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MAPS PRESERVING JORDAN TRIPLE PRODUCT
A*B + BA* ON ALGEBRAS

Ar1 TAGHAVI, MOJTABA NOURI, MEHRAN RAZEGHI, AND
VAHID DARVISH

ABSTRACT. Let A and B be two prime *-algebras. Let ® : A — B
be a bijective and satisfies
P(AeBeA)=0(A)e D(B)e D(A),

for all A,B € A where Ae B = A*B + BA*. Then, ® is additive.
Moreover, if ®(I) is idempotent then we show that ® is R-linear
*-isomorphism.

1. Introduction

Let R and R’ be rings. We say the map ® : R — R’ preserves
product or is multiplicative if ®(AB) = ®(A)P(B) for all A,B € R,
see [9]. Motivated by this, many authors pay more attention to the
map on rings (and algebras) preserving different kinds of products to
establish characteristics of ® on rings. A natural problem is to study
whether the map ® preserving the new product on ring or algebra R is
a ring or algebraic isomorphism. (for example [1-4,6-8,10-12]).

Recently, Liu and Ji [5] proved that a bijective map ® on factor
von Neumann algebras preserves, A*B + BA* if and only if ® is a *-
isomorphism. Also, the authors in [14] considered such a bijective map
® : A — B on prime C*-algebras which preserves A*B + nBA*, where
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7 is a non-zero scalar such that n # +1. They proved that ® is additive.
Moreover, if ®(I) is projection then ® is *-isomorphism.

The authors of [13], proved that if the map ® from a prime *-ring A
onto a *-ring B is bijective and preserves Jordan triple product

O(ABA) = ®(A)P(B)P(A)
or x-Jordan triple product

O(AB*A) = O(A)P(B)*P(A)
then it is additive. Also, we show that if ® : A — B, where A and B are
two prime rings, preserves Jordan triple product then it is multiplicative
or anti-multiplicative. Also, we show that W(A) = ®(A)P(I)*, for A €
A, is a C-linear or conjugate C-linear x-isomorphism.

In this paper, motivated by the above results, we consider a map ¢

on two prime *-algebras A and B with a nontrivial projection such that
® is bijective and holds in the following condition

P(AeBeA)=P(A)ed(B)eP(A),

for all A, B € A where Ae B = A*B + BA*. We show that ® described
in the above is additive. Also, if ®(I) is idempotent then ® is R-linear
k-isomorphism.

It is well known that C*-algebra A is prime, in the sense that AAB =
0 for A, B € A implies either A =0 or B = 0.

2. Main Results

We need the following lemma for proving our theorems.

LEMMA 2.1. Let A and B be two x-algebras and ® : A — B be a
map which satisfies in the following case:

(2.1) P(AeBeA)=D(A)eD(B)ed(A).
If&(T) = ®(A) + ®(B) for T, A, B € A then we have

D(XeTeX)=0(XeAeX)+d(XeBeX)
for all X,Y € A.

Proof. By assumption we have
(2.2) O(T) = P(A)" + D(B)".
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Multiplying the left and right sides of (2.2) by ®(X), we obtain
(2.3) 29(X)P(T)"P(X) =20(X)P(A)*P(X) + 20(X)P(B)*®(X).
Multiplying the left side of (2.2) by ®(X)?, we obtain

(2.4) O(X)?P(T)* = ®(X)*®(A)* + &(X)*®(B)*.
Multiplying the right side of (2.2) by ®(X)?, we obtain
(2.5) O(T) ®(X)* = P(A)*®(X)? + &(B)*d(X)>.

Adding 2 times of (2.3), (2.4) and (2.5) together and making use of (2.1)
we have

O XeTeX)=P(XeAeX)+D(XeTeX).

Our first theorem is as follows:

THEOREM 2.2. Let A and B be two prime x-algebras with unit [ 4
and I respectively, a nontrivial projection and ® : A — B be a bijective
map which satisfies in the following condition

(2.6) P(AeBeA)=D(A)eP(B)ed(A)
for all A, B € A. Then ® is additive.

Proof. Let P; be a nontrivial projection in A and P, = [4 — P;.
Denote A;; = P,AP;, 1,5 = 1,2, then A = Z?Fl A;;. For every A € A
we may write A = Aj; + Ao + Agy + Ags. In all that follow, when we
write A;j, it indicates that A;; € A;;. For showing additivity of ¢ on
A, we use above partition of A and give some claims that prove ® is
additive on each A4;;, 7,7 =1,2.

We prove the above theorem by several claims.

CrLAM 1. We show that ®(0) = 0.
We know that for all A, B € A, the following holds
P(AeBeA)=7(A)eD(B)ed(A).
Let B =0 then
o0) = @
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for every A € A. Since ® is surjective, we can find A such that ®(A) = 0,
then we have ®(0) = 0.

