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ABSTRACT. We investigate a class of HIV infection models with two kinds of target cells:
CD4+ T cells and macrophages. We incorporate three distributed time delays into the models.
Moreover, we consider the effect of humoral immunity on the dynamical behavior of the HIV.
The viruses are produced from four types of infected cells: short-lived infected CD4+T cells,
long-lived chronically infected CD4+T cells, short-lived infected macrophages and long-lived
chronically infected macrophages. The drug efficacy is assumed to be different for the two
types of target cells. The HIV-target incidence rate is given by bilinear and saturation functional
response while, for the third model, both HIV-target incidence rate and neutralization rate of
viruses are given by nonlinear general functions. We show that the solutions of the proposed
models are nonnegative and ultimately bounded. We derive two threshold parameters which
fully determine the positivity and stability of the three steady states of the models. Using
Lyapunov functionals, we established the global stabilityof the steady states of the models.
The theoretical results are confirmed by numerical simulations.

1. INTRODUCTION

Mathematical modeling and analysis of within-host human immunodeficiency virus (HIV)
dynamics have become one of the hot topics during the last decades [1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. These works can help researchers for
better understanding the HIV dynamical behavior and providing new suggestions for clinical
treatment. Most of the mathematical models presented in theliterature suppose that HIV infects
just the CD4+T cells [7, 8, 9, 19, 20, 21, 22], while others suppose that there exist another target
cells are called macrophages that HIV infects it in additionto CD4+T cells [12, 13, 14, 15, 18].
For more accurate mathematical models for the HIV dynamics,the model should included both

Received by the editors December 16 2017; Accepted February26 2018; Published online March 12 2018.
2000Mathematics Subject Classification.34D20; 34D23; 37N25; 92B05.
Key words and phrases.HIV infection models, humoral immunity, global stability,time delay, Lyapunov

method.
† Corresponding author.

29



30 ELAIW, ELNAHARY, SHEHATA, AND ABUL-EZ

CD4+ T cells and macrophages. In [3], an HIV mathematical model has been presented by
considering two types of infected cells, short-lived infected cellsyi and long-lived chronically
infected cellsui as:

ṡ1 = ρ1 − β1s1 − (1− ε)λ1s1p, (1.1)

ṡ2 = ρ2 − β2s2 − (1− fε)λ2s2p, (1.2)

ẏ1 = (1− q)(1− ε)λ1s1p− πy1, (1.3)

ẏ2 = (1− q)(1− fε)λ2s2p− πy2, (1.4)

u̇1 = q(1− ε)λ1s1p− au1, (1.5)

u̇2 = q(1− fε)λ2s2p− au2, (1.6)

ṗ = Nπ(y1 + y2) +Ma(u1 + u2)− cp, (1.7)

wherei = 1, 2, are denote, respectively, CD4+T cells and the macrophages. The variables
si andp represent the concentrations of uninfected cells and free HIV particles, respectively.
ρi, βi andλi represent the creation rate, the death rate and the infection rate of the uninfected
cells, respectively. Parametersπ anda are the death rate constants of the two types of infected
cells, andc is the death rate of HIV. The model incorporates reverse transcriptase inhibitor
(RTI) with efficacyε for the CD4+ T cells andfε for the macrophages whereε ∈ [0, 1] and
f ∈ (0, 1). The uninfected target cells become short-lived infected and long-lived chronically
infected cells with fractions(1 − q) andq, respectively, whereq ∈ (0, 1). The parametersN
andM are the average number of HIV particles generated in the lifetime of the short-lived and
long-lived infected cells, respectively.

The immune response and time delays were neglected in system(1.1)-(1.7) while that as-
sumption is unrealistic where there exists a time lag between the virus contacting the uninfected
cells and the time of generating new infectious viruses. Herz et al. [4] presented a first HIV
mathematical model with intracellular time delay. SeveralHIV models with delays have been
presented and investigated [6, 7, 8, 9, 10, 11, 12, 15, 18, 19,20, 22].

The aim of this paper is to propose HIV infection models whichimprove model (1.1)-(1.7)
by taking into account humoral immunity and distributed delays. We consider two types of
target cells, CD4+T cells and macrophages. We derive two threshold parametersand present
some mild sufficient conditions for the positivity and global stability of the steady states of the
models.

