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ABSTRACT. We investigate a class of HIV infection models with two lenof target cells:
CD4" T cells and macrophages. We incorporate three distribinegldelays into the models.
Moreover, we consider the effect of humoral immunity on tlgaaimical behavior of the HIV.
The viruses are produced from four types of infected cehsrislived infected CD4 T cells,
long-lived chronically infected CD4T cells, short-lived infected macrophages and long-lived
chronically infected macrophages. The drug efficacy ismssuto be different for the two
types of target cells. The HIV-target incidence rate is gikig bilinear and saturation functional
response while, for the third model, both HIV-target incide rate and neutralization rate of
viruses are given by nonlinear general functions. We shawttie solutions of the proposed
models are nonnegative and ultimately bounded. We derieetltweshold parameters which
fully determine the positivity and stability of the threeeatly states of the models. Using
Lyapunov functionals, we established the global stabditthe steady states of the models.
The theoretical results are confirmed by numerical simuati

1. INTRODUCTION

Mathematical modeling and analysis of within-host humamimodeficiency virus (HIV)
dynamics have become one of the hot topics during the lastdésc[1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. These svoak help researchers for
better understanding the HIV dynamical behavior and pingichew suggestions for clinical
treatment. Most of the mathematical models presented iiténature suppose that HIV infects
justthe CD4 T cells[7, 8,9, 19, 20, 21, 22], while others suppose thatthgist another target
cells are called macrophages that HIV infects it in additm@D4" T cells [12, 13, 14, 15, 18].
For more accurate mathematical models for the HIV dynanthesmnodel should included both
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CD4" T cells and macrophages. In [3], an HIV mathematical modslfeen presented by
considering two types of infected cells, short-lived inéetcellsy; and long-lived chronically
infected cellsu; as:

$1=p1 — Bis1 — (1 —e)hisip, (1.1)
53 = p2 — Pasz — (1 — fe)lasap, (1.2)
v1=(1-q)(1 —e)hisip — my1, (1.3)
Y2 = (1 —q)(1 — fe)rasop — mya, (1.4)
iy = q(1 —¢e)Aisip — au, (1.5)
Uy = q(1 — fe)Aasap — auy, (1.6)

p = Nn(y1 + y2) + Ma(ui + u2) — cp, (1.7)

wherei = 1,2, are denote, respectively, CD% cells and the macrophages. The variables
s; andp represent the concentrations of uninfected cells and fisepdrticles, respectively.

pi, Bi and\; represent the creation rate, the death rate and the infie@tie of the uninfected
cells, respectively. Parameteranda are the death rate constants of the two types of infected
cells, andc is the death rate of HIV. The model incorporates reversestr@gotase inhibitor
(RTI) with efficacye for the CD4" T cells andfe for the macrophages whetec [0,1] and

f € (0,1). The uninfected target cells become short-lived infectadilang-lived chronically
infected cells with fraction$l — ¢) andgq, respectively, wherg € (0, 1). The parameters’
andM are the average number of HIV particles generated in thigntieeof the short-lived and
long-lived infected cells, respectively.

The immune response and time delays were neglected in sy&téj(1.7) while that as-
sumption is unrealistic where there exists a time lag bettlee virus contacting the uninfected
cells and the time of generating new infectious viruses.zH¢ral. [4] presented a first HIV
mathematical model with intracellular time delay. SevétAl models with delays have been
presented and investigated [6, 7, 8, 9, 10, 11, 12, 15, 120,22].

The aim of this paper is to propose HIV infection models whiaprove model (1.1)-(1.7)
by taking into account humoral immunity and distributedagsl We consider two types of
target cells, CD4T cells and macrophages. We derive two threshold paramaterpresent
some mild sufficient conditions for the positivity and glbbtability of the steady states of the
models.

2. HIV DYNAMICS MODEL WITH BILINEAR INCIDENCE RATE

We formulate an HIV dynamics model with bilinear incidenegertaking into account both
humoral immunity and distributed delays,

5i(t) = pi — Bisi(t) — Niss(t)p(t), i1=1,2, (2.1)

l;
vi(t) = (1— Qi)/\i/o fi(m)em ™ Tsi(t — 7)p(t — 7)dr — myi(t), i=1,2, (2.2)
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— g / e St = Pl — Pdr —wr(t),  i=1,2, 2.3)

p(t) = Z <Ni7Ti /062 gi(T)e " Tyi(t — 7)dT + Miw; /Om hi(T)e " T (t — T)d7'>

i=1
—cp(t) — bp(t)=(t), (2.4)
(1) = vp(t)2(t) — pa(t), (2.5)

wherez represents the concentration of the B cells. Paramétersind . represent, respec-
tively, the removal rate constant of the virus due to the ladrimmunity, the proliferation rate
constant of B cells and the natural death rate constant ofllB. d&/e suppose that, the virus
contacts an uninfected target cell at tihe 7, the cell becomes infected at timewherer
is a random variable taken from a probability distributiomdtion f;(7) over the time interval
[0, ;] andl; is limit superior of this delay period. The factars™ ™, e~"™" ande~"" account
for the loss of target cells, short-lived infected cells dmb-lived chronically infected cells
during these delay periods, respectiveiherem;, n; andr; are constants. All the variables
and other parameters of the model have the same meaninggagrgmodel (1.1)-(1.7), where
)\1 = (1 - E))\l, )\2 = (1 — fE))\Q.

The probability distribution functiong;(7), g;(7) andh;(r) are assumed to satisfly(7) >
0, gi(7T ) > 0, hi(r) > 0 wherei = 1,2 and

€e; ¥,
fZ dT—/ gi(T )dT—/ hi(t)dr =1, i=1,2,
0

/ fi(6 wad& < 00, / gi(0 wed@ < 0, / wad@ < oo, 1=1,2,

wherew is a positive constant. Le®; (1) = fi(7)e ™7, Ai(1) = gi(1)e ™7, Ay(1) =
h;i(T)e "™ and

lz‘ €; 192‘
:/ @i(T)dT, GZ :/ Ai(T)dT, CZ :/ Ai(T)dT, 1= 1,2,
0 0 0

then0 < F;,G;,C; <1, i=1,2.

2.1. Preliminaries. Let o = max{ly,l2,e1,e2,91,92} andC is the Banach space of contin-
uous functions mapping the interviat o, 0] into RS ;. For the model (2.1)-(2.5) we consider
initial conditions ;

s1(0) = ¢1(0), s2(0) = p2(0), y1(0) = @3(8), y2(0) = @a(0),
u1(0) = ¢5(6),u2(0) = 6(0), p(0) = ¢7(0), 2(0) = s(6) (2.6)
;i (0) >0, 0 € [—p,0), 9;(0) >0, j=1,2,..,8,

) >
where(1(0), 92(0), ..., v3(0)) € C([—0,0],RS,). Then, the uniqueness of the solution for
t > 0is guaranteed [32]
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Lemma 1. The solutions of system (2.1)-(2.5) satisfying the initiahditions (2.6) are non-
negative and ultimately bounded foe [0, o).