CLAIM 2. For each Ay € Aj1 and Agy € Asy we have
QA + Ap) = D(Ary) + D(Ago).

Since ® is surjective, there exists T'= T11 + Tio + To1 + Ty € A such
that

(2.7) O(T) = D(Aq1) + P(Ag).
By applying Lemma (2.1) to (2.7) for P, and P», we have
O(PreTeP)=>(P oA 0P)+ D(P eAxpeP)=>4A7)
and
O(PyeT ePy)=D0(Pre A eP)+ D(Pye Ay e P) = P(4A5,).
Since ® is injective, we obtain
T*P, + 2P T* P, + PT* = 4A%,
and
TPy + 2P, TPy + PyT* = 445,
Hence, we have Ay = Thy, Ao = The and Ty = T1s = 0. So,
D(A1 + Ag) = P(A1) + P(Ag).
CLAIM 3. For each A5 € Aj2, Ay € Ay we have
O(Ag + Ag1) = P(Ar2) + P(Ag).
Since ® is surjective, we can find T = Ty + Tio + To1 + Ty € A such
that
(2.8) O(T) = P(Arz) + P(Aa).
By applying Lemma (2.1) to (2.8) for P, — P, we have
O((PL— P)eTe(P—P))
=O((P,— P)eApe (P —P))
+P (P, — P,) e Ay @ (P, — P,)) =0.
Since @ is injective, we have
(PL—P)eT e (P —P,)=0.

So, we obtain
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it follows that T, = Ts = 0.
On the other hand, by applying Lemma (2.1) to (2.8) for X5 and Xy
we have

@(Xlg.T.Xlg) = @(X12.A12.X12)+®(X12.A21.X12)
== ®<2X12AT2X12)

and

(I)(X210TOX21> = (I)(Xgl 0A12.X21) +¢(X21 .A21 .X21)
D (2X51 A5 Xo1).

By injection, we have

XipoT @ X195 =2X15A7,X19,
for all X5 € A5 and

Xoy 0T @ Xy = 2X5 A%, Xo,

for all X5, € Ay;. Therefore, by primeness we have Ti5 = A = and
Ty = Ao

CLAIM 4. For each Ay € Aq1, Aia € Aja, Ay € Ay we have
QA1 + Ap + Ay) = O(An) + P(Ar2) + P(A2)
and
D(Agp + Arg + A1) = (Agz) + P(Ar2) + P(A21).
Since @ is surjective, there exists T = T11 + 115 + T + T such that
(2.9) O(T) = ©(A11) + P(Arz) + P(Az).
By applying Lemma (2.1) to (2.9) for P, and implying Claim 3, we have
O(PyeTeP) = O(PreAj1eP)+d(PreAreP))+ d(Pe Ay eh,)
= O(AL + A3).
So, we have
TPy + 2R,T Py + P,T™ = A}, + A,
then
AT, + 175 + T, = Ay + A3
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Therefore, we have Ty = Ajg, To1 = Aoy and Thy = 0.
For showing that T}; = A;; we use the following trick. It is easy to check
that

O(4Ty)) = P(PL—P)eT e (P — D))
= O(PL—P)eAj 1 e(P—P))+0(P—P)eApe (P —P))
+O(P,— Py) e Ay; 0 (P, — P))
= O(4A47)).

By, injection we have T7; = Aq;.
Similarly, one can prove

(I)<A22 + A12 + Agl) = @(AQQ) + (I)(Am) + @(Agl)

CLAIM 5. For each A11 S All: A12 € A127 A21 < ./421; A22 & A22; we
have

O(A + Arp + Ay + Agp) = P(Anr) + P(Ar) + P(Azr) + P(A2).
We assume T is an element in A such that
(2.10) O(T) = P(A11) + P(Ags) + P(Asy) + D(Ag).
By applying Lemma (2.1) to (2.10) for P, and Claim 4, we have
O(PreTeP) = O(PreAjeP)+DP(PeAreP)+ D(PeAyeP)
+P(P e Ay 0 Py)
= ©(447) + ©(47,) + D(43)
= PO(4A7, + Al + A%).
Then, we have
AT + T, + Ty = 445, + Al + Ay

s0, Ti1 = A1, Tiz = Aip and Ty = Ay
Similarly, by Lemma (2.1) to (2.10) for P, and Claim 4, we have

O(PyeT o Py) = P(4A%, + A, + A5y).
So, we obtain Ty = Ay. Hence, we obtain
QA + Arp + Aoy + Ap) = P(A11) + P(Arz) + (A1) + P(An).

