2 that
tm to
[ [ty
0 0

so we conclude that (2.17) holds. Thus, (2.15) and finally (2.8) are also true,
as we wanted to check. Hence, we have

(2.18) F(u™) — F(ug) in L*(0,T; (L*(R2))3).
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Finally, we will show that the convergence results above enable us to con-
clude that u is a weak solution of problem (1.1). Let ¢ € D(0,T) be any
smooth real-valued function with compact support. Multiplying (2.2) by ¥(¢),
we have

T () T
| EGE v+ [ 0.0

a? ' u™ (), v; ' uw" (L), u™(t), v;

+ A(@ @)ﬂﬁmﬁ+éb((ﬂ (), vyb(0)) e
T T

- / waﬂﬂﬂﬂ5/<erxwwwym
0 0

Taking a diagonal subsequence, denoted again by «™, that satisfies (2.6) and
(2.18), and passing to the limit, we have

T " T
| v+ [ (oo
) T T
ot [ (@)oo [ b uo. o)

T T
:/<ﬁwwmw+/‘wwmwwmm
0 0

holds for all v; in the basis (and therefore for every v € V by density) and any
function ¢ € D(0,T), i.e., u satisfies (2.1) in the distribution sense. O

3. Existence of a global attractor

Thanks to Theorem 2.1, we can define a semigroup S(¢t) : Cy(V) — C, (V)

by the formula
S(t)p := uy,

where u(t) is the unique weak solution of (1.1) with the initial datum ¢ €
C, (V).

The aim of this section is to prove the existence of a compact global attractor
in the space C, (V) for the semigroup S(t). First, we prove the continuity of
the semigroup S(t).

Proposition 3.1. Under the conditions (H1)-(H2), the semigroup S(t) is
continuous on C (V).

Proof. Denoting u’, for i = 1,2, the corresponding solutions to initial data
¢" € Cy(V). Consider the equations satisfied by u’ for ¢ = 1 and 2, acting on
the element u' — u2, and take the difference. This gives

Ld 4 2012 2)1,,1 200112 1 200112
571 (WO = @OF +o?lu’ () = > @O) + v’ () = > (@]

+b(ul (8),u' (), u' (1) — u?(8)) — b(u (t), u® (), u' () — u(1))
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= (F(uy) — Fuf),u’ —u?).

Arguing as in the proof of Theorem 2.1 and using the Ladyzhenskaya inequality,
we have

[bu’ (t), u' (), u' () — w? (1)) — b(u? (1), u? (1), ' (t) — u(1)))]
= [b(u! () — u?(t),u' (1), u' () — u?(2))]
< cllut (@Il () = w*(@®)]1*.

Thus, by the Lipschitz assumption on F, and the fact that, for s € [0,¢], one
has
(3.1)

||ui _uiuv

= supe?|lul(s + ) — u?(s + 0)||
<0

:max{ sup  "|¢! (s +60) — ¢*(s +0)|; sup ewllul(s+9)—u2(s+9>\l}
0€(—o00,—s] 0c[—s,0]

< max {76! — 6?lly; max lu' (6) —w*(0)]

we conclude that, for all ¢ € [0,T],
t
[ul () = ()] + o?[|u’ (2) — w? ()] + 21// lu' (s) = u(s)|*ds
0

—9 / bu () — u2(s), ul(s), ul(s) — u2(s))ds
0
+ [ut(0) = u?(0)]* + o?[|u' (0) — u?(0)||?

Hence
ul () = w?()° + o®[lu’ (t) — u*(1)|?
< [¢1(0) = ¢*(0)* + a®[|¢* (0) — &*(0)[|* + / [ut (s)[12[|u* (s) = u?(s)||*ds

t
L oLple! - & / el (3) — u3(s)|ds
0

t
+2LF/O () = ()] . [ (6) — w?(6) s
< (5 +a?)9'0) = SO + Lelo* - I
t

Lr
—/ [ (s)]|? max [ul (r) = u?(r)|Pds + == | max [lu'(r) — u®(r)|*ds
rel0,s A1 Jo relo,s]
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2L 9 9
— ds.
+A¥,/ e [u!(r) — o) ds
If we now substitute t by r € [0,¢] and consider the maximum when varying
this r, from above we can conclude that

m[aX [l (r) = w?(r)|J?
rel0

(14 1) 101(0) — PO + 2516t~ 5|

b L 2L c
+/0 (—F+7F+Eznul(s)u ) max_[[ul(r) — u?(r)||*ds.