Proof. Let us write system (2.1)-(2.5) in matrix for@ () = J (Q (t)), whereQ =

(81, 52, Y1,

Yo, u1,u2,p,2)", J = (Ji, Ja, ..., Jg)T and
J1(Q(t))
J2 (Q (1))
J(Q(1) = ' ;
Js (Q (1))
p1— Bisi(t) — Ais1(t)p(t)
p2 — ﬁ282(t) — A2s2(t)p(1)
(1—qi)M fo fi1(7) mlTSl(t = 7)p(t —7)dT — Y1 (t)
(1—go) >\2 fo f2 T)e M2 so(t — T)p(t — T)dT — T2y2(2)
J_ g1 f fi(r 81(75 —7)p(t — 7)dT — wiuq (t)

B , g2 [y fa(T _m2732(t — 7)p(t — 7)dT — waus(t)
> (Nemi Ji g (P)e ™ yilt = 7)dr + My [y hi(r)e " Tui(t — 7)dr)
=1

ep(t) — bp(t)z(t)
(t)Z( ) — pz(t)
We have

Using lemma 2 in [33], the solutions of system (2.1)-(2.5)mthe initial states (2.6) sat-

isfy Q(t) € R8 for all ¢ > 0. The nonnegativity of the model's solution implies that
lim sup,_, ., s; (t) < g—l i=1,2.
Let T;(t fo i(7)si(t — 7)dT + yi(t) + u4(t), i = 1,2 then:

. L
Ti(t) = Fips — i /0 O:(r)sit — 7)dr — mn(t) — wiui(1)

< Fipi — 0 (/Oli ©i(7)si(t — 7)dT +yi(t) + ui(t)>

< pi — oiTi(2),

whereo; = min{g;, m;,w; }, i = 1,2. Hencelimsup,_, ., T;(t) < L;, whereL; = p;/o;,i =
1,2. Sinces;(t), y;(t) andu,(t) are all non-negative, thédim sup,_, ., y;(t) < L; andlim sup
t—ooti(t) < L;forallt > 0.
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Moreover, we lefls(t) = p(t) + 22(t), then:

(NZWZGZ + MZWZCZ) L; —cp+ bjluz(t)

e

Ts(t) <

=1

e

< (NZT('ZGZ + MZO.)ZCZ) L; — O’3T3(t),

=1

whereos = min{c, u}.
2
Hencelimsup, ., T5(t) < Ls, for all t > 0, whereLs = Y  (MimGitMinCl:
i=1
p(t) > 0 andz(t) > 0 then,limsup, ,. p(t) < Lz andlimsup, . 2(t) < L4 where
Ly = YLz forallt > 0. Therefores;(t), yi(t), ui(t), p(t) andz(t) are ultimately bounded,
i=1,2.
According to Lemma 1, we can show that the region

Q= {(S’iayi7ui7p7 Z) € CS : ”SZ” < Li7 Hy” < Li7 HUH < Li7
”pH < L37 HZH < L4}7
is positively invariant with respect to system (2.1)-(2.5) d

. Since

Lemma 2. For system (2.1)-(2.5) there exist two bifurcation pareenet?’’ and RY with
RE > RP > 0 such that
(i) if RF < 1, then the system has only one nonnegative steadyl3tate
(i) if R? <1 < RE, then the system has only two nonnegative steady dtatesdIl;,
(iii) if RP > 1, then the system has three nonnegative steady dtates; andIl,.

Proof. System (2.1)-(2.5) has the following steady states:
(i) Infection-free steady stafiéy = (s9, s9,0,0,0,0,0,0) wheres? = p;/8;,i = 1,2,
(i) Humoral-inactivated infection steady stdie = (51, S2, 71, 92, U1, U2, p, 0) where

0 0
3 54 ~ (1 - QZ)E)\ZSZ ~
5 = - >0, §,=—7———Lp>0,
" l+mp (1 + mip)
q,FZ)\Zs? —B + V B2 + 4140

p>0, p=

U = ———
“ wi(1+ mip) 24

A=mmne, B=mRE +mRE + (1 - RE)(m +n2),

/\‘
C=RE-1, m:#,i:l,Q,
(]

2 0
RE = Z—Mcs represents the basic reproduction number for system-(2.8) andy; =
i=1
((1 — qi)GiN; + q;C; M;) F;.
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(iii) Humoral-activated infection steady stdie = (51, S2, 91, ¥2, U1, U2, P, Z) Where
_ vp; (1 —q)FEipidip _ aFEpiip

5= — P S0, = > 0,8 = BP9,
" UBi+ i Com(Bi + ) " wivBi + pN)
_u ¢, p
—Foo z=S(RP-1),
D iy > z b ( 1 )
2 2 B
andRE = Zc(sziﬁs) = ZlR—g%, denotes the humoral immunity activation number for
i—1 =1 VP
system (2.1)-(2.5). d

We will use the following equalities throughout the paper :

w2 (o) o ()
e (B ) m (D).
i (M) = (D) o (25,

(GGt = 7)ot —7)\ _ z,,p*) I ((4i%ilsi(t —7),p(t — 7))
( )-n(Gem) )

®i(si,p) i(8is u;9;i(s wp*)
pPi(si, p* In
ui(t—71)\ <Z])) ii(s“pT? + < )
o (H40) - (£ o (22 &

2.2. Global stability analysis. The foIIowmg theorems investigate the global stabilityttod
steady states of system (2.1)-(2.5). We will use a funchibn (0, 00) — [0,00) as: H(v) =
v — 1 — Inv throughout the paper.

Theorem 2.1. For system (2.1)-(2.5), iR¥ < 1, thenIl, is globally asymptotically stable
(GAS).

Proof. We construct a Lyapunov function&} as:

i N;G;
VO_Z%[SOH<S>+ Gy—l— : —/ /slt—H)p(t—H)deT

i=1 v i

+—Ni”i/zA,-(T)/ yi(t—Q)deT—lewz/ A,-(T)/ uz(t—H)deT} tpt
Yi Jo 0 i Jo 0 v

We calculateZ2 along the trajectories of system (2.1)-(2.5) as:

2
dVo Z% Kl _ _> — Bisi — Aisip)
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l;
- NiGi ((1 — @)\ / ©i(r)si(t — 7)p(t — 7)dT — myi(t))

)
0

MC-( / 0;(r)ss(t — 7)p (t—T)dT—quz(t)>

/ O;( —si(t —T)p(t — 1))dT
Niﬂ'i M,-wi Vi
+ / Ai(7) (yi — yi(t — 7)) dT + ” /0 AG(7) (u; — ui(t — 7)) dT]

i Jo
2 e; 9
+ Z N;m; Ai(T)yi(t — 7)dT + M,w; Ai(T)ui(t — 7)dr
i=1 0 0
b

—cp—bpz + ” (vpz — pz), (2.9)
collecting Eq. (2.9) we get'
dV b
- = —Z’nﬂz , i Zw\ sip—cp — —”z
Si =1
_ Yi N s _ _ b_u
= Z%ﬁz . (Z ) -z
by
= —Z%B, : + (RE —1)ep — o (2.10)

Z

Therefore, ifR} < 1,then dc}f) < 0 for all s1,s2,p, 2 > 0. Clearly, %0 = 0 atII,. Applying
LaSalle’s invariance principle (LIP), we get tHag is GAS. O

Theorem 2.2.If R < 1 < R¥, thenll, is GAS.
Proof. Let

) () (3
2250 Po) [Cn < silt = ‘))p“ - 9)> ahir
#22 [Ce [Ca (20
Mw,u,/ Ay / H <M> d@dT] —|—pH< > —I—gz.
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Calculatlngdv1 along the solutions of system (2.1)-(2.5) we obtain:
2