2. HIV DYNAMICS MODEL WITH BILINEAR INCIDENCE RATE

We formulate an HIV dynamics model with bilinear incidence rate taking into account both
humoral immunity and distributed delays,

ṡi(t) = ρi − βisi(t)− λisi(t)p(t), i = 1, 2, (2.1)

ẏi(t) = (1− qi)λi

∫ li

0
fi(τ)e

−miτsi(t− τ)p(t− τ)dτ − πiyi(t), i = 1, 2, (2.2)
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u̇i(t) = qiλi

∫ li

0
fi(τ)e

−miτsi(t− τ)p(t− τ)dτ − ωiui(t), i = 1, 2, (2.3)

ṗ(t) =

2
∑

i=1

(

Niπi

∫ ei

0
gi(τ)e

−niτyi(t− τ)dτ +Miωi

∫ ϑi

0
hi(τ)e

−riτui(t− τ)dτ

)

− cp(t)− bp(t)z(t), (2.4)

ż(t) = νp(t)z(t)− µz(t), (2.5)

wherez represents the concentration of the B cells. Parametersb, ν andµ represent, respec-
tively, the removal rate constant of the virus due to the humoral immunity, the proliferation rate
constant of B cells and the natural death rate constant of B cells. We suppose that, the virus
contacts an uninfected target cell at timet − τ , the cell becomes infected at timet, whereτ
is a random variable taken from a probability distribution functionfi(τ) over the time interval
[0, li] andli is limit superior of this delay period. The factorse−miτ , e−niτ ande−riτ account
for the loss of target cells, short-lived infected cells andlong-lived chronically infected cells
during these delay periods, respectively, wheremi, ni andri are constants. All the variables
and other parameters of the model have the same meanings as given in model (1.1)-(1.7), where
λ1 = (1− ε)λ1, λ2 = (1− fε)λ2.

The probability distribution functionsfi(τ), gi(τ) andhi(τ) are assumed to satisfyfi(τ) >
0, gi(τ) > 0, hi(τ) > 0 wherei = 1, 2 and

∫ li

0
fi(τ)dτ =

∫ ei

0
gi(τ)dτ =

∫ ϑi

0
hi(τ)dτ = 1, i = 1, 2,

∫ li

0
fi(θ)e

wθdθ <∞,

∫ ei

0
gi(θ)e

wθdθ <∞,

∫ ϑi

0
hi(θ)e

wθdθ <∞, i = 1, 2,

wherew is a positive constant. LetΘi(τ) = fi(τ)e
−miτ , Λi(τ) = gi(τ)e

−niτ , ∆i(τ) =
hi(τ)e

−riτ and

Fi =

∫ li

0
Θi(τ)dτ , Gi =

∫ ei

0
Λi(τ)dτ, Ci =

∫ ϑi

0
∆i(τ)dτ, i = 1, 2,

then0 < Fi, Gi, Ci ≤ 1, i = 1, 2.

2.1. Preliminaries. Let ̺ = max{l1, l2, e1, e2, ϑ1, ϑ2} andC is the Banach space of contin-
uous functions mapping the interval[−̺, 0] into R

8
≥0. For the model (2.1)-(2.5) we consider

initial conditions

s1(θ) = ϕ1(θ), s2(θ) = ϕ2(θ), y1(θ) = ϕ3(θ), y2(θ) = ϕ4(θ),

u1(θ) = ϕ5(θ), u2(θ) = ϕ6(θ), p(θ) = ϕ7(θ), z(θ) = ϕ8(θ) (2.6)

ϕj(θ) ≥ 0, θ ∈ [−̺, 0), ϕj(0) > 0, j = 1, 2, ..., 8,

where(ϕ1(θ), ϕ2(θ), ..., ϕ8(θ)) ∈ C([−̺, 0],R8
≥0). Then, the uniqueness of the solution for

t > 0 is guaranteed [32]
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Lemma 1. The solutions of system (2.1)-(2.5) satisfying the initialconditions (2.6) are non-
negative and ultimately bounded fort ∈ [0,∞).

Proof. Let us write system (2.1)-(2.5) in matrix forṁQ (t) = J (Q (t)), whereQ = (s1, s2, y1,
y2, u1, u2, p, z)

T , J = (J1, J2, ..., J8)
T and

J (Q (t)) =

















J1 (Q (t))
J2 (Q (t))

.

.