Ara? )\}/20[2 €[0,5]

By the Gronwall inequality, we obtain

Ty 002 2
max [u”(r) — u(r)]]

1 Lp Jy(EE fff; y llu (s))1%)ds
t4ﬂ+AMM¢®—WWW+Eﬂ&—&M)O“ .
Combining with (3.1), we get

1 L Sy G Er+ T+ S lut ()] )ds
||ut futH,Y <1+m+?§)”¢1 ¢2||'y a2 V3T P
This completes the proof. O

Next, we prove the existence of a bounded absorbing set for the semigroup
S(t).

Lemma 3.1. Let conditions (H1)-(H2) hold, and let
QL% Z//\1
<
vhia? 14 M\o?
Then the semigroup S(t) has a bounded absorbing set B in C (V).

Proof. We have
% (Il + o®[lu)|?) + 2v[lu@®)l* = 2(f, ult)) + 2(F (ue), u(t)).

Using the Cauchy inequality and the Poincaré inequality, we get

< 27.

d 2 2 2 2 oV 2 2Hf”2 2L
= (lu® P + a?lu®)|?) + 2vfu@) 2 < 3 @) 2 + = + Sl
and hence by the Cauchy inequality once again,
d 2 f12  2L2
S (P + @) + vl < 2L 1 22 2
Noting that
]. —+ )\10[

—— %,

1
—sllel® < Jul® + o®ful* <
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we have
d 2 2 )‘1 2 2 2
i (1P + 2 u®l?) + 77z (Ju() P + a2 u(t))
2712 2L3
< === 4 & .
< T D

Using the Gronwall inequality we obtain

[u(®)P + o [u(®)] < ¢ FH (u(0)? + a2 u(0)]?)

3.2 t
( ) +/ 1?; (t— s)(2||fH2 2L2F‘|| H )
0 l/

SO

1+>\10£

[lu(t)]? Sve T lu(0)]?
+/ — el (- s>(2|\f||3+ 213 u II)
0 va? s

We have

Jucl <max{_swp o0+
(2

€(—o0,—t]

1+ )\10(2

W

v
107 T Oy 0) 2
0e[—t,0

e 2l 20
276 T+xia2 (t+6-5) * F 2) 4 }}
T /0 ¢ va? vAi1a? luslly ) ds| ¢-

By the assumption 2y > m, we get

t+0 U 2 2
sup 6270 / e T+a 1a2 (t+0—s) (2||f|| 2L
0

0¢c[—t,0] va? vAia 2” 6” )
O e g 2| f)2 ) 2L2
< sup / e ezt 8)( ||f!* F2 ||u5||3)d8
9e[—+,0) Jo va VAo

Since

sup € ¢(0 + )] = sup e g(0)[| = e (9]l
0€(—o0,—t] 0<0

and [lu(0)[| = [[#(0)[| < [[¢[ly, we deduce that

1+ 0[2 __ v\ t 2 2 2L2
||utH~2Y S )\7126 1+/\1a2t‘|¢||’2y +/ 6 1+,\ t S ( ||fH
1Q 0

2
vo? v ”uS”'Y)dS

393
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By the Gronwall inequality, we have

(3.3)
2 A 212 2 t A 202
Juafly <A S oz + ALl [,
1 (0% 0
L+ a2 (o, 2k, 2712
e gy — M
! o (1+)\10¢2 - 1/)\1042)
2
By the condition % < ﬁ, it implies that the ball
4| 112
B=veCy(vV): ol < | — M'J I IT
va (1+)\1a2 - V)\1a2)

is a bounded absorbing set in C, (V') for the semigroup S(t).
By combining (3.2) and (3.3) we can see that

B4)  Ju@ +Plu®)]* < C=Cw A aluol, gl [1f].), V=0 O

To show the existence of a global attractor for the semigroup S(t), it remains
to prove the asymptotic compactness of S(t).

Lemma 3.2. Under the assumptions of Lemma 8.1, the semigroup S(t) is
asymptotically compact.