% = ZZ_;’Y Kl - ;—Z> (pi — Bisi — Nisip)
Nf ( y) ((1 — ) / ¥ @u(r)si(t — Tplt — 7)dr 7Ty>
iGi (1_—> ql/\l/ 0:(7)si(t — T)p (t—T)dT—wluz>
e o e (g
i - 2,

y
+ (1 - g) (i(zv,-m /O ()it — T)dr + Miw; /O " At — 7)) — cp bpz)

b
+ ;(sz — pz) (2.11)
Collecting terms of Eq. (2.11) and using the conditions efsteady statil;
pi = /Bigi +Xi3ip, (1= @) Fi\3ip = mifs,  qiFi\isip = witly,

2 2
cp = Z N7T2 Ui + M;w;Cit uz ZVZ/\Zgzﬁa cp = ZVZ/\zgzpa

we get

2 .
dVl - 5
(1= 2) (85 — Bisi) + Ndap (1- 2

Zv [( >5s Bisi) + sp< Si)

2Ni imi . NiGimigi (" yisi(t — -

n G, . Gﬂy/ @i(T)ys( i)]z(t T)dr

Vi Vil YiSip

l; B
. MZCZCL)ZUZ /@Z(T) u,-s,-(t — 7:)]3(15 — T) dr + 2M2Czwzﬂ
Yiki Ui Sip Vi

)

_Nmyi/@Ai(T)pyi(tN—T)dT szuz/ A puz(t 7) 4
Yi 0 PYi pU;

+<NG7TZ:U2+MCWZUZ>/ @ <52t_7)p(t_7—)>d7_

Sip
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N‘”i@' /EiAi(T)ln (%) dr
Mw,u,/ Ay ( ui(t = )>dr}+b<p—g>

Using Egs. (2.8) Withp; (s, p) = Aisip, s = Si, ] = i, u] = G; andp™ = p, we can obtain
2 - ~
avy Bi(si — 5;)? < [ S
— = —Yi————— — Yi\i$;DH | —
7 ; [ o . nhisipH |
N Glmyl / o, <yi3i(t - i)p(t - 7')) dr

Yis 2}3

s [ o (4

MC’w,u,/ oi <ui3i(t —TN)zj(t—T)> i

Ui SiP

~ M [ <p“1(ul D) ar| 065

p

From the conditions of the steady stafe we haveZW’;;p) =1, then
=1

2 2
YiXipiV YiNipi
RE 1= _HAPY_ N~ TAiP
! ; c(vBi + pAq) ; cBi(1 +nip)
2 2
_ Z YiNipi Z YiNipi
“cBi(1+mp) <= cBi(1+mip)

2

= (=P Y5 VNPT _ ¢ (5 p) (2.12)

(1 +n:p) (1 + mip)
2
Eq. (2.12) implies thatp — p) = $(Rf — 1), where,( = ZM% Therefore,

=1
R{B < 1 ensuret;t dV1 < 0 for all s;,y;,us, p, z > 0. It follows that for alls;, y;, u;, p, z > 0 we
havedyt < Oanddc‘l? = 0 atIl;. By LIPII; is GAS. O

Theorem 2.3.If RP > 1 thenIl, is GAS.
Proof. Consider

S s () + (1) 2 (3)

Z
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a.n [l T (4t _
+ 25 [T, ) / H (S’(t On(t 9)> dodr
FJo 0 5ip

NW’/ Ai(r) /(ﬁ{(#) dbdr
M“’Z / A / <w>d9d7']+ H<p>+bF()

Calculatingy2 along the solutions of model (2.1)-(2.5) we obtain:

2
dVa S. _ NiGimi | M;Ciw; _
— = l1—— i8i) + AiSi i i
dt ;7 K sz>( ~ Busi) + disap Vi vit Vi !
1 —a \N:G:\: [l s (1 — _
( q,)NZGZ)\Z/ @i(T)yZSZ(t T)p(t T)dT
Vi Yi
iMCi)i (1 uisi(t — -
4 C A / 0,(r) " (t ;}p(t 7) -

0
a.n [l (o _ 7. [€i (4 —
+ )\’lslp/ @Z(T) ln <Sl(t T)p(t T)) dT + Nlﬂ-ly’l / AZ(T) ln <y’l(t T)> dT
Fi Jo Sip Y Jo Yi
M;w;u; /192‘ (Uz(t — 7')> } 2 /ei pyi(t —7)
4+ — N;(T)In | ———2 ) d7| — N;7; N (7)) —=———Ldr
X (rym (4 Sovim [ AP

—ZM%/ Aq( pul )dT—cp+cp+bpz—b z—bpz—i—b’u
By the conditions of the steady stdiig
pi = Bi%i + Nisib, (1 — i) Fi\i3ip = mili, @il Mi5:D = witly,
,u

2 2
cp= Z (NimiGigi + Miw;Cy;) — bpz, cp = Z%)\i%p —bpz, p
i=1 i=1
and using the inequalities (2.8) witfi = 5;, v = ¥;, u; = 4; andp* = p we find

2
dV2 /82(32 z) — gi
—_— = —Yi——————————— — YiAiSi H | —
dt Z [ i Si " Ais p S

i=1

(Yo [l oo (4 _ € B (f —
— NzGﬂszz / @Z(T)H <Z/z~5’z(t i)]z(t 7—)> dT _ Nzﬂzyz/ AZ(T)H <pyl(t T)) dT
F; 0 YiSip 0

NoRE TN e (f — _ 9 S (4 —
_7Mlczwlul / @Z(T)H <u,sz (t t)]z(t T)> dT — Mzwzﬂz / AZ(T)H <p7UZ (t7 T)> dT:| .
F; 0 Ui S;p 0 PU;

Thus if R? > 1, thens,, 7;, ;, p, 2 > 0. Therefore we get2 < 0 and92 = 0 atIl,. LIP
implies thatll; is GAS. O
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3. MODEL WITH SATURATION INCIDENCE RATE

We consider a model with a saturation incidence rate and halrmomunity as:

3i(t) = pi — Bisi(t) — %, i=1,2,
l;
i) = (- [0 T Dar ), =12
0
. N l; ' si(t—T)p(t—T) o ;=
uz(t) —QZ)‘Z/O 91(7') 1—|—Oéip(t—7') dr i z(t), =1,2,

2 o Vs
p(t) = Z (Nmi/o Ai(T)yi(t — 7)dT + Mw; / Ai(T)ui(t — 7)dr
0

i=1
— ep(t) — bp(t)=(2),
£() = vp(t)=(t) — iz (t).

39

(3.1)

(3.2)

(3.3)

(3.4)
(3.5)

wherea; > 0. As the same to the previous section it's easy to show the egativity and

boundedness of the solutions.

Lemma 3. For system (3.1)-(3.5) there exist two bifurcation paraemeth and R7 with

R§ > Ry > 0such that
(i) if RS < 1, then the system has only one nonnegative steadyl$tate

(i) if Rf <1< Rg , then the system has only two nonnegative steady digtasdIl;,

(iii) if R > 1, then the system has three nonnegative steady diiatdd; andIl,.