CLAIM 6. For each A;j, B;j € A;j such that 1 < i,j <2 and i # j,
we have
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By a simple computation, we can show the following
(P + Aij) o (P + Bj;) o (P, + Ayy) = Aij + Bij.
By using Claim 5, we have
O(Aij + By) = P((Fi+ Ayy) o (P + Bjj) o (Fi + Ayj))
= O(P + Ajj) e O(F; + Bjj) @ O(F; + Ayy)
= (®(B) + ©(Aij)) o (D(F)) + ©(Bj;)) & (P(F) + (Aj5))
= O(P)eD(P;)ed(P)+P(P;)e (ID(B:]-) e O(P)
+O(F;) o B(P)) @ D(Aj5) + P(F;) @ O(B];) @ P(Ay5)
+O(Aij) @ ©(F;) @ O(F;) + P(Aj;) @ D(F;) @ D(Aj))
+®(A;;) @ ©(B};) @ P(F;) + P(A;5) @ D(B};) @ P(A;5)
= @(Pio[yoﬂ)—i—@(HQijoH)
+@(FPi o Pje Ay) + (P 0 Bjj e Ay)
+O(Ajj @ Pjo P) + O(Aj; @ Py e Ayj)
+®(Ajj e B o P) + ®(Aj; 0 B, e Ayj)
= ©(Ay) + 2(By).
CLAIM 7. For each Ay, B;; € Ay; such that 1 < i < 2, we have
O(A;; + Bii) = P(Ay) + P(By).
Since @ is surjective, we can find 7' = T}; + T;; + T}; + Tj; € A such
that
(2.11) O(T) = ©(Ay) + 2(Bys).
By applying Lemma (2.1) to (2.11) for P;, we have
O(P;jeT eP;)=d(PjeA;eP)+d(IeP;eB;eP;)=0.
Since ® is injective, we obtain
PT" +T*P; +2P,T*P; = 0.
So, Ti; = T;; = T;; = 0. Hence, we have T' = Tj;.

On the other hand, for each C;; € A;; from Claim 6 and Lemma (2.1)
for P; + C;; we have

O(T;Ci5) = O ((Pj+ Cij) o T o (P + Cyj))
= O ((Pj+ Cij) @ Aii o Pj + Cyj) + @ (P + Cy5) ® Bii o (P + Cij))
= ®(A45Cij) + ©(B;;Cyj)
= @(AZ-CZ']‘ + B;CZ])
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So, we have
(T3 — A5 — B;;)Cy = 0

for all Cj; € A;;. By primeness, we have T, = A;; + Bj;.
Hence, the additivity of ® comes from the above claims. m

In the rest of this paper, we show that ® is *-isomorphism.

THEOREM 2.3. Let A and B be two prime x-algebras with unit [ 4
and Ig respectively, a nontrivial projection and ® : A — B be a bijective
map which satisfies in the following condition

(2.12) P(AeBeA)=D(A)eP(B)ed(A)
forall A, B € A. If ®(1,) is idempotent, then ® is R-linear x-isomorphism.
Proof. We prove the above theorem by some claims.
CrLAaM 1. ® is a Q-linear map.
By additivity of @, it is easy to check that ® is Q-linear.
CrAamM 2. We show that ® is unital.

For any A € A, by knowing that ®(/) is idempotent, we have

® <;vo;> S (g) e B(A)ed (g)
= o () warare (L) s20 () owre (L)

Since @ is surjective, we can find A such that ®(A) = I, then

@(évog) — a(1)

by injectivity of ® we get

So, A=1.

CrLAIM 3. ® preserves projections on the both sides.
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Suppose that P € A is a projection. From the Claim 1 we have

$(P) — @(g.p.é)

Then

Also,

So,

d(P) = ®(P)*.
Since ®~! has the same characteristics of ® then ® is the preserver of
the projections on the both sides.

REMARK 2.4. We note here that if P, and P; = I — P; are two
Orthogonal projections then ®(F;) and ®(F;) are so.

O(P)2(P) = @(R)(®(I) - F)
= O(P)(D(I) — B(P))
= 0.

REMARK 2.5. From

@(évoé) :cp(g).@(A).@G)

we have $(A*) = ¢(A)*. It means that ¢ preserves star.
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Cram 4. ®(A;) = By;.
Let X € A;; be an arbitrary element, then we obtain
P(4X) = P(P,eX e P)
(P(F)"®(X") + ©(X7)D(F)") @ ©(F)
= O(R)P(X) + (X)P(F) + 22(F)2(X)D(F)
since ® is Q-linear, so we show that
49(X) = ©(F)P(X) + 20(F)2(X)2(F) + 2(X)2(F).
From the above equation, we obtain the following relations
O(R)P(X)®(F;) =0,
(P B(X)D(P) = 0
and

So, we have

it follows that

P(A;) C By,
Since ®~! has the properties as ® then we have ®(A;;) = By;.
i,7 < 2 such that i # j.