Proof. Let B be a bounded set in C,, (V) and u"(-) be a sequence of solutions
in [0, 400) with initial data ¢™ € B. Consider the sequence {" = uy , where
t, — +00 as n — 4oo. We have to prove that this sequence is relatively
compact in C (V). To do this, we will use energy method as in Step 3 in the
proof of Theorem 2.1.

Step 1: Consider two arbitrary values 0 < T < T. We will prove that
"7 o) s relatively compact in C([-T,0}; V). It follows from (3.3) that there
exists ng such that t,, > T for all n > ng and

(3.5) 1€" Iy < R,
where
41| £112
po |
vo (1+)\1a2 - V)\1a2)
SO
u(t)|| < R, Vte[0,T], Vn > ng,
(3.6) u™ @)l [0, 7] 0

[uf,—rlly < R, Vn > no.
Let y"(-) = u}, _1(-) = u"(-+t,—T). Then for each n > 1 such that ¢, > T,

the function y™ is a solution on [0, 7] of a similar problem to (1.1), namely

(3.7) %y"(t) + Ay () + a? A" (1) + B(y" (1), 4" (t) = F(yi') + f



NAVIER-STOKES-VOIGT EQUATIONS WITH INFINITE DELAY 395

with y = u 5, y7 = £". Then yg satisfies the estimate (3.5) for all n > ny.

Applying the estimate (3.4), one can see that {y"} is bounded in L>°(0,T; V),
and therefore {Ay"},{By"} are bounded in L2?(0,T;V’). So, {dy"/dt} is
bounded in L2(0,T;V). Thus, as in the proof of Theorem 2.1, up to a subse-
quence (relabeled the same), for some function y(-) we have

o y" converges weakly-star to y in L*>°(0,T;V),

d d
° % converges weakly to dfth in L2(0,T;V),
e y" converges to y in L?(0,T; H),

y™(t) converges to y(t) in V for a.e. t € (0,T).

Moreover, reasoning as in the proof of Theorem 2.1, we obtain that y™(t,)
converges weakly to y(to) in V' if t,, — to € [0,T]. Also, by (H2) and (3.5), we
obtain

/t |F(y™M)|?ds < Ct, YO<t<T,
where C' > 0 does not d?epend either on n or t. Since
Fly) =€
in L2(0,T; (L*(2))?), we get
/: €(r)2dr < ngéf/: |F(y™)Pdr < C(t—s), VO<s<t<T.
Then we can prove that y is a solution of

Oy —vAy — ?A(dy) + (y - V)y = —Vp+ f+&in (0,T) x Q,
V-.y=0 in (0,T) x Q,

y(t,z) =0 on (0,T) x 09,

y(0,2) = u(0,z) in Q.

Thus, we obtain the energy inequality
t
26 + o®||2(t)]* + V/ l2(r)I[*dr

¢
< |2(8)|? + | 2(s)]|? + 2/ (fyz(r))dr +2C5(t —s), VO < s <t <T,

where z = y™ or z = y.
Now, consider two functions J,,, J : [0,7] — R defined by

Tu(®) = 5 (5 OF + 21" O1F) = [ (™) = Gt

N = N =

J(t) = 5 (ly®F + ®[ly(®)]*) */0 (f;y(r))dr — Cst.

It is clear that J,, and J are non-increasing and continuous functions.
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Since y™(t) converges to y a.e. t € (0,T), we obtain that
Im(t) = J(t) a.e. t € [0,T].

Analogously as we did in Step 3 of the proof in Theorem 2.1, for a fixed ty > 0,
using a sequence {t;} with ¢, " ¢, we are able to establish the convergence of
the norms

Jim{ly™ (tn)[] = [ly(to)]l-

And therefore, jointly with the weak convergence already proved, deduce that
y" — yin C([6,T); V) for any ¢ > 0.

Now, because T' > T and y" — y in C([§,T];V), we obtain that £" — )
in C([-T,0]; V), where ¢(s) = y(s + T) for s € [-T,0]. Repeating the same
procedure for 2T, 3T, etc, for a diagonal subsequence (relabeled the same) we
can obtain a continuous function @ : (—00,0] — V and a subsequence such
that £" — ¢ in C([-T,0]; V) on every interval [T, 0].

Moreover, for a fixed T' > 0, we also have

l(s)| < R, Vs € [-T,0], VT > 0.