.
J8 (Q (t))

















,

J =





































ρ1 − β1s1(t)− λ1s1(t)p(t)
ρ2 − β2s2(t)− λ2s2(t)p(t)

(1− q1)λ1
∫ l1
0 f1(τ)e

−m1τs1(t− τ)p(t− τ)dτ − π1y1(t)

(1− q2)λ2
∫ l2
0 f2(τ)e

−m2τs2(t− τ)p(t− τ)dτ − π2y2(t)

q1λ1
∫ l1
0 f1(τ)e

−m1τs1(t− τ)p(t− τ)dτ − ω1u1(t)

q2λ2
∫ l2
0 f2(τ)e

−m2τs2(t− τ)p(t− τ)dτ − ω2u2(t)
2
∑

i=1

(

Niπi
∫ ei
0 gi(τ)e

−niτyi(t− τ)dτ +Miωi

∫ ϑi

0 hi(τ)e
−riτui(t− τ)dτ

)

−cp(t)− bp(t)z(t)
νp(t)z(t)− µz(t)





































.

We have

Jj (Q (t))|Qi(t)∈R8
>0

> 0, j = 1, ..., 8. (2.7)

Using lemma 2 in [33], the solutions of system (2.1)-(2.5) with the initial states (2.6) sat-
isfy Q(t) ∈ R

8
≥0 for all t ≥ 0. The nonnegativity of the model’s solution implies that

lim supt→∞ si (t) ≤
ρi
βi

,i = 1, 2.

Let Ti(t) =
∫ li
0 Θi(τ)si(t− τ)dτ + yi(t) + ui(t), i = 1, 2 then:

Ṫi(t) = Fiρi − βi

∫ li

0
Θi(τ)si(t− τ)dτ − πiyi(t)− ωiui(t)

≤ Fiρi − σi

(
∫ li

0
Θi(τ)si(t− τ)dτ + yi(t) + ui(t)

)

≤ ρi − σiTi(t),

whereσi = min{βi, πi, ωi}, i = 1, 2. Hence,lim supt→∞ Ti(t) ≤ Li, whereLi = ρi/σi, i =
1, 2. Sincesi(t), yi(t) andui(t) are all non-negative, thenlim supt→∞ yi(t) ≤ Li andlim sup

t→∞ui(t) ≤ Li for all t ≥ 0.
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Moreover, we letT3(t) = p(t) + b
ν
z(t), then:

Ṫ3(t) ≤

2
∑

i=1

(NiπiGi +MiωiCi)Li − cp+
bµ

ν
z(t)

≤

2
∑

i=1

(NiπiGi +MiωiCi)Li − σ3T3(t),

whereσ3 = min{c, µ}.

Hencelim supt→∞ T3(t) ≤ L3, for all t ≥ 0, whereL3 =
2
∑

i=1

(NiπiGi+MiωiCi)Li

σ3
. Since

p(t) ≥ 0 and z(t) ≥ 0 then, lim supt→∞ p(t) ≤ L3 and lim supt→∞ z(t) ≤ L4 where
L4 = ν

b
L3 for all t ≥ 0. Therefore,si(t), yi(t), ui(t), p(t) andz(t) are ultimately bounded,

i = 1, 2.
According to Lemma 1, we can show that the region

Ω =
{

(si, yi, ui, p, z) ∈ C8 : ‖si‖ ≤ Li, ‖y‖ ≤ Li, ‖u‖ ≤ Li,

‖p‖ ≤ L3, ‖z‖ ≤ L4} ,

is positively invariant with respect to system (2.1)-(2.5). �

Lemma 2. For system (2.1)-(2.5) there exist two bifurcation parameters RB
0 andRB

1 with
RB

0 > RB
1 > 0 such that

(i) if RB
0 ≤ 1, then the system has only one nonnegative steady stateΠ0,

(ii) if RB
1 ≤ 1 < RB

0 , then the system has only two nonnegative steady statesΠ0 andΠ1,
(iii) if RB

1 > 1, then the system has three nonnegative steady statesΠ0, Π1 andΠ2.