Since @ is star preserving we have

— @(R) e d(4}) 0 B(P)

= (2(P)"Q(A];) + P(A;)D(F)) & ()

= O(F)P(Ay) + P(Aij)2(F) + 20(F;)(Ay)(F).
So, we showed that

D(Aij) = D(P)D(Aij) + B(Aij) D(F) + 28(F) D(Aij) ().

We multiply the right side of above equation by ®(P;), to obtain
(2.13) B(A)B(P;) = B(P)D(A)D(P,).
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Similarly, one can show that
O(P))0(Aji) = O(F))D(A;:)0(F).
CLAIM 6. Suppose that A;;, B;; € A;; for 1 < i < 2. Then
®(A;By;) = P(Ay)P(By)-
Let C;; € A;; be an arbitrary element. Therefore, we have
®(A;iBiiCij) = (P + Cy) @ (BRA}) o (P + Cy))
= O((P;+ Cyj) e O(B;A;;) @ ®(P; + Cij)

[ a1

= ((®(P; + Cy) (B, A7)

8 1

+O(B;AL) (P + Ci;)") @ ©(P; + Cy5)

= (B(Cy) B(BAL)) 0 (P)
So, by the above equation, we obtain

®(A;Bi)®(Cyy) = ®(Au(BiuCij))

I
iy
=
iy
o8
D

We have
(D(Ai;Bi;) — ©(Ay)P(Bii))®(Cy5) = 0.

We multiply the above equation by ®(P;) from the left side, then we
have

(P(AyBii) — ®(Au)®(Bi))P(Ciy)@(P;) = 0.
By Claim 5, we have
(P(AiiBii) — (Au)®(Bii))®(F)®(Ciy)®(F;) = 0.
By primeness, we obtain
D(AiiBii) = ®(Aii)P(Byi).
CLAIM 7. Suppose that A;; € A;; and Bj; € Bj;. Then
(A Bji) = ®(Aij)®(Byi).
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Since ® preserves star, we have
(A Bji + BjiAij)
I
= & ((Aij + Bji) ® 7° (Aij + Bji))
I
1 * *
= (®(Ay)" + ©(B;i)") ® ®(Aij + Bji)
= O(Ay)®(Bji) + ©(Bji)P(Ajj).
It follows that
(A Bji) + ®(BjiAi;) = ®(Aiy)®(Bji) + ©(Bji) P(Ajj).

Multiplying the left side of the above equation by ®(P;) and applying
Claims 4 and 5 to obtain

O(F;)P( Ay Bji)+@(P)(BjiAij) = P(F;)P(Aij)D(Bji)+ (L) P(Bji) @ (Ajj)-
So,
®(Ai;Bji) = P(Aij)(Bji).-
CrAaiM 8. For A“ c .A“ and Bz'j € .Aij we have
Let Tj; in Aj; such that 7 # j, Claims 6 and 7 imply that
(A Bij) (1)) = P(AuBijTyi)
= O(A4)P(Bi;T})
= O(Aiu)P(Bij)®(Tji)-
Since B is prime and by Claim 5, we have
CLAIM 9. For A;; € A;; and Bj; € A;; we have
(A Bj;) = P(Ai)2(By;).



Maps preserving Jordan triple product A*B 4+ BA* on x-algebras 73

For each Tj; € Aj; such that ¢ # j , we have
O(T5)0(Ai;Bj;) = O(T5:A;Bj;)
= O(T;iAi)2(Bj;)
= O(T)2(Ay)2(Bj;)-
So,
O(Ay;Bj;) = ©(Aij)2(Byj).
It should be clear that
P(AB) = O((Au+ Aij + Aji + Aj;)(Bii + Bij + Bji + Byj))
= O(A;Bii + AuBij + AijBji + AijBjj + AjiBii
+A;;Bij + A;;jBji + A;;Bjj)
= O(Ay)P(Bi) + ©(Au)®(Bij) + ®(Ay)P(Bji) + P(Aij)2(By;)
TO(A;)(Bi) + B(A;:)P(Bij) + ©(Aj;)(Bji) + P(Aj;)P(Bj;)
= (P(An) + P(Ay) + ©(Aji) + ©(A;))(2(Byi) + ©(By;) + ®(Bji)
+(Bj;))
= ®(A)P(B).
CrAmM 10. @ is R-linear.

For every A € R, there exists two rational number sequences {7, }, {s, }
such that r, < X <s,, and limr,, = lims,, = A when n — oo. It is clear
that U preserves positive elements, then ¥ preserves order. So, by the
additivity of ® we have

rpd = O(r, ) < O(AN) < D(sp]) = s,1.

Hence,
O(N) = NI

for A € R. It means that ® is R-linear. O
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