Step 2: We claim that &, converges to ¢ in Cy (V). Indeed, we have to see
that for every € > 0 there exists n. such that
(3.8) sup  [|€7(s) — ¥(s)]|*e** <€ VYn >ne.
s€(—00,0]
Fix T, > 0 such that e"7T<R? < <.
In Step 1, we proved that £&® — ¢ in C([-T¢,0];V), so there exists n. =
ne(Te) such that for all n > n., we have
sup [[€7(s) — ¥(s)[?e¥® <€, Y, > T
s€[—T,0]
(This is possible since the convergence of £™ to ¢ holds in compact intervals of
time.) So, in order to prove (3.8) we only have to check that
sup  [[€7(s) — ¢(s)[Pe?* < e Vn > mne.
s€(—o0,Te)
By (3.5) and the choice of T, it is not difficult to check that, for all £ € NU{0},
and for all s € [-(T. + k + 1), —(Tc + k)], it holds that

sup e w(s)|* < sup 2T Rjgp(s — T — k)|
S€[—(Tetkt1),—(Te+h)] s€[-1,0]
< e~ 2(T+k) p2
€
< —.
=14

So, it suffices to prove the following

sup 6275||§"(s)||2 <e/d, Yn>n
s€(—o00,—T¢]
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We remember that £” has two parts:
n ¢ (s +tn) if s € (—o0, —ty],
§"(s) =19 . .
u™(s+ty) if s € [—t,,0].
Thus, the proof is finished if we prove that

max{ sup  e¥¥||¢"(s+t,)|?, sup  e*F|u"(s +t,)|"} < €/4.
s€(—00,—tn] 5€[—tn,—Tc]

The first term above can be estimated as follows

sup €?%[[¢" (s + )| = sup M CHeTHG" (s 4 1,,) |

s<—tp s<—tpn

= e BT g2

<e€/4,

thanks to the choice of n.. And finally, for the second term, we have

sup X |lu"(s +t,)||? = sup 26T (¢, — T. + s)||?
SE[—tn,—Tc] 0e[—tn+Te,0]

<e | |ug _r |3
S e—2’yT€R2
<e/4,

where we have used (3.6) with T = T.. O

From Lemma 3.1 and Lemma 3.2, we get the main result of this section.

Theorem 3.2. Under the assumptions of Lemma 3.1, the semigroup S(t) has
a compact global attractor A in the space Cy (V).

4. Existence and stability of stationary solutions
A stationary solution to problem (1.1) is an element u* € V such that
v((u*,v)) + bu*,u*,v) = {f,v) + (F(u"),v), Yv e V.
Theorem 4.1. Let the assumptions (H1)-(H2) hold. If
Lp

1/27
A

v >

then
(a) Problem (1.1) admits at least one stationary solution u*. Moreover, any
such stationary solution satisfies the following estimate

1
(4.1) [ul| < ——F—IIfll-
(v — /\L172)
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(b) If the following condition holds
Lp
(4.2) -] > sl
1

where ¢y is the best constant in the inequality (1.2), then the stationary solution
of (1.1) is unique.

Proof. (i) Existence. The estimate (4.1) can be obtained taking into account
that in particular any stationary solution w*, if it exists, should verify

v(Au, u") = (f,u”) + (F(u*),u"),
and therefore
Lgp
vl < e+ 7 1.
AL
Hence we get the desired estimate.
For the existence, let {v;}52, be the basis of V' consisting of eigenfunctions
of the Stokes operator A. For each m > 1, let us denote V,,, = span{vy, ..., vy}

and we would like to define an approximate stationary solution u™ of (1.1) by

u™ = Z%m’vi,
i=1
v((u™v;)) + +b(u™ u™ v) = (f,v) + (F(u™),v;), i=1,...,m.
To prove the existence of u™, we define operators R,, : V,,, = V,,, by
[Riu,v] := v{Au,v) + b(u,u,v) — (f,v) — (F(u),v), Yu,v € Vp,.
For all u € Vi,

(4.3)

(R, u] = v{Au, u) = (f,u) = (F (U)w)

> vlfull® = [ £l llull - 1/2\\ ul|?
1

= (v- 1/2>|| all? = £ lull.