Proof. System (3.1)-(3.5) has the following steady states:

(i) Infection-free steady stafd, = (s9,59,0,0,0,0,0,0) wheres? = 2: j=1,2,
1>°2 )

B

(i) Humoral-inactivated infection steady stdlie = (1, 52, 1, 92, U1, U2, p,0) Where

.80t aip) o (=g ENsip
Codl+&p T m(l+&4p)

. qiFiNisp P —B+VB2+4AC
w1+ &p) 2A ’

where,
A =&, B=6RS + &Ry + (1 — RY) (€1 + &),

. s
C:ROS_17 5220424——2,2:1,2,

Bi

S 2 %)\iso . . .
andRy = Z ¢ is the basic reproduction number for model (3.1)-(3.5).

c
1=1
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(ii) Humoral-activated infection steady stdfe = (51, 52, 91, §2, 41, U2, P, Z), Where

pi(V + pov;) (L= g)Eipidip
=< >0,9=—F———- >0,
Bi(v + p&;) Bimi(v + p&i)
qilipidip , S _H s— S(Rps
T T o e y U= 17 27 = - y 2 = 7 -1 )
wiﬂi(y+ugi)>01 D V>OZ b(Rl )
2
andR{ = Z%’ is the humoral immunity activation number for system (33.5).
=1
O
3.1. Global stability analysis.
Theorem 3.1. For system (3.1)-(3.5), iR5 < 1, thenIl, is GAS.
Proof. We consider a Lyapunov functidi, as:
2
i N;G; i(t —0)p(t —0)
Uo =S [0 (2 Z. N / / dod
° ZZ:;Y {SZ <S?>+ Vi vit o l+apt—0) T

+_Ni”i/ZAZ-(T)/ yilt — 0)dodr + 2 / Aq( / uz(t—é)d9d7]+p+92-
Yi Jo 0 0 Y

Calculating2 along the trajectories of (3.1)-(3.5) we get:

2
dUo ’}/i/\iSQ b,u
= 1M1 —_— - 1 -
27 5 + (;c(l + a;p) R
0)2 2 ps 2
SZ' — 84 Ry;aicp S bu
= - iBi———— — — —1 -~
'E_ i ;:1 Otom) (Rg —1ep — 2

Thus if R < 1, thene < 0 for all 51, 52, p, z > 0. Clearly %0 = 0 atIl,. Applying (LIP),
we get thafll is GAS d

Theorem 3.2. For system (3.1)-(3.5) iRy < 1 < R§, thenIl; is GAS.

Proof. Construct

(A N Z~ M Z~
o= o ()« B () 4 2 ()
i1 Vi Ui Vi U

1 )\zgzﬁ li ‘ T Si(t - Q)p(t — 9)(1 + a,ji)
“miemh o0 1 (et aatay ) B

Nimigi [ 7 it —
4 LTl / Ai(T)/ H<7y (¢ 0)>d9d7
Vi 0 0 Yi
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i [V T
4 Moty / Ai(T)/ H <M> deT} +pH ( > + 2
Yi 0 0 Uj D v

CalculatlngdU1 along the solutions of system (3.1)-(3.5), we get

2 _ _
dU AiSi N;Gim; .
—1 =Y [(1—8—>< — Bisi) + P i

dt — i T+ ap Vi
Nony ML)l S _
n M;C;w; P q; M;C; ) / () a;si(t —1)p(t — 1) r
Vi Vi 0 ui (1 + a;p(t — 7))
AN [l ~ e (f _
B (1 qZ)N,G,)\Z/ @i(T)y,s,(t T)p(t — 1) ir
0 yi(1+0<ip(t—7))

Yi
yi

1 )\slp i(t —7)p(t — 7)(1 + a;p)
1—|—ozzp/@ ( 5ip(1 4 agp(t — 7)) )dT

e (e
—ZNm/ Ayt =7) ZMWZ/ APt =1) 4

b
—cp+cﬁ+bﬁz——’uz.
v

From the steady state conditionslof:

- AiSiD AiSip - AiSiD -
_ Az PR AN’ —— I AL Sy
pi = Bi8; + 1+ a;p’ ( QZ) T+ b TiYi, qil'y 1+ op Wilks,
2 2 AiSiD P AiS;D
~:§ Wery M w;C- it :E T . 1ot
v i=1 ( i e Zul) i:172 1+ Oézp’ & p i 1 + Oézp
we obtain:

2 ~ o~ ~
e [ s 25 1)

)\Z’Sip < (1 + Oéip) p> QNZ'ﬂ'Z'Gi _ QMZ'(,UZ'CZ' B
= | = - |+ i Ug
1+ ;P (1 +a;p) D i Vi
N iT zyz @ yz z( )p(t - T)(l + azﬁ) dr
F YiS zp(l + Ozzp(t — T))

41
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MwZC U; /@ u,s, —7)p(t —7)(1 + a;p) ir
w;Sip(1 4+ aip(t — 7))

_ Nﬂz‘yz’/ Ai(T)pyi( - )dT
Vi 0 DYi

+<N7T,Gzy,+MwZCuZ>/ oi < Zp()p(t—T)(lJraip))dT

1+ a;p(t — 7))
s [ (52) 163

Using Egs. (2.8) withp;(s;,p) = lﬁfi’fn, st =38, yf = Ui, u; = u; andp* = p, then we
have:

2 . L _
avy _ S |- Bi(si—3)*  Ndip ai(p — p)°
dt = K 8 YT aip \ B+ ap) (1 + aip)

NGB 1 ,
— 231p~ H 32 +H + 042]3
1+ a;p S; T+ ap

~ NimiGiy li Oi(r)H <gi3i(t —7)p(t —7)(1 + aiﬁ)) dr

yi8ip(1 + aup(t — 7))

—Niﬂ'igi/ lAi(T)H (ZM) dr
0 PYi
oy (ar. ~ o (4 _ 5
B M;w;Ciu; @Z(T)H <u232(t T)p(t 7_)(1 + alp)) dr

F; 0 w;i3p(1 + a;p(t — 7))

~ My /0191- Ay(T)H <M> dT} wb(p-2)e

pu

2

Similar to proof of Eq. (2.12) we can ggi—p) = & (R; —1) where,Q; = Zm
i=1

Thus, if Ry < 1thenp < £ = p.
If RY < 1,then9t < 0 for all s;, y;,u;,p, 2 > 0 where equality occurs ;. LIP implies
the global stability oflI;. O

Theorem 3.3. For system (3.1)-(3.5) iRy > 1, thenll, is GAS.
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Proof. Define:

=3 oo () - St (3) o 4 (2)

L1 \iip /li 0,(r) /TH (Sz’(t— O)p(t —0)(1 + aip)> d0dr
0

Fil4+aip Jo ip(1+ aip(t = 0))

The time derivative ot/, along the trajectories of system (3.1)-(3.5) is obtained by

2
dl/ AiS; N,G;  _
=2 E Vi [(1— —> i — Bisi) + 5Py Tili

1+ ap Vi
Mi ; 1—q)N:iGi\i [l yisi(t — t—
N cmi_( 4 NiG / (it = Tplt =)
Vi i 0 yi (14 ap(t — 7))

qZMC')\ L ' ﬂiSi(t — )p(t — T)
Vi / ), (+amt—m)""

7 118;51) / ol < ssz(ipJ(j c;;()t(l—t)aip)>d7

N”’yl/ Ail 1n<yl(yi )>d7

M“"Z“Z/ Ay ( uilt ”)df} ZNWZ/ Ao pylt_T)d

b b
—ZMWZ/ Aq( pul )dT—cp—l—cp—l—bpz—bpz——Mz—l— ,u_‘ (3.6)
Using the steady state conditionsl®$:
_ AiSip AiSip _ AiSip _

