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HAUSDORFF OPERATORS ON WEIGHTED LORENTZ
SPACES

QINXIU SUN, DASHAN FAN, AND HONGLIANG L1*

ABSTRACT. This paper is dedicated to studying some Hausdorff
operators on the Heisenberg group H". The sharp bounds on the
strong-type weighted Lorentz spaces A (w) and the weak-type weighted
Lorentz spaces AP°°(w) are investigated. Especially, the results
cover the classical power weighted space L2:4. The results are also
extended to the product spaces AP (wy) x AP2(wy), especially for
LPyar x P22, Qur proofs are quite different from those in pre-
vious documents since the duality principle, and some well-known
inequalities concerning the weights are adopted. The results recover
the existing results as well as we obtain new results in the new and
old settings.

1. Introduction

This paper is aimed to study the boundedness of Hausdorff operators
on weighted Lorentz spaces with the Heisenberg group H" as the under-
lying space. The theory of Hausdorftf operator, while dating in a sense
back to Hurwitz and Silverman [19] in 1917 with summability of number
series, now becomes a notable ingredient in modern harmonic analysis
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and has received an extensive attention in recent years. In order to save
the length of this article, we refer the reader to the survey articles [7]
and [24] for its background and historical developments. The reader can
also see [5,6,8,13,17,23,25,26,28-30], among numerous research papers.

The classical one-dimensional Hausdorff operator is defined, in the
integral form, by

(L.1) Haﬂuvzﬁmg%ﬁﬁwﬁ,x>a

where @ is a generating function that is fixed and assumed to make the
integral to have sense for any f in the class S of all Schwartz functions.
An extension of the n-dimensional Hausdorff operator (see [5]), is defined

by
(12) tu()a) = [ FEE )y

for all f € S(R™). The Hausdorff operators (both He(f) and Te(f))
recover many classical operators by choosing suitable functions ®. For
instance, if we take

O(t) = %Xa,oo)(t)
and )
o(t) = mxu,o@(\t!)

in (1.1) and (1.2) respectively, then we obtain the one-dimensional Hardy
operator

(1.3) mnwzlﬂﬁww

and the n-dimensional Hardy operator

1
- MDD = BTN o
respectively. Here B(0, |z|) is the open ball centered at the origin and
with radius |z|, and |B(0, |z|)| denotes the volume of B(0, |z|). As aver-
age operators, H(f) is closely related to the fundamental theorem of cal-
culus and H(f) is connected to the Hardy-Littlewood maximal function.
Hence, the Hardy operators and their various varieties on the Euclidean
space have received extensive studies (see [2,14,15,19,22,27,31,34,38]).
In this paper, we are interested in studying the Hausdorff operators,

f(y)dy,
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since they are not only upgrades of the Hardy operators, but they also
include the Cesaro operator, the Hardy-Littlewood-Pdlya operator, the
Riemann-Liouville fractional derivatives, the weighted Hardy operator,
among many others (see [7]).

On the other hand, a changing of variables yields

Ha(f)(x) = / T2 e ppyat, x> 0.

Thus, another form of n-dimensional Hausdorff operators on R” is de-
fined in [21] by

(1) Hoaf)w) = [ T

where A(y) is an n X n matrix with det A(y) # 0 almost everywhere in
the support of ® (see also [7], [23], [31]). In [21], Lerner and Lifyand
studied sufficient conditions for Hg 4 to ensure its boundedness on the
real Hardy space and on the Lebesgue spaces L? (R™) for p > 1. When