Thus, if we take
[1£1]

Lp
U _
A2

8>

we obtain [Ry,u,u] > 0 for all u € V,,, such that |lu|]| = 5. Consequently, by a
corollary of the Brouwer fixed point theorem (see [27, Chapter 2, Lemma 1.4]),
for each m > 1 there exists u,, € V,,, such that R, (u,) = 0, with ||u.,| < 8.

Replacing v; by v™ in (4.3) and taking into account that b(u™, u™,u™) = 0,
we get

vlu™|* = (fu™) + (F(u™),u™)
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m LF m
< A lle™ 1+ =7 ™12
A

Hence
Lr m
(v = )™ < ([ fls-
A

We extract from {u™} a subsequence {u™}, which converges weakly in V to
some limit u. Since the domain 2 is bounded, the injection of V' into H is
compact. Thus,

m

U™ u weakly in V, and strongly in H,

up to a subsequence. Passing to the limit in (4.3) with the sequence m’, we
find that u is a stationary solution of (1.1).

(ii) Uniqueness. Suppose that u* and v* are two stationary solutions of
(1.1). Then

v(Au* — Av* v) + b(u*,u*,v) — b(v*, v, v) = (F(u*) — F(v*),v)
for all v € V. Choosing v = u* — v*, we have

v(Au® — Av* ju* —v*) = b(u* —v*, v ut —0") + (F(u*) — F(v*"),u” —v).

Hence I
* * -1 4 * * * F * *
Vil = o ? < coAylu — v ”+WHU - v,
1
where we have used inequality (1.2). Therefore,
LF * * (12 *1/4 * * (|12 *
<”_Ai/2)” — 2 < eyt = P

Using estimate (4.1) we deduce that

Lp\2 —1/4
(v = 372) e =l < eodT Ll = o,
1

and hence the uniqueness follows from the condition (4.2). ]

We now study the stability of the stationary solution.

Theorem 4.2. Let (H1)-(H2) and (4.2) hold. Then there exists a value
A € (0,27v) such that for the solution u(t) of (1.1) with initial datum ¢ € C(V),
the following estimates hold for all t > 0:

u(t) = u*? + @?[lu(t) — u||* < e (|9(0) — u|? + a®[[$(0) — u*|®
(44) LF %2
+ e IR

* — * —_ 1 * *
i = B < mmae {276 — w25 €7 (516(0) — w2+ 9(0) — ' P
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Lp 9
(4.5) +—— e —wI2) },

a?(2vy — )\))\1/2 K
where u* is the unique stationary solution to problem (1.1).

Proof. Denote w(t) = u(t) — u*, one has

%(w(t% v) + v((w(t),v)) + a®((Qew(t), v)) + bu(t), u(t), v) — b(u",u”, v)
= (F(ut) — F(u"),v), ¥t > 0,Yv € V.

From the energy equality, (H2-ii) and introducing an exponential term e’*

with a positive value A to be fixed later on, we obtain

d
(X (w® + *[lw(®)]]))
= M A(w(®)2 + a2 Jw®)]?) - 2v]w(t)]?
+ 20(w(t), u”, w () + 2(F(ur) — F(u*),w(t))]
< eM [A(\W(t)l2 +a?w(t)[*) — 2v|lw(®)]?
260 *
+ WHUJ@)HQHU | 4 2L p[Jwel|yw(t) }
1
Hence, using the Cauchy inequality with § > 0 to be fixed later on and (4.1),
we have

L) + 0% (n)]P)

Lp _ 5LF QCOHfH*
< M w 2+e)‘t[)\)\ Liae® — 2w+ + } w(t)]?.
< 5 llwe |5 1 N )\}/4@_;172) [w(®)]]
1

Therefore, integrating from 0 to ¢, we have

M (Jw(t)]? + o lw(®)]?)

Ly (!
< w(0)|% + &?||w(0)||* + =
(46) [w(0)] [w(O)| 5 ),

, 6L 2co]| £ ||« k
1, 2y F 0 As 2
+ [)\()\1 +a°)—2v+ N + )\1/4(1/_ . )}/0 e llw(s)||“ds.