— 8.5 1— o) — il 0 F — W

Pi 5@31 + 1+ Oél_’ ( QZ) 7 T aip Y, qi 7 T aip Wi,
2 P 2 )\gﬁ

¢p =Y (NimGafiy + MieosCits) = bp2, ep = =3 g p— — W%, P =17,

i=1 i=1
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and applying Egs. (2.8) with (s;, p) = ﬁig‘i}, st =5, yl = 7, u = andp* = p, we
find:

2

du. i (si — 8i)* AiSip ai(p — p)?
_222[_%5( 2 p( (» — p) >
dt P 8; 14+ a;p \p(1+ aip)(1+ a;p)
., AiEiﬁ_ a3 4 u 1+ aip Nmyz/ A pyi(t —7) ir
1+a;p 85 1+ a;p DYi
e e (4 _ )
B N,W,Glyz / O.(F\H <yls,(t 77')p(t 7)(1 + a,p)) ir
yi5:p(1 + aip(t — 7))
MWZC U; / @ <uisi(t_ )p(t_T)(1+aip)> dr

uzszp(l + azp(t - T))

Mwlul/ Al <p“’( 7)>d7].

Thus, if RY > 1 thens;, g, @, p, 2 > 0. Therefore?2 < 0. Applying LIP one can show that
11, is GAS.

O
4. MODEL WITH GENERAL INCIDENCE RATE
We consider a model with general incidence and neutratizagtes as:

l;
gi(t) = (1 — qi)/o O;(1)di(si(t — 1), p(t — 7))dT — myi(t), i=1,2, 4.2)

l;

uz(t) = qi/@i(T)(bi(s,-(t—T),p(t—T))dT—wiui(t), 7= 1,2, (43)
0
2 i
Z (Nm/ )y,(t—T)dT—i-MwZ/A u,(tT)d)
— ep(t) — bp(t)y(2(1)), (4.4)
2(t) = vp(t)9(2()) — pp(2(1)). (4.5)

All the parameters are positive. Functiof(s;, p), i = 1, 2 represents the incidence rate where,
¢1(s1,p) = (1 —€)¢1(s1,p), andga(s2,p) = (1 — fe)pa(s2,p). Also, bpi(z), vpip(z) and
u(z), represent, the neutralize rate of viruses, the activatts of B cells and the removal
rate of B cells, respectively. For model (4.1)-(4.5) théiahiconditions are given by Eq. (2.6).
Suppose that functiong; and+ are continuously differentiable such that:

Assumption (A1) Functiong; satisfies:

(I) ¢Z(327p) > 0! ¢Z(SZ7O) = ¢2(07p) - 0! for all S; > 07 p > 07
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(ii) %‘;’p) > 0, %ﬁj’p) > 0, for anys;, p > 0. Further,%ﬁj’o) > 0 for anys; > 0,
i=1,2.
Assumption (A2) Functiong; satisfies:

(D) ¢i(si,p) < p%ﬁf’o), forallp > 0,

(i) 2 (%pm) > 0foralls; > 0,i=1,2.

Assumption (A3). Functiong; satisfies:

(ffeth - 2) (1- %020) <0, s5,p > 0,1 = 1,2, wherep® = jorp* = .

Assumption (A4). Functiony satisfies: (i)/(z) > 0, for all z > 0, (0) = 0,

(i) ¥'(2) > 0, forall z > 0 and

(iii) there isw > 0 such that)(z) > w2 for all z > 0.

The non-negativity of the solutions of system (4.1)-(4.&h @asily be shown. Similar to
proof of Lemma 1 we géim sup ¢—005i(t) < %, lim sup,_, . v:(t) < L;, andlim sup,_, o,
’LLZ(t) < L;forallt > 0,ando; = min{ﬁi,m,wi}, i = 1,2. From (A4)(iii), let T(t) =
p(t) + 2z(t), then

2 o s
i) =3 [ N /O At = 7)dr + My [ Ai(rus(t = 7)dr | = ep(t)  L(x(0)
0

14
i=1
2

< (N;miGi + Miw;C;) Ly — o3 <p (t) + §¢ (2 (t))>
i—1

(N7 Gi+M;w; Cy) Ly

g3

wheress = min{c, uw}. Therefordimsup,_, . 7'(t) < L3, whereLs =

i=1
The non-negativity ofp(t) > 0 and z(¢t) > 0 implies thatlimsup, .. p(t) < Lz and
limsup, ,,, 2(t) < Ly whereLy = {Ls forall ¢t > 0. Hence,s;(t),y;(t),ui(t), i = 1,2,
p(t) andz(t) are ultimately bounded.

4.1. Steady states.

Lemma 4. For system (4.1)-(4.5) there exist two bifurcation paraemeth; and R{ with
R§ > R{ > 0 such that
(i) if Rg; < 1, then the system has only one nonnegative steadyl$gate
(ii) if R? <1< R(?, then the system has only two nonnegative steady digtaadIl;,
(i) if RY > 1, then the system has three nonnegative steady dtiatdd; andIl,.

Proof. Let Assumptions (Al)-(A4) are valid, ard (s1, s2, Y1, Y2, u1, u2, p, z) be any steady
state satisfying the following equations:

pi — Bisi — ¢i(sip) =0, i=1,2, (4.6)
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(Nim: Gy + Miw;Cyug) — cp — bpap(z) = 0, (4.9)
1
vpY(z) — pp(z) = 0. (4.10)

2

2

From Eq. (4.10) we have(z) = 0 orp = L. First, we consider the caggz) = 0, then from
Assumption (A4) we have = 0. Letz = 0 in Eqgs. (4.6)-(4.9) we have:

2
Z%@bi(é’i,p) —cp=0. (4.11)
i—1

Eqg. (4.11) has two solutiong,= 0 andp # 0. If p = 0 we getlly = (s9,9,0,0,0,0,0,0)
wheres! = %, i =1,2. If p £ 0, then we obtain a humoral-inactivated infection steady sta
IT; = (81, 82,91, Y2, U1, U2, P, 0) Where the coordinates satisfy the equalities:

pi = Bidi + ¢i(3,0), (1— qi)Fi¢i(5:,P) = i,
2
cp = Z%’@'(%ﬁ), 0 Fi9i(3:, D) = wit, (4.12)
=1
The other solution of Eq. (4.10) js= £. Substitutingp = p in Eq. (4.6) and letting
V(s;) = pi — Bisi — ¢i(s4,p) = 0. (4.13)
According to Assumption (A1)¥ is a decreasing function af. BesidesVt (0) = p; > 0 and

U(s?) = —¢i(s?,p) < 0. Thus, there exists a unique € (0,s?) such thatl'(s;) = 0. It
follows from Egs. (4.7)-(4.9) that:

(3 = Y (2 )
Uy wj

2
s _—1[¢€ &(;5@(52,]7)_
o)

S

Thus,z > 0 When%@ > 1. Let us define the paramet&¢’ as:

7 (1 — @) Figi(3i,p) . i Fi9i(5i,p)

2 o
a7 9i(5i,D)
R _;;717 :

If RY > 1, thenz = ¢! (¢ (RY — 1)) and there exists a humoral-activated infection steady
StateHQ = (517 527 gl7 g27 7117 '112,]5, 2)
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2
. . H H H i a¢i(8?70)
By studying the local stability dfly, we can easily prove thaly is locally if Z? o S
=1
1. Then, the basic reproduction numb@y of system (4.1)-(4.5) can be defined as:

2
G Vi a¢l(3?7 O)

i=1

Clearly from Assumptions (Al) and (A2), we have:

2

RG _ Z’Y@ (152 3}7 Z 8(252 327 Z’Yz a¢z Rg

4.2. Global stability analysis.

Theorem 4.1. If RS < 1 and Assumptions (A1) and (A2) are hold true for system (@.5),
thenlIl, is GAS.