Aly) = diag[1/ |yl , 1/ |yl .., 1/ |yl],

we denote it as He(f)(z), namely

= [ 2y,
o)) = [ T8 r

It is notable that two extensions Tip(f) and He(f)(z) are different when
n > 2 although they coincide when n = 1. In [36], among other things,
Wu and Chen [36] showed that the operator Hg is bounded on the
Lebesgue spaces L? (1 < p < +00) provided Cy = [, |2 ()] || ") g
< 00. Moreover, they proved that the constant Cy is sharp if ®(z) > 0.
In this paper we are interested in studying Hausdorff operators on the
Lorentz spaces. It is known that the Lorentz spaces LP? (R™) play a pivot
role in the theory of interpolation so that one can obtain the LP bound-
edness of many important operators by establishing their weak bound-
edness with the help of the Lorentz spaces. As more general function
spaces, we know LPP (R") = LP (R™). But this is not the main motiva-
tion we study Hausdorff operators on the Lorentz spaces. What makes us
most interested is that we need to invoke a quite different method to es-
tablish the LP? (R™) boundedness from those used on L? (R™). When we
study the boundedness of Hausdorff operators on the L? spaces, usually
some inequalities (for instance, Holder’s inequality and the Minkowski
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inequality) can be employed. However the definition of LP? is based
on measure, rearrangement and distribution theory. Therefore, meth-
ods used on LP is not adapted when we study similar problems on the
Lorentz spaces and new method must be introduced. Since we always
hope to establish theorems in a wide scope, in this paper we will study
Hausdorff operators on the weighted Lorentz spaces APY(w) in a more
general underlying space H", where H" denotes the Heisenberg group. It
is known that the Heisenberg group is a non-commutative nilpotent Lie
group, but it inherits some of basic structures of R™ and plays notable
roles in many branches of mathematics, such as representation theory,
harmonic analysis, several complex variables, partial differential equa-
tions, and quantum mechanics; see [34] for more details. Additionally,
the Heisenberg group is widely applied in signal theory and many related
topics. We notice that some research on H" related to us already ex-
ists in recent publications. For instance, Fu and Wu [37] studied the L?
boundedness of Hardy operator (1.4); Guo, Sun and Zhao in [16] stud-
ied the L? boundedness of Hausdorff operator; Ruan, Fan and Wu [31]
studied the boundedness of Hausdorff operator on the Herz type space.

The Heisenberg group H" [35] is the product space R** x RT en-
dowed with the following group law and dilation structure: for x =
(21, s Ton, Tang1)s Y = (Y1, o Yan, Yons1) € R X RY,

n
Ty = (961 + Y1, 22 + Y2, s Tan + Yons Tang1 + Yong1 + 2 Z(yjﬂfnﬂ' - $jyn+j)>
1

and
8,2 = (121,709, ..., TTop, T2 Topy1), T > 0.

For any measurable set F in H", with the notation |E| for the measure
of E coinciding with the usual Lebesgue measure on R?**! x R, we have
that

6, B| = r9|E|
and

d(6,x) = r9dx.
where ) = 2n + 2 is the homogeneous dimension of H". The norm of z
€ R* 1 x R is defined by

2n 2
|z|n = <Z ng) + x%nﬂ
i=1

1
1
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The distance on the Heisenberg group H" is defined by
p(x,y) =y~ x|,

where y~! = —y is the inverse of y. The corresponding Lie algebra is
generated by the left-invariant vector fields:
X; = aixj + 2$n+j%n+1’ g=1..n,
0 0
Xntj = Dims — 2, Doy’ j=1,...,n,
0
X2n+1 = (9xgn+1'

The only non-trivial commutator relations are
[ijXn—s—j] = —4X2n+1, j = ]., .
For x € H", » > 0, the ball and sphere with center x and radius r on H"
is given respectively by
B(x,r)={y e H": p(x,y) <r}
and
S(x,r)={y e H": p(z,y) =r}.
It is known that
|[B(z,7)| = [B(0,r)] = vor?,
where v is the volume of B(0,1) on H", namely
2r"+ay(3)
VQ = n+1\"

The unit sphere S(0, 1) is often simply denoted by S?~! whose area is
wg = Qug (see [37] for more details). We define two types of Hausdorft
operators on H" by

(5, —1x
(1.6) To(f)e) = | %f(y)dy
and
(17) Haa($)) = [ T sAwy
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where A(y) is a (2n + 1) x (2n + 1) matrix with det A(y) # 0 almost
everywhere in the support of ®.

The paper is organized as follows. In the second section, we will
introduce some preliminary knowledge of the weighted Lorentz spaces
and some their basic properties that are necessary in our study. We will
state our main results (Theorems 3.1-3.7) and their proofs in Section 3.