Proof. System (2.1)-(2.5) has the following steady states:
(i) Infection-free steady stateΠ0 = (s01, s

0
2, 0, 0, 0, 0, 0, 0) wheres0i = ρi/βi, i = 1, 2,

(ii) Humoral-inactivated infection steady stateΠ1 = (s̃1, s̃2, ỹ1, ỹ2, ũ1, ũ2, p̃, 0) where

s̃i =
s0i

1 + ηip̃
> 0, ỹi =

(1− qi)Fiλis
0
i

πi(1 + ηip̃)
p̃ > 0,

ũi =
qiFiλis

0
i

ωi(1 + ηip̃)
p̃ > 0, p̃ =

−B +
√
B2 + 4AC

2A
,

A = η1η2, B = η1R
B
01 + η2R

B
02 + (1−RB

0 )(η1 + η2),

C = RB
0 − 1, ηi =

λi
βi
, i = 1, 2,

RB
0 =

2
∑

i=1

γiλis
0
i

c
, represents the basic reproduction number for system (2.1)-(2.5) andγi =

((1 − qi)GiNi + qiCiMi)Fi.
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(iii) Humoral-activated infection steady stateΠ2 = (s̄1, s̄2, ȳ1, ȳ2, ū1, ū2, p̄, z̄) where

s̄i =
νρi

νβi + µλi
> 0, ȳi =

(1− qi)Fiρiλiµ

πi(νβi + µλi)
> 0, ūi =

qiFiρiλiµ

ωi(νβi + µλi)
> 0, i = 1, 2,

p̄ =
µ

ν
> 0, z̄ =

c

b

(

RB
1 − 1

)

,

andRB
1 =

2
∑

i=1

γiλiρiν
c(νβi+µλi)

=
2
∑

i=1

RB
0

1+
µλi
νβi

, denotes the humoral immunity activation number for

system (2.1)-(2.5). �

We will use the following equalities throughout the paper :

ln

(

φi(si(t− τ), p(t− τ))

φi(si, p)

)

= ln

(

φi(s
∗
i , p

∗)

φi(si, p∗)

)

+ ln

(

y∗i φi(si(t− τ), p(t− τ))

yiφi(s
∗
i , p

∗)

)

+ ln

(

pφi(si, p
∗)

p∗φi(si, p)

)

+ ln

(

p∗yi
py∗i

)

,

ln

(

yi(t− τ)

yi

)

= ln

(

p∗yi(t− τ)

py∗i

)

+ ln

(

py∗i
p∗yi

)

,

ln

(

φi(si(t− τ), p(t− τ))

φi(si, p)

)

= ln

(

φi(s
∗
i , p

∗)

φi(si, p∗)

)

+ ln

(

u∗iφi(si(t− τ), p(t− τ))

uiφi(s∗i , p
∗)

)

+ ln

(

pφi(si, p
∗)

p∗φi(si, p)

)

+ ln

(

p∗ui
pu∗i

)

,

ln

(

ui(t− τ)

ui

)

= ln

(

p∗ui(t− τ)

pu∗i

)

+ ln

(

pu∗i
p∗ui

)

. (2.8)

2.2. Global stability analysis. The following theorems investigate the global stability ofthe
steady states of system (2.1)-(2.5). We will use a functionH : (0,∞) → [0,∞) as:H(ν) =
ν − 1− ln ν throughout the paper.

Theorem 2.1. For system (2.1)-(2.5), ifRB
0 ≤ 1, thenΠ0 is globally asymptotically stable

(GAS).

Proof. We construct a Lyapunov functionalV0 as:

V0 =

2
∑

i=1

γi

[

s0iH

(

si
s0i

)

+
NiGi

γi
yi +

MiCi

γi
ui +

λi
Fi

∫ li

0
Θi(τ)

∫ τ

0
si(t− θ)p(t− θ)dθdτ

+
Niπi
γi

∫ ei

0
Λi(τ)

∫ τ

0
yi(t− θ)dθdτ +

Miωi

γi

∫ ϑi

0
∆i(τ)

∫ τ

0
ui(t− θ)dθdτ

]

+ p+
b

ν
z.

We calculatedV0
dt

along the trajectories of system (2.1)-(2.5) as:

dV0
dt

=

2
∑

i=1

γi

[(

1−
s0i
si

)

(ρi − βisi − λisip)
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+
NiGi

γi



(1− qi)λi

li
∫

0

Θi(τ)si(t− τ)p(t− τ)dτ − πiyi(t)





+
MiCi

γi

(

qiλi

∫ li

0
Θi(τ)si(t− τ)p(t− τ)dτ − ωiui(t)

)