A2

6)‘5||w3|\3d5

In order to control the term fot e)‘5||w5||3ds, we proceed as follows
¢
/ e sup €27 ||lw(s + 0)||%ds
0 6<0

t
= / e* max{ sup e??|jw(s +0)||%* sup e??|w(s+0)|*}ds
0 < 0€[—s,0]

sS—Ss



NAVIER-STOKES-VOIGT EQUATIONS WITH INFINITE DELAY 401

t
:1/nmﬂe“**ﬂw—uw%9mm TN (s 4 0) [ s,
0 €l—s,

So, if A < 2+, using the above equality in (4.6), we obtain
M (lw(®)? + a?w(®)]?)

Lk a2 [ 2
< O + a2 ) + o -’ [ e

_ OLp 2¢co || f 1|« Lpy [ A
+ M ) —w O 2 / max e ||lw(r)|/?ds.
(A +a?) N ) 5] ] e )]
1

Observe that the choice of § = )\11/2 makes that 5AI1LF + Lpé~! is minimal
and the consider coefficient of the last integral becomes

- 2LF 2co||f1l«
(4.7) MM +0d) - 2w+ =+ = .
PYRCA D Sy (7 )

By condition (4.2), we can choose A € (0, 27) such that (4.7) is negative. Thus,
we can deduce that

L *
M (lwt)* + o w(®)]?) < [w(0)]* + a?w(0)[* + - NG I — |13,
1

(27 =)
whence (4.4) follows.
To prove (4.5), we proceed as follows

[we||? = sup e*?|Jw(t + 6)|?
0<0

:max{ sup eszw(tJrH)HQ; sup 6279||w(t+0)||2}
€ (—o0,—t) 0e[—t,0])

= max {7 — u'[fs sup ¢ ult + )]}
cl—t,

and the second term can be estimated by using (4.4) and the fact that e(27=2)?

<1 when 6 < 0. O

Acknowledgements. This work was supported by Vietnam Ministry of Ed-
ucation and Training under grant number B2016-SPH-17.

References

[1] C. T. Anh and D. T. Quyet, g-Navier-Stokes equations with infinite delays, Vietnam J.
Math. 40 (2012), no. 1, 57-78.

[2] C. T. Anh and P. T. Trang, Pull-back attractors for three dimensional Navier-Stokes-
Voigt equations in some unbounded domain, Proc. Royal Soc. Edinburgh Sect. A 143
(2013), 223-251.

, Decay rate of solutions to 3D Nawvier-Stokes-Voigt equations in H™ spaces,

Appl. Math. Lett. 61 (2016), 17.

3]




402

(4]

[5]

[6]

(10]
(11]

(12]

(13]

(14]
(15]
(16]
(17]
(18]

(19]

20]

(21]

(22]

(23]

[24]

C. T. ANH AND D. T. P. THANH

Y. Cao, E. M. Lunasin, and E. S. Titi, Global well-posedness of the three-dimensional vis-
cous and inviscid simplified Bardina turbulence models, Commun. Math. Sci. 4 (2006),
no. 4, 823-848.

T. Caraballo and X. Han, A survey on Navier-Stokes models with delays: existence,
uniqueness and asymptotic behavior of solutions, Discrete Contin. Dyn. Syst. Ser. S 8
(2015), no. 6, 1079-1101.

T. Caraballo, A. M. Méarquez-Duran, and J. Real, Asymptotic behaviour of the three-
dimensional a-Navier-Stokes model with delays, J. Math. Anal. Appl. 340 (2008), no.
1, 410-423.

T. Caraballo and J. Real, Navier-Stokes equations with delays, R. Soc. Lond. Proc. Ser.
A Math. Phys. Eng. Sci. 457 (2001), no. 2014, 2441-2454.

, Asymptotic behaviour of Navier-Stokes equations with delays, R. Soc. Lond.
Proc. Ser. A Math. Phys. Eng. Sci. 459 (2003), no. 2040, 3181-3194.

M. Coti Zelati and C. G. Gal, Singular limits of Voigt models in fluid dynamics, J.
Math. Fluid Mech. 17 (2015), no. 2, 233-259.

Y. Dou, X. Yang, and Y. Qin, Remarks on wuniform attractors for the 3D non-
autonomous Navier-Stokes-Voight equations, Bound. Value Probl. 2011 (2011), 11 pp.
C. G. Galand T. T. Medjo, A Navier-Stokes-Voight model with memory, Math. Methods
Appl. Sci. 36 (2013), no. 18, 2507-2523.