2. Preliminaries

Let (X, ) be a o-finite measure space and M (X, i) be the space of all
p-measurable real valued functions on X. The decreasing rearrangement
[ of f € M(X,p) is defined by the equality [3]

fit) = int{s  Ni(s) 8}, ¢ 0,

where
Ne(s) =p{z € Xt |f(z)] > s}, s >0

is a distribution function of f. The function w : H* — R, or w :
R, — R, is called a weight function, or simply a weight, whenever w
is Lebesgue measurable, not identically equal to zero and integrable on
sets of finite measure. If w is a weight on R, then we denote W (t) =
fg w(s) ds, and we always have that W (t) < oo, where t > 0. If (X, u) =
(H", udz) or (X,p) = (R4, udx), where u is a weight on H" or R,
then we denote Ny = Xy, fr = fi, w(E) = u(E) for every Lebesgue
measurable subset E of H” or R,. Let 0 < p, ¢ < co. We say that
f € M(X, ) belongs to the Lorentz space LP9(X) [3,18] if

< AN
1o = ([~ @00 ) < e
For 0 < p < oo, the space LP*(X) is defined as the space of all f €
M(X, p) satistying

1 Fllp0 = sup /P £ (t) < oo,
t>0

where we agree, on convention, that ¢'/? = 1 for p = co. If (X,p) =
(H", udz) or (X, u) = (R4, udx), we use the notation LP4(X) = LP9(u).
Let w be a weight on R, Using the notation ||g| o ay = ([5~ |9(y)]* %)1/‘1,
Y

following [12] or [10], define for 0 < p, ¢ < oo the weighted Lorentz space
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A (w) as a class of all f € M(X, u) such that

B =

Me(y)

1 f

[ fllazawy = [ fullzoaw) = P2 ||y (/0 w(t)dt> < 00,
Lo(4)

and the weighted Lorentz space AL™ (w) consisting of f € M(X, ) with

L A

N (y)

f

11| sz wy = | fll oo ) = supy (/ w(t)dt) < 0.
y>0 0

Denote A% (w) = AR (w). Note that if 0 < p, ¢ < oo, then AR (w) =
A% (w) where w = W .

Let LY, (w) be the cone of all decreasing functions in LP(w), 0 <
p < oo. Arino and Muckenhoupt [1] gave a characterization of the
boundedness of the Hardy operator H : LY (w) — LP(w) in terms of

the inequality on w € B,, where w € B, means that there exists C' > 0

such that
rp/ —w<x)d:v < C’/ w(x)dx, r > 0.
r P 0
Carro and Soria [11] obtained similar characterization of boundedness of
H: LF (w) — LP*(w) showing that H is bounded whenever w € B, .

Here w € B, o means that there exists C' > 0 such that if p > 1 then

( /0 T G /0 ww(t)dt> _p/ w(x)dx) " < /O Tw(x)dx) 7 e r e,

and if p <1 then
1 [ c [°
— [ w(x)dr < —/ w(z)dr, 0 <s <.
P Jo s Jo

It is worth indicating that B, = B, « if p > 1. In [33], Soria proved that
H: LB (w) — LP>®(w) if and only if w € B,. For other characteriza-
tions of B,, B, ., we refer to [12,20,32,33]. It is known [12, Theorem
2.2.5] that A% (w) is normable, namely there exists a norm in A% (w)
equivalent to the expression |- || A% (w); if and only if p > 1 and w € By,

and AR™(w) is normable if and only if w € B,. If w € B, let

H |l 1o Hfl oo
B(p,w) = sup 1 Nre) gy M e
o 1 lr o L llzeee )

)
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where the symbol f | indicates that f is a nonnegative decreasing
function in Ry. The estimate of B(p,w) and B(p,w) can be found
in [4,9,10,32,33].

Letting 0 < p < oo, fi*(t) = %fg fi(s)ds, t >0, for f € M(X, p),
define the space [12, Section 2.2.4]

D) = (£ € MO0 g = [ 7Ot < oc),
0
and if ® is a nonnegative function on R, , define
DY(d0) = {£ € MO0 |l = sup S (OB7(8) < o)
>

If (X, p) = (H", udz) or (X, n) = (R4, udx), denote I't, (w) = I'2(w) and
[2°(d®) = T2 (dP).

Throughout the paper, given 1 < p < oo denote by p’ its conjugate
index that is ;} + z% = 1. If g is a nonnegative function on [0, o),
0<s<oo,let
g(sx)

g(s) = sup )
2€[0,00) g(aj)

3. Main results

Now we can state and prove our main results of the paper.

THEOREM 3.1. Let p > 1, ® be nonnegative, ® and u be radial.
(1) If w is decreasing, then

||T<I>f||/\ﬁ(w)—)/\ﬁ(w) < C@,p,wa

where

Cq>7p,w = wQ /(;OO @((:) (W(SQE(S)))l/PdS.