+
λi
Fi

∫ li

0
Θi(τ)(sip− si(t− τ)p(t− τ))dτ

+
Niπi
γi

∫ ei

0
Λi(τ) (yi − yi(t− τ)) dτ +

Miωi

γi

∫ ϑi

0
∆i(τ) (ui − ui(t− τ)) dτ

]

+

2
∑

i=1

(

Niπi

∫ ei

0
Λi(τ)yi(t− τ)dτ +Miωi

∫ ϑi

0
∆i(τ)ui(t− τ)dτ

)

− cp− bpz +
b

ν
(νpz − µz) , (2.9)

collecting Eq. (2.9) we get:

dV0
dt

= −
2
∑

i=1

γiβi
(si − s0i )

2

si
+

2
∑

i=1

γiλis
0
i p− cp −

bµ

ν
z

= −
2
∑

i=1

γiβi
(si − s0i )

2

si
+

(

2
∑

i=1

γiλis
0
i

c
− 1

)

cp−
bµ

ν
z

= −
2
∑

i=1

γiβi
(si − s0i )

2

si
+ (RB

0 − 1)cp −
bµ

ν
z. (2.10)

Therefore, ifRB
0 ≤ 1,then dV0

dt
≤ 0 for all s1, s2, p, z > 0. Clearly, dV0

dt
= 0 atΠ0. Applying

LaSalle’s invariance principle (LIP), we get thatΠ0 is GAS. �

Theorem 2.2. If RB
1 ≤ 1 < RB

0 , thenΠ1 is GAS.

Proof. Let

V1 =

2
∑

i=1

γi

[

s̃iH

(

si
s̃i

)

+
NiGi

γi
ỹiH

(

yi
ỹi

)

+
MiCi

γi
ũiH

(

ui
ũi

)

+
λis̃ip̃

Fi

∫ li

0
Θi(τ)

∫ τ

0
H

(

si(t− θ)p(t− θ)

s̃ip̃

)

dθdτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ỹi

)

dθdτ

+
Miωiũi
γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ũi

)

dθdτ

]

+ p̃H

(

p

p̃

)

+
b

ν
z.
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CalculatingdV1
dt

along the solutions of system (2.1)-(2.5) we obtain:

dV1
dt

=
2
∑

i=1

γi

[(

1−
s̃i
si

)

(ρi − βisi − λisip)

+
NiGi

γi

(

1−
ỹi
yi

)(

(1− qi)λi

∫ li

0
Θi(τ)si(t− τ)p(t− τ)dτ − πiyi

)

+
MiCi

γi

(

1−
ũi
ui

)(

qiλi

∫ li

0
Θi(τ)si(t− τ)p(t− τ)dτ − ωiui

)

+
λis̃ip̃

Fi

∫ li

0
Θi(τ)

(

sip

s̃ip̃
−
si(t− τ)p(t− τ)

s̃ip̃
+ ln

(

si(t− τ)p(t− τ)

sip

))

dτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ)

(

yi
ỹi

−
yi(t− τ)

ỹi
+ ln

(

yi(t− τ)

yi

))

dτ

+
Miωiũi
γi

∫ ϑi

0
∆i(τ)

(

ui
ũi

−
ui(t− τ)

ũi
+ ln

(

ui(t− τ)

ui

))

dτ

]

+

(

1−
p̃

p

)

(

2
∑

i=1

(Niπi

∫ ei

0
Λi(τ)yi(t− τ)dτ +Miωi

∫ ϑi

0
∆i(τ)ui(t− τ)dτ)− cp − bpz

)

+
b

ν
(νpz − µz) (2.11)

Collecting terms of Eq. (2.11) and using the conditions of the steady stateΠ1

ρi = βis̃i + λis̃ip̃, (1− qi)Fiλis̃ip̃ = πiỹi, qiFiλis̃ip̃ = ωiũi,

cp̃ =
2
∑

i=1

(NiπiGiỹi +MiωiCiũi) =
2
∑

i=1

γiλis̃ip̃, cp =
2
∑

i=1

γiλis̃ip,

we get

dV1
dt

=
2
∑

i=1

γi

[(

1−
s̃i
si

)

(βis̃i − βisi) + λis̃ip̃

(

1−
s̃i
si

)

+
2NiGiπi

γi
ỹi −

NiGiπiỹi
γiFi

∫ li

0
Θi(τ)

ỹisi(t− τ)p(t− τ)

yis̃ip̃
dτ

−
MiCiωiũi
γiFi

li
∫

0

Θi(τ)
ũisi(t− τ)p(t− τ)

uis̃ip̃
dτ +

2MiCiωi

γi
ũi

−
Niπiỹi
γi

∫ ei

0
Λi(τ)

p̃yi(t− τ)

pỹi
dτ −

Miωiũi
γi

∫ ϑi

0
∆i(τ)

p̃ui(t− τ)

pũi
dτ

+

(

NiGiπiỹi +MiCiωiũi
γiFi

)
∫ li

0
Θi(τ) ln

(

si(t− τ)p(t− τ)

sip

)

dτ
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+
Niπiỹi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ

+
Miωiũi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

+ b
(

p̃−
µ

ν

)

z.