Proof. Construct a Lyapunov function&, as follows:

2
Ky = Z%‘

% i(s) N;G; M;C;
si—s?—/ lim ¢(8“p)d ¢ ¢

v+ i+ Uj
0 p=0t ¢i(v,p) v Y Vi
‘|‘_/ / ¢Z szt_ ( _9))d9d7—
Ni i Wi i
+ T / AZ'(T)/ yi(t — 6)dOdr + M / Ay / u(t — H)dedT} +p+ éz-
Yi Jo 0 0 v

We evaluatél% along the solutions of (4.1)-(4.5) as:

2

(g0 (50,
% - Z’Yi Kl — M) (pi — Bisi) + qﬁi(si’p)w} —ep— b_,uw(z)

=1 0i(s:,0)/0p 9¢i(s:,0)/0p
2 S; Oi(s B (0,0)/0p by
o <1 B s_°> (1 B W) Z 156 D) 5r e gy ~ P T Y ()

)/9p
(s:,0)/0
2 S; a¢z($ ,O)/ 2 8(251'(3'70) bu
= iri\1= % 1_— + ip—————= — ¢ —_1/}(2)
Z;W( s?)( 0¢i(s:,0)/0 ) Z’”’ ap P
(s:,0)/0p
(s:,0)/0

14
2 7 0 7 )
=S (155 (1= GELIIRY (g~ 1yep— Lo, (4.14)
=1 i i\Si,
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From Assumptions (Al) and (A2), we have
0
(5) () <o o
Therefore, ifR§ < 1, thense < 0 and“fe = 0 atIly. Thus,I is GAS. O
Lemma 5. If RS > 1 and Assumptions (A1)-(A3) are valid, then:
sgn (5; — §;) = sgn (p — p) = sgn (RY — 1)
Proof. Using Assumptions (Al)-(A2), that fat;, 5;, p, p > 0, we find:
(¢i(5i,p) — ¢i(3:,p)) (8 — 5i) > 0, (¢:(5i,P) — ¢i(5:,P)) (p — P) > 0. (4.15)
By the inequality (4.15) and Assumption (A3) with= 3; andp = p andp* = p we obtain:
((¢i(3i,p)p — ¢i(3:,0)P)) (B — p) > 0. (4.16)
Suppose thatsgn (5; — 3;) = sgn (p — p). From the conditions of the steady statésand
1T, we get:
(pi — Bi5i) — (pi — Bi8i) = ¢i(54, D) — ¢i(5:,D)
= ¢i(5i,0) — ¢i(5i, D) + ¢i(5:, D) — ¢i(8i, D).
Therefore, from inequalities (4.15) we obtaign (s; — 3;) = sgn (3; — §;), which is a con-
tradiction, hencesgn (5, — 3;) = sgn (p — p) . Using Eq. (4.12) and the definition &' we

get
2 ~ o~
a % [ 9i(5,D)  @i(3:.D)
1 _1_Z?< )
—Z%< (64(50:5) = 61(50s D) + = (6450, )5 — 4550 ))
Thus, from Egs. (4.15) and (4.16) we obtaim (R} — 1) = sgn (p — p). O

Theorem 4.2. For system (4.1)-(4.5), iR{ < 1 < Rg; and Assumptions (A1)-(A4) are valid,
thenII; is GAS.

Proof. Consider

2 ) ~
_ . - SZQSZ'(SZ’ ) z z~ MzCz~
N ;’YZ |:SZ i 3; Ebi(l/, ) vt i H(yz) Vi (uz)

1 (= ¢z B t 9))
+ Eﬁbz(swp) 0 H ¢z SZ,p >d0d7—

+N7ﬁ/0 Ai(r )/0 <y2(t 9)>d9dr
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. [V T
+ Micoitis / Ai(T) / H (Lt 9)> deT} +pH< > 92.
Yi 0 0 Uj v

CalculatlngdK1 along the solutions of system (4.1)-(4.5) we get:

dKy : (- ¢z‘(§z’,ﬁ)> o o %8, p) | NiGim
dt = ;’}’z |:<1 (bz(sz;ﬁ) (pz stz) + ¢z(szap) (bz(sz;ﬁ) + v Yi
Nony ANl ~ oA (e (4 _
+ Mzczwzﬂi _ (1 QZ)NZGZ / @i(T)y2¢z(Sz(t T)ap(t T))dT
i i Yi
¢ M;C; [l w;pi(si(t —7),p(t — 7))
6i(3,0) [V gi(si(t —7),p(t — 7))
TR F; / ©i(r)In < ®i(si,p) > i

Nm“/ Adl < )>dT+M/ﬂiAi(7')ln (@) df}
—ZNWZ/ As(ry P2 dT—ZMwZ/ As( p“’t_T)d

—cp+cp+bpy(z) — 71/1(2’)'
From the conditions of the steady staie, we find:
pi = Bidi + ¢i(5:,0), (1 —qi)Fi¢i(5:,0) = ¥,  qiF5¢i(5:, p) = witl,
2

2 2
cp = Z (N Gi9i + Miw;Cit;) = 2%@(52‘,15), cp = %Z%@bi(%ﬁ),
=1 i—1

i=1
and using inequalities (2.8) wilf] = 5;, vy = y;, u; = u; andp* = p, we get

- Z o (1-3) 0-55:5)
) (S 1Y (1 o))

o5 (1 (S5) - (B5e8))

N-(;m@i /l 0:(r) H <?§z¢z‘( Z;Z@(szngt — T))> dr

- Nmyl/ Ayl <py2( )> dr — Mw;i; /Oﬂi Ay(T)VH (%) dr

49
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_Miij"“ / " 0,(r) H (a"‘b"(s"(t —7).p(t = T))> dT] Fb(F—p)(z). (4.17)

u; i (54, P)
Assumptions (Al), (A4), Lemma 5 and the condmﬁf < 1 imply that dKl < 0 for all
$i,Yi, Ui, p, 2 > 0 and 281 = 0 atly. By LIP II; is GAS. O

Theorem 4.3. For system (4.1)-(4.5), RS’ > 1 and Assumptions (A1)-(A4) are valid, thHp
is GAS.

Proof. Constructing a Lyapunov functional as:

2 .
_ % ¢i(5:,D) NG _ i M;C; _  u;
Ky = i |si — 5 — —d H (= H (=
’ ;7 [S ’ 5 ¢i(v, D) v Vi Y (y2)+ Yi B (ul)
I A T ¢i(3i(t—9)7p(t—9))>
— @i (5, O; H — déd
o) [ e [ e -

NW’/ A-(T)/ H <yi(tyf 9)> dfdr
M“Z”Z / Ayl / H <M> d@dT} +pH (@) L b <z—2—/ M’E)cw) .