(2) If w is increasing and w € B, then for f € AL(w), we have

”T‘PfHAﬁ(w)ﬁ\Aﬁ(w) < B(p, w)2c¢1,p’,w17

where @, (t) = (bt(Q)ﬂ(%) and wy (t) = w' ' (t).

o+ | =
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Proof. (1) Let

1
= — "Nd
gf(y) /Iy’hzl f(‘y|hy) Yy

wQ
It follows that

P
To(gp)(x) = /n <|y1(5)g (y1)dy

|y1

= / TQ_ldT/ (c;) (—/ f(T‘y/)dy') ds’
0 =1 T “aQ Jlyn=1
© H(z
— / (r)dr/ f(Ty/)dy,
0 r ly'|n=1
(I)<|y\h)
= — o fWdy =Ta f(x).
s
Next we will verify that
lg7llaz wy < 1 1AZ w)-
Indeed, since w is decreasing and p > 1, we get || - [|az () is @ norm [12,
Theorem 2.5.1] and thus by the Minkowski inequality,
1
losllazew = — ILf (Yl ) agwydy” = 1.
Q Jly'p=1

By the computation formula of the norm of the weighted Lorentz spaces
and the rotation transformation,

1 00 0 1/p
I=p'/r— ( / P (wQ / TQ_lXIf(ry’)|>tU(r)dr> dt) dy'.
wQ Jiy'|p=1 0 0

By the Holder inequality with the exponents p and p/,

1/p
l/p (/| / W (WQ/ le(ry seu(r )dT) dtdy’) ]
Y =1

By the Fubini Theorem,

1 1/p
I< pl/p (/ / (wQ/ rQ-1 XIf (ry) >0 (T )dr) dy’dt) :
0 [y |n=1

]<p
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Since w is decreasing which implies that W is concave, by the Jensen
inequality it follows that

1/p
] S pl/P </ tp 1W (/ / le ry \>tu( )deg) dt)
[y |n=1
_ (/ P (AL ))dt)
0
= | fllaz(w)
Hence

1To(F)llazw)  1Te(gr)lazw)
<
Ifllazey = llgrllanw)

which implies that we only need to prove the theorem on a radial class.

We check if f is radial, then

1T fllazw) < Copall Fllazw)

Indeed, since ®, f are radial,

Tor(@) = |2 poin =g [T (1) 4y

S S

)

But for all s > 0 and each measurable function f on H", we have

Hence by the Minkowski inequahty,

ds.

A% (w)

1T (f)llaz@w) < WQ

0o 1/p
1)z g = 27 ( [, <t>>dt) .

And by change of coordinate,

M) = /H s -eul(@)de

1 _
< /Xf<y>|>tﬂ(—) u(y)r—9dy
Hn T
= r 9 E Ni(t)
r ) N
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which yields that

o

Hence

< (W(s%a()) V71 f | az )

A% (w)

D(s)

1T fllaz ) < wa / (W (s9u(s)))/ds | o

(2) Due to w € By, p > 1, by [12] we get AP(w) = I'’(w) and AP(w)
can be normable with norm || - |[rrw). Thus (AP(w), || - [[rrw)) is a
Banach function space and (AP(w), H Irew))” = (AP(w), || - [Ireqw))
where (AP(w), || - ||re(w))” is the double conjugate space of the space
(AP(w), || - ||re(w)) (see [3]). Thus the principle of duality shows that

T llop(w)ro(w) = 11 Ts v )y —rg)y
where Ty is the dual operator of Tg. Thus by the following relations

1
m ||T<I> ”FP(UJ)—)FP(’UJ) S ||T<I> ||Ap(w)_>Ap(w)

< B(p, w)||Ts||re (w)y—rr(w);

1
ml|T¢£||(Fl’(w))’—>(FF(w))/ < ||T<£||(Ap(w))/_>(Ap(w)),

< B(p, w)[| Tl (v (w)y— (v w)y »

we get

1
62 B lewrswwr < [ Talla-

< B(p, w)*| Tl ar )y —aruy-
Calculate the dual operator Ty of Ty as follows:
||

o
Tut.g) = [ < | |(y““’”)f(> ) o(@)uw)da

[z]n,

= / (/ i) (x)g(w)dx) fWuly)dy = (f, Teg)
A\ S [ u(y) e
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which implies that

[z]

¢ u\x
Tyg(y) = /H ('y'h)ﬁg@)dw

wofyl? uy)

Noting @ is nonnegative, ® and u are radial, we obtain

() u(x)  PE u(laly) _ P jaly, D)

ol el eyl Tl e [l
where m
O(2)_ 1
_ o\t
w(1) = S (D).
So by (3.3) for all nonnegative functions g,
(34) Teg(y) < Ta,g(y)-