Using Eqs. (2.8) withφi(si, p) = λisip, s∗i = s̃i, y∗i = ỹi, u∗i = ũi andp∗ = p̃, we can obtain

dV1
dt

=

2
∑

i=1

[

−γi
βi(si − s̃i)

2

si
− γiλis̃ip̃H

(

s̃i
si

)

−
NiGiπiỹi

Fi

∫ li

0
Θi(τ)H

(

ỹisi(t− τ)p(t− τ)

yis̃ip̃

)

dτ

−Niπiỹi

∫ ei

0
Λi(τ)H

(

p̃yi(t− τ)

pỹi

)

dτ

−
MiCiωiũi

Fi

∫ li

0
Θi(τ)H

(

ũisi(t− τ)p(t− τ)

uis̃ip̃

)

dτ

− Miωiũi

∫ ϑi

0
∆i(τ)H

(

p̃ui(t− τ)

pũi

)

dτ

]

+ b (p̃− p̄) z.

From the conditions of the steady stateΠ1 we have
2
∑

i=1

γiλiρi
cβi(1+ηi p̃)

= 1, then

RB
1 − 1 =

2
∑

i=1

γiλiρiν

c(νβi + µλi)
−

2
∑

i=1

γiλiρi
cβi(1 + ηip̃)

=

2
∑

i=1

γiλiρi
cβi(1 + ηip̄)

−

2
∑

i=1

γiλiρi
cβi(1 + ηip̃)

= (p̃− p̄)

2
∑

i=1

γiλiρiηi
cβi(1 + ηip̄)(1 + ηip̃)

= ζ (p̃− p̄) (2.12)

Eq. (2.12) implies that(p̃− p̄) = 1
ζ
(RB

1 − 1), where,ζ =

2
∑

i=1

γiλiρiηi
cβi(1+ηi p̄)(1+ηi p̃)

. Therefore,

RB
1 ≤ 1 ensuredV1

dt
≤ 0 for all si, yi, ui, p, z > 0. It follows that for allsi, yi, ui, p, z > 0 we

havedV1
dt

≤ 0 and dV1
dt

= 0 atΠ1. By LIP Π1 is GAS. �

Theorem 2.3. If RB
1 > 1 thenΠ2 is GAS.

Proof. Consider

V2 =

2
∑

i=1

γi

[

s̄iH

(

si
s̄i

)

+
NiGi

γi
ȳiH

(

yi
ȳi

)

+
MiCi

γi
ūiH

(ui
ū

)
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+
λis̄ip̄

Fi

∫ li

0
Θi(τ)

∫ τ

0
H

(

si(t− θ)p(t− θ)

s̄ip̄

)

dθdτ

+
Niπiȳi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ȳi

)

dθdτ

+
Miωiū

γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ū

)

dθdτ

]

+ p̄H

(

p

p̄

)

+
b

ν
z̄F
(z

z̄

)

.

CalculatingdV2
dt

along the solutions of model (2.1)-(2.5) we obtain:

dV2
dt

=
2
∑

i=1

γi

[(

1−
s̄i
si

)

(ρi − βisi) + λis̄ip+
NiGiπi
γi

ȳi +
MiCiωi

γi
ūi

−
(1− qi)NiGiλi

γi

∫ li

0
Θi(τ)

ȳisi(t− τ)p(t− τ)

yi
dτ

−
qiMiCiλi

γi

∫ li

0
Θi(τ)

ūisi(t− τ)p(t− τ)

ui
dτ

+
λis̄ip̄

Fi

∫ li

0
Θi(τ) ln

(

si(t− τ)p(t− τ)

sip

)

dτ +
Niπiȳi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ

+
Miωiūi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

−

2
∑

i=1

Niπi

∫ ei

0
Λi(τ)

p̄yi(t− τ)

p
dτ

−

2
∑

i=1

Miωi

∫ ϑi

0
∆i(τ)

p̄ui(t− τ)

p
dτ − cp+ cp̄+ bp̄z − b

µ

ν
z − bpz̄ + b

µ

ν
z̄.