U p v z P(0)
Calculatlng dt2 along the solutions of system (4.1)-(4.5) we obtain:

¢i(5i,p)  NiG;

2

dKy [ ( ¢i(§i,ﬁ)> T
— =) 7|ll- — | (pi — Bisi) + ¢i(si,p) — + TiYi
dt ; ®i(si,D) ®i(8i,D) Vi
(. AN [l T (e (f — _
n MZCZwiﬂ’i _ (1 —q;))N;G; / @i(T)yzQﬁz(SZ(t 7), p(t T))dT
Vi Yi 0 Yi
qZM C; / o4 u,(bz(sz( —7),p(t — T))dT
%
¢z Sz,p ¢2 Sz( _T)ap(t_T))>
/ @ < ¢z(3iyp) ar

T N T (o
+ —N iy / Ai(r)In <7y’( T)> dr + Mwits / Ai(r)In (Lt T)> dT}
Yi 0 Yi Vi 0 Us
_ZNWZ/ Aqi( pyl dT—ZM%/ Aq( pult_T)d

—m+@+wwa—7ma—@wa+7wa. (4.18)
By using the steady state conditionslof :
pi = Bisi + ¢i(5:,0), (1 —qi)Fidi(5:,0) = m%i,  qiFidi(5:,D) = witls,
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2
cp =Y (NimiGigji + Myw;Citis) — bpp(2), cp pZmﬁz (5i,9) — bpip(2)

=1
and the inequalities (2.8) witsf = 5;, v’ = 7s, v = 44 andp = p, we find
2

—c = Z [%5132 <1 §i> <1 o; 3i>ﬁ)>

dt & (
ot (B2 1) (1 )
tanp) (2 (iﬁﬁiif?) o (Gaeen)
2 oo (sl ),
Nmyz/ Asl (py’( )>d7'
MCw,uZ/ oi (uicbi(szilq;(siigt—ﬂ))dT

—M; wlul/ Ay( <puz( T)> dT:| .
PU;
According to Assumptions (A1),(A2) and (A4) we géf2 < 0 and %2 = 0 atIl,. LIP
]

implies thatll; is GAS.
5. NUMERICAL SIMULATIONS
We now perform some computer simulations on the followingligption. The incidence

rate is given by Crowley-Martin (CM) functional response:
AiSip .
i\Sis = s = 17 27
PilseP) (1 + pis:) (1 + ip) '
whereu; > 0, i = 1,2, and\; = (1 —¢) A, A2 = (1 — fe) Aa. Then, the general model
(4.1)-(4.5) with incidence rate given in (5.1) can be ddwatias:

(5.1)

N 0, .
l;
. — - . (T SZ(t_T)p(t_T) T — T:Ys Z:
i) = (1 qz)AZO/eA Nt h T o=y — T, 1= 1.2, 63
Aisi(t — 7)p(t — 7) dr —wa(t), i=1,2, (5.4)

l;
t) = qi)‘i/o O T asilt — (L + cwlE — )
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ﬁ(t):§;<Nim /0 A (F)ys(t — ) + Miw: / Ai(r)ui(t — )dT>

—cp(t) — bp(t)z(1), (5.5)
2(t) = vp(t)z(t) — pz(t). (5.6)
To verify Assumptions (Al)-(A4), we have:
¢z(3wp) > 0, ¢z(3270) = ¢z(07p) =0, Bs; = (1 +Mi3i)2(1 ‘|‘Oéip) > 0,
09i(si,p) AiSi -0 09i(si,0)  N\is;
Op (s +ap)? ™ 7 Op  T4psi
P Aisip Aisip - 0¢i(s4,0)
Pilsinp) = (1 + pisi)(1+ aip) = 1+ pisi e
¢i(sip) g) (1_ @(si,p*)) __ —oilp—p)? 0. for all s 0
<¢i<si,p*> P 6i(sip) )~ P Fap) i tap) — oo P=

Then Assumptions (Al1)-(A3) are valid. Moreover, Assumpti@4) is also valid where
Y(z) = 2.

Next, we shall perform simulation studies for model (446§ with the incidence rate given
by Eq. (5.1) and particular form of the probability distribd functions as:

filr) =6(r —m), gi(r)=90(r—m), hi(t)=0(r—m), i=12, (5.7)

whered(.) is the Dirac delta function and < [0,[;], > € [0,€;], ¢; € [0,9;], @ = 1,2, are
constants. Whef, e; andy; — oo, we have:

o [e.e]

/ fi(r)dr = / gi(T)dr = / hi(r)dr =1, i=1,2. (5.8)
0 / )
Using the properties of Dirac delta function we get:
F;, = / 5(7- _ Ti)e_mdeT _ 6—7711'7'1" Gi — / 5(7_ o %i)e_ndeT _ 6_7”}”7
0 0

o
Ci = / Ot —)e "Tdr =e " 1 =1,2.
0

Moreover,

/ 5(r i Aisi(t —1)p(t — 1) ir
(1 + pisi(t — 7)) (L + cip(t — 7))
e MiTiNsi(t — Ti)p(t — 7)
(1+/~623z( 7)) (1 + cip(t — 7))’

i=1,2,

/ 61 —s)e Myt —T)dr = eyt - sa),
0
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[e.e]
/ M —)e "Tu(t —1)dr = e "t — ), i =1, 2.
0

Hence, model (4.1)-(4.5) with incidence rate given by Eql)5ecomes:

o s(nl) .

5i(t) = pi — Bisi(t) (1 + s:(0)) (1 + azp(t))’ 1,2, (5.9)

) = (1 — )= Aisi(t — m)p(t — 75) o i

N e G ) [ ) R A
i Aisi(t — 7i)p(t — 7)

u;(t) = gie 0T psit— )0t omi—1) wiu;(t), i=1,2, (5.11)

2
Pt) == (Nymie " y(t — 36) + Mywie " ui(t — 1)) — ep(t) — bp(t)2(t), (5.12)
i=1

2(t) = vp(t)z(t) — pz(t). (5.13)
The parameter&S™ and R¢™M will be:

2 — N g T
REM = Z((l — qi)NieT" 4 qiMe” " e T\
" i=1 e(1 + pisy) ’

REM — Z (1 — gi)Nje ™% + q; Mze™ "4 )e™ ™ \;5;
(1 + pisi)(1 + a;p)

9

where

1
24i(1 + ip)
i
p:_7<2 Q5 57121727
B =(1+¢p) — wisd(1 + a;p).
Now we are ready to perform some numerical simulations fetesy (5.9)-(5.13). The data of
system (5.9)-(5.13) are provided in Table 1. Weret 7, = 3¢, = 14, i = 1,2.

S; =

[—B + \/32 +4pis? (14 aip)?|

TABLE 1. Values of some parameters of system (5.9)-(5.13).