On the other hand, by [12, Theorem 2.4.12] we know (AP(w))" = AP (w'~?")
with equality of norms since w is increasing. So by (3.2), (3.4) and the
result of (1) we obtain

1T | ar(uw)—ar(wy < B0, w)? | Tl (ar(uyy—ar )y
= B(p, 0)* | Ta |l v’ a1y a9' (w1
< B(p, w)*Co, o »
which completes the proof. O

If w(z) = ||, w(t) = t%_l, a€R, 1<p<oo, 1<q< oo, Then it
is easy to check A4(w) = LPY(H", |z|*dz). In this case, we are able to
obtain the operator norm ||Tg||zre_,zre in the following theorem. Here,
for simplicity we will use the notation LP¢(H", |x|*dx) = LE1.

THEOREM 3.2. Let p=gq=1lorl<p<oocand1<q< oo, a€R,
® be radial, and

Qta

Copa :wQ/ O(s)s 7 ds.
0

(1) If p > q, then
H]&HLgmaqu::CEm@'
(2) If p < q, then

Copa < | Tollizime < p*Copa.
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«

Proof. (1) First let p > ¢. Since w(t) = t»~' is decreasing, u(s) = s°,
and W (t) = t7, it follows by Theorem 3.1 (1) that

(3.5) 1T fllze < Copall fllzgs-

(2) Consider another case p < ¢. Since w(t) = t%/P~! is increasing,

w € B, and 1(s) = s, wy(t) = w7 (t) = 71 and Wi(t) = 7 By
Theorem 3.1 (2) we get

(3.6) |To fllzze < B*Copoll Il

But B(p,w) < p'. So by (3.6)

(3.7) I To fllrze < 9 Copall £llrze.

Now we verify the best constant. Let
Qta

77‘1’6
fe@) =lzl, " X{al<1)-
Then by polar coordinate transformation,

q)(ély\ﬁlx) — 2 e
To(f)(x) = WM}L X{Jyln<1}(¥)dy
" h
& (6, _Q+a
— / T’Q_ld’l”/ ( 5 x>7“ Q: +EX{'I’S1}dy/
0 ly/|n=1 r
= WQ/ TQ;aieil(I)((Sriﬁ)dr
1
_Qta S a
= wglz|, * - /| T’Q:’— _6_1@(T)d7‘.
z|n
Therefore

HT‘I’(fE)HLg’q > HTQ(fe)X\axlh<e||Lg,q

—Q+a+e e Qta
> ||walzl, * X|x|h<e/ rr () dr
€ Lg’q
 Qia_ — Qe
— wo [ P lel, T e
€ Lqu

But in view of (3.1) (The inequality of (3.1) turns to equality if AP (w) =
L)

_Qta
|'T’h ! Xlz|p<e

p,q
Ly
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_Q+ta —Qta .
= € D +e |l‘/€|h P Xlx/e|h<1
7
= I e
= el fellzpa

Thus
Q+ta

1To(fo)ll e > woet / roe () dr|| f| e

Letting € — 0 we obtain

o0
(R FFEENTX ZWQ/ r O (r)dr.
0

Combining with (3.5) and (3.7), we complete the proof. O
THEOREM 3.3. Let Wy(t) = [ W~/?(s)ds. Then

1T fllap e @wy—are @) < Di,

o0 o0 1
W / —X 2@ dC) ds
/0 1 ( , (Q@tl-a {|®(6¢2"9>s}

Proof. Using the Holder inequality of weighted Lorentz spaces and
noting that (A2>®) = AL (W=1/P), we get

where

i +

Wi (wolz|?+)
ki

AR ) pe (s

(3.8) |Ta(f)(z)] < “g:BH(Af’l‘ff(w))’Hf“Af"‘ff(w) = HgSCHA‘lA‘a(W—l/P)Hf”A{"‘ff(w)

i)
where g.(y) =

ol 1)

Q
|y‘h

1921l a2 o =170y = /0 WAL (t))dL.

. But

Note that

| |x|h :
“ . Q
/\gz (75) = WQ|x|h /O @X{@(aw/”g%ﬂxlf} (T) “

o0 1
_ Q+a ot
= wolzly /0 CQ+1+aX{\@(éw’)\<@>t\xl§}dc'
Therefore

_ [ Qta [T 1
||933’|A‘1"Q(W*1/P) = /0 Wi <WQ|$|h /0 €Q+1+aX{|<I>(6Ca:')CQ>t|I|§}dC> dt
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Wiwolel™™) = (= 1
Q /0 Wi /0 CQ+1+QX{|<I><6<x'>\cQ>s}dC ds.