By the conditions of the steady stateΠ2

ρi = βis̄i + λis̄ip̄, (1− qi)Fiλis̄ip̄ = πiȳi, qiFiλis̄ip̄ = ωiūi,

cp̄ =

2
∑

i=1

(NiπiGiȳi +MiωiCiūi)− bp̄z̄, cp =

2
∑

i=1

γiλis̄ip− bpz̄, p̄ =
µ

ν
,

and using the inequalities (2.8) withs∗i = s̄i, y
∗
i = ȳi, u

∗
i = ūi andp∗ = p̄ we find

dV2
dt

=

2
∑

i=1

[

−γi
βi(si − s̄i)

2

si
− γiλis̄ip̄H

(

s̄i
si

)

−
NiGiπiȳi

Fi

∫ li

0
Θi(τ)H

(

ȳisi(t− τ)p(t− τ)

yis̄ip̄

)

dτ −Niπiȳi

∫ ei

0
Λi(τ)H

(

p̄yi(t− τ)

pȳi

)

dτ

−
MiCiωiūi

Fi

∫ li

0
Θi(τ)H

(

ūisi(t− τ)p(t− τ)

uis̄ip̄

)

dτ −Miωiūi

∫ ϑi

0
∆i(τ)H

(

p̄ui(t− τ)

pūi

)

dτ

]

.

Thus ifRB
1 > 1, thens̄i, ȳi, ūi, p̄, z̄ > 0. Therefore we getdV2

dt
≤ 0 and dV2

dt
= 0 atΠ2. LIP

implies thatΠ2 is GAS. �
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3. MODEL WITH SATURATION INCIDENCE RATE

We consider a model with a saturation incidence rate and humoral immunity as:

ṡi(t) = ρi − βisi(t)−
λisi(t)p(t)

1 + αip(t)
, i = 1, 2, (3.1)

ẏi(t) = (1− qi)λi

li
∫

0

Θi(τ)
si(t− τ)p(t− τ)

1 + αip(t− τ)
dτ − πiyi(t), i = 1, 2, (3.2)

u̇i(t) = qiλi

∫ li

0
Θi(τ)

si(t− τ)p(t− τ)

1 + αip(t− τ)
dτ − ωiui(t), i = 1, 2, (3.3)

ṗ(t) =

2
∑

i=1



Niπi

∫ ei

0
Λi(τ)yi(t− τ)dτ +Miωi

ϑi
∫

0

∆i(τ)ui(t− τ)dτ





− cp(t)− bp(t)z(t), (3.4)

ż(t) = νp(t)z(t)− µz(t). (3.5)

whereαi > 0. As the same to the previous section it’s easy to show the non-negativity and
boundedness of the solutions.

Lemma 3. For system (3.1)-(3.5) there exist two bifurcation parameters RS
0 and RS

1 with
RS

0 > RS
1 > 0 such that

(i) if RS
0 ≤ 1, then the system has only one nonnegative steady stateΠ0,

(ii) if RS
1 ≤ 1 < RS

0 , then the system has only two nonnegative steady statesΠ0 andΠ1,
(iii) if RS

1 > 1, then the system has three nonnegative steady statesΠ0, Π1 andΠ2.

Proof. System (3.1)-(3.5) has the following steady states:
(i) Infection-free steady stateΠ0 = (s01, s

0
2, 0, 0, 0, 0, 0, 0) wheres0i =

ρi
βi

, i = 1, 2,
(ii) Humoral-inactivated infection steady stateΠ1 = (s̃1, s̃2, ỹ1, ỹ2, ũ1, ũ2, p̃, 0) where

s̃i =
s0i (1 + αip̃)