Parametel p1 | p2 my | mg | p1 | p2 a1 |az | N1 | N
Value 10 0.03198 | 1 1 0.0310.01 |10.03|0.01 1100 |30
Paramete 51 55 ny | ne | wi w9 71 T2 T 79
Value 0.01 | 0.005 1 1 0.25 (10051 1 0.3 0.03
Parameter M, | Ms Q1 | g2 | b f 1 c

Value 50 10 0.510.5]10.01{0.3 |0.05|3
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o Effect of the parameters i, A\ and v on the stability of the steady states:The initial
conditions have been considered as;(6) = 600, p2(0) = 0.1, p3(8) = 10, p4(0) =
0.1, p5(8) = 5, ps(#) = 0.1, p7(8) = 50, ps(#) = 60, § € [—7,0]. Let us address three
cases for the parameteks, Ao andr. We assume that = 0 (there is no treatment) and
=0.5.
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Case (I): Choosg; = 0.002, Ay = 0.0005 andv = 0.0005 which give R§™ = 0.6007 < 1
and R{M = 0.1481 < 1. Therefore, based on Lemma 4 and Theorems 4.1 the system has
unique steady state, thatlik and it is GAS. As we can see from Figures 1-8 that the con-
centration of the uninfected cells is increased and appezhits normal value before infection
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that iss? = 1000 ands) = 6.396 while concentrations of the other compartments converge to
zero for the initial condition. As a result, the HIV1 is rensalvfrom the plasma.
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FIGURE 7. The concentration FIGURE 8. The concentration
of free virus particles. of B cells.

Case (Il): We take the following valuest; = 0.01, Ay = 0.001 andv = 0.0005. For
these valuef{™ = 0.6803 < 1 < R{M = 2.9815. Consequently, based on Lemma 4
and Theorems 4.2, the humoral-inactivated infection stestatell; is positive and is GAS.
Figures 1-8 confirm that the numerical results support thertttical results presented in The-
orem 4.2. It can be observed that, the variables of the modeiteally converge tdl;
(348.03,0.76,6.59,0.29,7.91,0.17,60.03, 0) for the initial conditions. This case corresponds
to a chronic HIV-1 infection in the absence of immune respons
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Case (lll):\; = 0.01, Ay = 0.001 andv = 0.002. Then, we calculat&{™ = 2.9815 > 1
and R{'M = 1.6544 > 1. We can see from Figure 1-8 that, there is a consistency lketthe
numerical results and theoretical results of Theorem 4.3.

The states of the system convergdlg(550.98,1.29, 4.54, 0.26, 5.45, 0.15, 25, 196.31) for
the initial conditions. In this case the humoral immune oese is activated and can control
the disease.

o Effect of the drug efficacye on the stability of the steady statesWe taker, = 0.5, A\;
= 0.01, Ay = 0.001 andv = 0.001. In Figures 9-16 we show the effect of the drug efficacy
¢ on the HIV dynamics. Also, we can observe that, as the drugaeffic is increased, the
concentration of uninfected cells is increased, while thiecentrations of free virus particles
and the three types of infected cells are decreased. Tablewsghat, the values dng and

TABLE 2. Values of steady stateRS™ andR$'™M for system (5.9)-(5.13)with
different values ot.

drug steady states R§M | REM
e=20.0 115(386.29,0.84,6.20, 0.28, 7.44,0.17, 50, 39.07) | 2.9815 | 1.1302

£ =0.12623 | IL;(457.08,0.87,5.49,0.28,6.59,0.17,50,0) | 2.6064 | 1.0000
e=20.2 11, (525.97,0.96,4.79,0.27,5.75,0.16,43.66,0) | 2.3873 | 0.9211
=04 | I(724.23,1.42,2.79,0.25, 3.35,0.15,25.42,0) | 1.7930 | 0.6996

= = 0.666908 I, (1000, 6.396,0, 0, 0,0, 0,0) 1.0000 | 0.3932
e=0.38 11y(1000, 6.396, 0,0, 0, 0,0,0) 0.6046 | 0.2375

Rch are decreased ass increased. Therefore, the results of Theorems 4.1-4 Breresults
of numerical simulation are compatible. Thus, we can salytteatment with sufficient drug
efficacy can success to clear the HIV from the plasma.

TABLE 3. Values of steady state®$™ and R{'M for system (5.9)-(5.13)
with different values of-.

drug steady states R§M | RYM

Te = 0.001 115(620.40,0.94, 6.32,0.45, 7.58,0.27, 50, 269.36) | 4.8642 | 1.8978
Te = 0.1 115(620.40,0.94, 5.72,0.41,6.87,0.25, 50, 167.08) | 3.9905 | 1.5570

Te = 0.3 112(620.40,0.94, 4.69, 0.34, 5.62, 0.20, 50, 13.10) | 2.6749 | 1.0437

7. = 0.321363 | 11;(620.40,0.94,4.59, 0.33, 5.51,0.20,50,0) | 2.5630 | 1.0000
Te = 0.5 I1,(724.23,1.42,2.79,0.25, 3.35,0.15, 25.42,0) | 1.7930 | 0.6996

7. = 0.791955 T, (1000, 6.396, 0,0, 0, 0, 0, 0) 1.0000 | 0.3902
7. =09 T, (1000, 6.396, 0,0, 0, 0,0, 0) 0.8057 | 0.3143

Te = 1.0 11y(1000, 6.396, 0,0, 0,0, 0,0) 0.6596 | 0.2574

7. =20 T, (1000, 6.396, 0,0, 0, 0,0, 0) 0.0892 | 0.0348
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e Effect of the time delay on the stability of the system: Choosinge = 0.4, \; =
0.01,A2 = 0.001 andv = 0.001. Figures 17-24 and Table 3 show the effect of the time
delay parameter, on the stability oflly, II; andIl,. Clearly, the parametet. has similar
effect as the drug efficacy parameters

5.1. Conclusion. In this paper, we have proposed and analyzed three HIV infechodels.
We have considered four types of infected cells: shordlivéected CD4 T cells, long-lived
chronically infected CD4T cells, short-lived infected macrophages and long-livednuically
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infected macrophages. We have incorporated three ditgdliime delays into the models. We
have represented the HIV-target incidence rate by biliaear saturation functional response
for the first two models while, for the third model, we have sidered more general nonlinear
functions for both the HIV-target incidence rate and ndiztation rate of viruses and we have
derived a set of conditions on these general functions. We peoved the nonnegativity and
ultimate boundedness of the model’s solutions and theamdstand stability of the model’'s
steady states. We have determined two threshold paraméterbasic reproduction number
and the humoral immune response activation number. Usiaguyov functionals, we have



STABILITY OF HIV INFECTION MODELS 59

1000 . T — = . 7 . T . . . .
_ s "/"' zof
t
g 900 %, £
3 850 | ;e — 70 %5 I
P ;o - 7205 g
o) A s4r
; 800 - il:l,: ......... Te=0.7 g‘
g msot i e 109 g3t
2 li -------------------- £
) k1
600
550 ‘ ‘ ‘ ‘ ‘ | ‘ | | ‘ ‘ |
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
Time (days) Time (days)
FIGURE 17. The concentra- FIGURE 18. The concentra-
tion of uninfected CD#T tion of uninfected
cells. macrophages.
10 T T T T T 0.7 T T T T T .
- — Z 7701
g ’ 7205 £ 06 L7205
= 3 ¢
38 e =07 -7 N A SR R oo =07
27 L — X §0s e 7209
B z ¢
g £,
0 s g
3 = .
P - Y 2 S S P
R T e
é 1'!‘,-:‘5.. g
00 - 160 21;0 3;)0 4(;0 5(;0 (,:)0 700 [1} 100 200 300 400 500 600 700
Time (days) Time (days)
FIGURE 19. The concentra- FIGURE 20. The concentra-
tion of short-lived infected tion of short-lived infected
CDA4'T cells. macrophages.

established the global stability of the three steady staftése models. We have presented an
example and performed some numerical simulations to stppotheoretical results.
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