Edhy
Thus by (3.8) the theorem is proved. O

If w=1, a =0, then by some computations we obtain the following

COROLLARY 3.1. Let p > 1. Then
/2

Q/r

0o S| 1/p
/O (/0 @X{@(JCII%S}CZC) ds

Proof. Notice that Wi (t) = W(t) = p't'/? and

Wilwoleld)||  _ pwo
7

QP

T fll e s < 2 Dy,

where

DQZ‘

Lo (5Q-1)

[pyoo

]

Next we consider the Hausdorff operator Hg 4 defined by (1.7 ). Let
the norm of a matrix B be defined by

Bx
1Bl = sup B2
z€H" 240 |5E|
Then
(3.9) IBI7° < |det(B~")| < |B7||°.

Indeed, since |Bz|;, < || B|||z|;, which implies that || B||~|z|, < |B™ x|, <
| B7||z|p, it follows that

{x el :||BY|z[p <1} < {x €eH":|B 'z|, <1}
< {o € B || B aln < 1.
Thus
IB7H™vq < | det(B)|vg < ||B[|vq,
which yields (3.9).

Denote Foypu an(y) = W @([| Aly) " IIA@W) Q).
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THEOREM 3.4. Let p > 1, ® be nonnegative, u be radial and increas-
ing.
(1) If w is decreasing, then
| Ho A f || A2 (w)—a2@w) < B,

and
[Ho afllap> )2~ w) < B,

where

d
El - / (—yQ)Fw,p,u,A,n<y)dy-
H" |y|h

(2) If w € B,, then
| Hao A f || A2 (w)y—azw) < B(p,w)Ey,
| Ho A f || a2 (w)—a2>w) < B(p, w)E:.

Proof. (1) Since u is radial and increasing,

X a1 = /f(A@W“(x)df” - /If(z)>tu<|A<y>1zrh>|det<A<y>l>|dz
/ u(|A(y) | l)ldet(A(y) ™) d=
|f(2)|>t

IN

IN

e )|>t_<||A(y)_1||)u(|z|h)|d€t(A(y)_1)|dZ
u([|Ay)~ 1||)|d€7f( () H)INH(E)
u([|Ay)~ ||)’d t( W )|A“(t).

Note that by the Minkowski inequality since w is decreasing,

[ Haoa(F)lagy < / |<, )17 (AW)2) agundy.
m Yl

(3.10) =

But by (3.10)
AWy =2 [ 0 W N a1

1

B0 < (W46 D oo ) Ml
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and
FAWI gm0y = ST (X400

312 =W (W40 Do) e~
Thus by (3.11) and (3.12)

%—l/p T 1 )
I allcin < [ ST (0407 D g )
and

w—l/p T -1 1 b
I Al € [ ST (704G D) M1 o

By (3.9), the result of (1) follows.
(2) Since w € B, we get AP(w) = I'’(w), AP>®(w) = I'">®(w), and
AP(w), AP>°(w) can be normable with norm || - [[re(w)y and || - [|re.eew):
I larewy < A1+ llev) < Bp,w) - [arcw)
and
I llarecwy < N1 lleveequy < B, w)ll - v w)-

Thus by the same procedure of case (1), the result follows:

[Hoa(F)lazw) < [Haa(f)llrsw)

< [ W) Ay gyl

[yl

< B [ CD;%)I!f(A(y)x)HAz(w)dy

P(y)
S B(pa ’lU) /]];1 WFw,p,u,A,n(y)dyHf”/\ﬁ(w)

and

[ By
o (7)) < Blpow) [ i P

H» |yh



120 Qinxiu Sun, Dashan Fan, and Hongliang Li

THEOREM 3.5. Let ® be nonnegative, p=q=1orl <p<oo, 1<
q < oo, a>0.
(1) If p > q, then

(3.13) [ Haallzo—ipe < B
and if p < q, then

(3.14) [ Hoallpza 129 < p'Es,
where

®(y) e
o= [ TUAW T
He [yl

(2) On the contrary,
(3.15) |Haalliprsips > By

where

D (y) ~(Q+a)