J. Garcia-Luengo, P. Marin-Rubio, and J. Real, Pullback attractors for three-dimension-
al non-autonomous Navier-Stokes-Voigt equations, Nonlinearity 25 (2012), no. 4, 905—
930.

, Regularity of pullback attractors and attraction in H in arbitrarily large finite
intervals for 2D Navier-Stokes equations with infinite delay, Discrete Contin. Dyn. Syst.
34 (2014), no. 1, 181-201.

S. M. Guzzo and G. Planas, Existence of solutions for a class of Navier-Stokes equations
with infinite delay, Appl. Anal. 94 (2015), no. 4, 840-855.

J. K. Hino, S. Murakami, and T. Naito, Functional Differential Equations with Infinite
Delay, in: Lecture Notes in Mathematics, vol. 1473, Springer-Verlag, Berlin, 1991.

V. K. Kalantarov, Attractors for some nonlinear problems of mathematical physics, Zap.
Nauchn. Sem. Lenigrad. Otdel. Math. Inst. Steklov. (LOMI) 152 (1986), 50-54.

V. K. Kalantarov and E. S. Titi, Global attractor and determining modes for the 3D
Navier-Stokes-Voight equations, Chin. Ann. Math. Ser. B 30 (2009), no. 6, 697-714.
H. Li and Y. Qin, Pullback attractors for three-dimensional Navier-Stokes-Voigt equa-
tions with delays, Bound. Value Probl. 2013 (2013), 17 pp.

P. Marin-Rubio, A. M. Marquez-Duran, and J. Real, Three dimensional system of glob-
ally modified Navier-Stokes equations with infinite delays, Discrete Contin. Dyn. Syst.
Ser. B 14 (2010), no. 2, 655-673.

, Pullback attractors for globally modified Navier-Stokes equations with infinite
delays, Discrete Contin. Dyn. Syst. 31 (2011), no. 3, 779-796.

P. Marin-Rubio, J. Real, and J. Valero, Pullback attractors for a two-dimensional
Navier-Stokes equations in an infinite delay case, Nonlinear Anal. 74 (2011), 2012—
2030.

C. J. Niche, Decay characterization of solutions to Navier-Stokes-Voigt equations in
terms of the initial datum, J. Differential Equations 260 (2016), no. 5, 4440-4453.

A. P. Oskolkov, The uniqueness and solvability in the large of boundary value prob-
lems for the equations of motion of aqueous solutions of polymers, Zap. Nauchn. Sem.
Leningrad. Otdel. Math. Inst. Steklov. (LOMI) 38 (1973), 98-136.

Y. Qin, X. Yang, and X. Liu, Averaging of a 3D Navier-Stokes-Voight equation with
stngularly oscillating forces, Nonlinear Anal. Real World Appl. 13 (2012), no. 2, 893—
904.




NAVIER-STOKES-VOIGT EQUATIONS WITH INFINITE DELAY 403

[25] D. T. Quyet, Pullback attractors for 2D g-Navier-Stokes equations with infinite delays,
Commun. Korean Math. Soc. 31 (2016), no. 3, 519-532.

[26] K. Su, M. Zhao, and J. Cao, Pullback attractors of 2D Navier-Stokes-Voigt equations
with delay on a non-smooth domain, Bound. Value Probl. 2015 (2015), 27 pp.

[27] R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis, 2nd edition, Am-
sterdam: North-Holland, 1979.

[28] G. Yue and C. K. Zhong, Attractors for autonomous and nonautonomous 3D Navier-
Stokes-Voight equations, Discrete Contin. Dyn. Syst. Ser. B 16 (2011), no. 3, 985-1002.

[29] C. Zhao and H. Zhu, Upper bound of decay rate for solutions to the Navier-Stokes- Voigt
equations in R3, Appl. Math. Comp. 256 (2015), 183-191.

CuNG THE ANH

DEPARTMENT OF MATHEMATICS

HANOI NATIONAL UNIVERSITY OF EDUCATION
136 XuAN THUY, CAU GIAYy, HANOI, VIETNAM
Email address: anhctmath@hnue.edu.vn

DANG THI PHUONG THANH

DEPARTMENT OF MATHEMATICS

HunGg VuoNG UNIVERSITY

NonNG TrANG, VIET TrI, PHU THO, VIETNAM
Email address: thanhdp83@gmail.com