Ba= [ TRIAWI
e [yl

Especially, suppose that ||A(y)~Y|| < Ci||A(y)||~" for all y € H". If

p =g, then
Q+8 +8

Cy " Ey < ||Hoalposms <Cy " Ey

and if p < q, then

‘@

Q+8

Qt8
C, " By < HH<I>,AHLZ"7—>L£"Z <p'C," E,

1/p
D(y) 1
B, = | dy
/Hn lyli? (Idet(A(y))l”Q> ’

Proof. (1) Noticing 7(s) = s* W(t) = t», B(p,w) = p' and the fact
that w(t) = tr s decreasing if 1 <g<p<oocandw e B,if 1 <p<
g < oo, we get (1) forthecasep=¢g=1lorl <p<oo, 1 <¢g< o0
by Theorem 3.4. When 1 < p < oo, g = o0, it follows that 1 € B, and
B(p,w) = p’ which also implies (1) by Theorem 3.4.

(2) Consider necessity. Let

where

Fel@) = |2l X (lal<1}
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where [ = _@ + l. Then

v

v

v

%Icpfk { o |y >t}
. y

Uy / | (y )1'|hX\A yzlp<1dy > t}
Hr ‘ |h

v / @(%) AW z]n) X a@)1aln <21y > t}

Hr |y|h

lQ ) fy(Aly)a)dy

W</l [Y[7

D(y)
xi/ — S AW dylz (51X el <1/ >t}
lawli<k yly

kBt
Fe(k)] A,

k*(a+Q) u k_ﬁt
fr Ay )

where A = [, 1<k \yIQ DIIA(Y)||Pdy. Thus if ¢ # oo,

o0 1/q
|Hofilline = (p / tq*(ArH@fkoq/p(t)dt)
0

v

= Ak

and if ¢ = oo

ie.,

(3.16)

w 1 _1
[Ha Sl = sup ¢y ) () 2 Ak~ H Al

1

[ Ho,allpzospza = Akm.

Letting &k — oo in (3.16), we get (3.15).

1/q
aa+@) [ EBE\ \ /P
o th Y [ — dt
(pk /0 < i (Ak: ))

Qta 1
v | fullzgs = Axk™* || full e,

121

u {x . /”A D(y )(HA( )H|x‘h)BXIIA(y)||\xlhﬁldyX|x\h<1/k > t}
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If [A(y) 7| < Cy||A(y)]| 7! for all y € supp®, then by (3.9)
(3.17)

1 1 e B B 1 1/Q
E(|det<A<y>>|> < 4@ < 14@) ”301<|det<A<y>>|> |

Combining with (3.13), (3.14), (3.15) and (3.17), we come to the con-
clusion. []

REMARK 3.1. Suppose that A(y) = diag[A1(y), ..., \an(¥), Aont1(y)]
with A\;(y) # 0. Let

M(y) = max{[As(y)l; -, Aea ()], Pzas1 ()72},

m(y) = min{\ @), - an (@), Pt ()]}

Then [|A(y) || = ;5 and [[A(y)]| = M(y). If M(y) < Cm(y) for some

C' > 1 and all y, Then A(y) satisfies the conditions of Theorem 3.5.

Particularly, if we take \;(y) = m, i=1,...,2n, and Ag,11(y) = W,
h
then M(y) = m(y), A(y)z = Ojyy-1¢ and the operator Hg 4 reduces to
)
Hr |y|g Yllp

whose LP(H"™) boundedness was studied in [31]. In the light of Theorem
3.5, it follows that if 1 < ¢ < p < oo, then

| Ha || Lz = Es
and if 1 < p < ¢ < oo, then
Es < ||[Hg| ppa_pe < p'Es,

where
g+

S

By — / S(y)lyl,” 7 dy.

We also can study the product Hausdorff operator on the Heisenburg
group, generalizing the results in Euclidean spaces (see [36]). Let @, =
2n+2, n € N. Let ® be a locally integrable function on H"* x H"2. The
Hausdorft operator He, 4, 4, is defined by

Ho a4, f(x,y) = / (€, m)

H™ x H"2 |£|Qn1 |77|Qn2

J(AL(E)x, Ax(n)y)dEdn.
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THEOREM 3.6. Let ® be nonnegative, p; > 1, u; be radial and in-
creasing, 1 = 1, 2.
(1) If w;, i = 1, 2, are decreasing, then we have

—

(3.19) [ H o, 41,40 A1 ()} AZ2 (10) 222 () x 222 () < L

where
o ®(&, )
£y :/]HI , Wﬂul,m,ul,m,m (E)F o paua, Az ma (1) dE ).
1 xH”2
(2) If w; € By,, i =1, 2, then we have

[H o, A1,42 11 AZE () % AZ2 (1) A28 () xA22 () < B(P1, w1) B(pa, w2) By,

and

||H¢>,A1,A2f||Aﬁy°°(w)xA{g*‘”(w)—mﬁll’“(w)x/\”’w(w) < B(p1, w1)B(p2, w2) E1.

u2

Proof. (1) Notice that if w;, ¢ = 1, 2, are decreasing, then by the
Minkowski inequality

‘|H<I>,A1,A2f||Aﬁll(w1)><A522(wg) = ""%¢7A17A2f(x’y)HAﬁll(wl)”Aﬁ%(wz)

®(¢,m)
S T 0 1. .10 fAé[E,B’r]y PL (o pwdédn-
/ @@ |17 (A% B gy ol o
But by Theorem 3.4 (1),
115 CA©), B 3

< H Hf(.fE, y) HAﬁl1 (w1) ”Aﬁ%(wg)le,phuLAhm (€)Fw27p2,u2,z42,n2 (77)
Thus (3.19) holds.
(2) Using the following fact: if w € B,, then AP(w) = I'’(w) and
AP(w) can be given a norm || - ||pe(w) with the relation
I apy < 1 llre) < B, w)]l - [larqw)

and the result of (1), we get (2). The result on the space ALI*°(w;) x
AP2:%°(wy) can be similarly obtained.
[
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THEOREM 3.7. Let 1 <p; < o0, 1 < ¢ <o0,i=1, 2, a> 0.
(1) If p; > q;, then

(3.20) [Ho a4zl oy przoz_prran, praae < E;

and if p; < q;, then

(3.21) [Ho, 41,40l L2191 przsz . prvon, praa < pliphEo,
where
— @(577’]) 1 Qnq+oay 1 Qng+ag
Bam [ o A )  dan
m e [€]9 [7] 92
(2) On the contrary,
(3.22) [Hoar.45 | Lz1m s przoeppran s przee > By
where
—~ (p(f’n) 7Qn1+0é1 7Qn2+0¢2
Bam [ e A )| dan
Hr e [§]9m || @n2

Especially, assume that [|A;(y)7'] < Ci||A:w)|7Y, @ = 1, 2, for all
y € H". then if p; > q;, we have that
(3.23)

_ Qn;+B8; . Qn; +8; .
2 P; 2 P .
I, C; Ey <\ Hoay,a0llppym s przoe gy ppzee <TG Cp ™ By

and if p; < q; we have that
(3.24)
_ Qn; +8; o Qn;+Bi —
2 P4 2 / P4
Hz’:lci "By < ||H<I>,A1,A2||L‘;11"11ngg’QQﬁLgll’qlegg’” < Hi:lpz‘o ' Ey,

%

where

1/p1 1/p2
4 = . " |£‘Qn1| ‘QnQ 14+ 51 1y o2 n.
e K |det(A1(€))] O \det(As(n))| o

Proof. (1) Noticing u;(s) = s, Wi(t) = t%, and the fact that w;(t) =
tri s decreasing if p; > ¢;; and w; € B, B(p;, w;) = p} if p; < ¢; < 00,
we get (1) by Theorem 3.6. By the same token the weak-type bound
follows.
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(2) Let fr(§) = |€|61X|§|<17 gr(n) = |n1"x <1 and hy.(€,m) = fi(€)gr(n)
where f; = —@nita +al + +. Thus by the proof of Theorem 3.5 (2)

HH@,A1,A2thL70’}1»q1XLZQQ,(IQ = HHH{),ALAQthLZQQ,QQHLgll,ql
4@ [ @ n
> / I (n)1H / (Qn)gk(Ag(n)y)dndg | fill o
PRGN mn || s 1
LP)
141 ()]
Sias 1<k 26m) |£‘in d¢ B
B i[@ gr(A2(n)y)dn B | fill o
. " e
G
harnzr @& Fggan,— 1
= s | @2 A2 ()72 dnk ™% k™% || gkll 122 o2 | full p2a o1

Letting k — oo, we get (3.22). If ||A;(y) 7Y < Cil|Ai(w)|| 7Y, i =1, 2,
for all y € H", by (3.20), (3.21), (3.22) and (3.9), (3.23) and (3.24)
follow. [
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