1 + ξip̃
, ỹi =

(1− qi)Fiλis
0
i p̃

πi(1 + ξip̃)
,

ũi =
qiFiλis

0
i p̃

ωi(1 + ξip̃)
, p̃ =

−B̂ +
√

B̂2 + 4ÂĈ

2Â
,

where,

Â = ξ1ξ2, B̂ = ξ1R
S
01 + ξ2R

S
02 + (1−RS

0 )(ξ1 + ξ2),

Ĉ = RS
0 − 1, ξi = αi +

λi
βi
, i = 1, 2,

andRS
0 =

2
∑

i=1

γiλis
0
i

c
, is the basic reproduction number for model (3.1)-(3.5).
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(iii) Humoral-activated infection steady stateΠ2 = (s̄1, s̄2, ȳ1, ȳ2, ū1, ū2, p̄, z̄), where

s̄i =
ρi(ν + µαi)

βi(ν + µξi)
> 0, ȳi =

(1− qi)Fiρiλiµ

βiπi(ν + µξi)
> 0,

ūi =
qiFiρiλiµ

ωiβi(ν + µξi)
> 0, i = 1, 2, p̄ =

µ

ν
> 0, z̄ =

c

b

(

RS
1 − 1

)

,

andRS
1 =

2
∑

i=1

γiλiρiν
cβi(ν+µξi)

, is the humoral immunity activation number for system (3.1)-(3.5).

�

3.1. Global stability analysis.

Theorem 3.1. For system (3.1)-(3.5), ifRS
0 ≤ 1, thenΠ0 is GAS.

Proof. We consider a Lyapunov functionU0 as:

U0 =
2
∑

i=1

γi

[

s0iH

(

si
s0i

)

+
NiGi

γi
yi +

MiCi

γi
ui +

λi
Fi

∫ li

0
Θi(τ)

∫ τ

0

si(t− θ)p(t− θ)

1 + αip(t− θ)
dθdτ

+
Niπi
γi

∫ ei

0
Λi(τ)

∫ τ

0
yi(t− θ)dθdτ +

Miωi

γi

∫ ϑi

0
∆i(τ)

∫ τ

0
ui(t− θ)dθdτ

]

+ p+
b

ν
z.

CalculatingdU0
dt

along the trajectories of (3.1)-(3.5) we get:

dU0

dt
= −

2
∑

i=1

γiβi
(si − s0i )

2

si
+

(

2
∑

i=1

γiλis
0
i

c(1 + αip)
− 1

)

cp−
bµ

ν
z

= −

2
∑

i=1

γiβi
(si − s0i )

2

si
−

2
∑

i=1

RS
0iαicp

2

(1 + αip)
+ (RS

0 − 1)cp −
bµ

ν
z.

Thus ifRS
0 ≤ 1, then dU0

dt
≤ 0 for all s1, s2, p, z > 0. Clearly dU0

dt
= 0 atΠ0. Applying (LIP),

we get thatΠ0 is GAS. �

Theorem 3.2. For system (3.1)-(3.5) ifRS
1 ≤ 1 < RS

0 , thenΠ1 is GAS.

Proof. Construct

U1 =
2
∑

i=1

γi

[

s̃iH

(

si
s̃i

)

+
NiGi

γi
ỹiH

(

yi
ỹi

)

+
MiCi

γi
ũiH

(

ui
ũi

)

+
1

Fi

λis̃ip̃

(1 + αip̃)

∫ li

0
Θi(τ)

∫ τ

0
H

(

si(t− θ)p(t− θ)(1 + αip̃)

s̃ip̃(1 + αip(t− θ))

)

dθdτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ỹi

)

dθdτ
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+
Miωiũi
γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ũi

)

dθdτ

]

+ p̃H

(

p

p̃

)

+
b

ν
z.

CalculatingdU1
dt

along the solutions of system (3.1)-(3.5), we get

dU1

dt
=

2
∑

i=1

γi

[(

1−
s̃i
si

)

(ρi − βisi) +
λis̃ip

1 + αip
+
NiGiπi
γi

ỹi

+
MiCiωi

γi
ũi −

qiMiCiλi
γi

∫ li

0
Θi(τ)

ũisi(t− τ)p(t− τ)

ui(1 + αip(t− τ))
dτ

−
(1− qi)NiGiλi

γi

∫ li

0
Θi(τ)

ỹisi(t− τ)p(t− τ)

yi(1 + αip(t− τ))
dτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ

+
1

Fi

λis̃ip̃

(1 + αip̃)

∫ li

0
Θi(τ) ln

(

si(t− τ)p(t− τ)(1 + αip)

sip(1 + αip(t− τ))

)

dτ

+
Miωiũi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

−

2
∑

i=1

Niπi

∫ ei

0
Λi(τ)

p̃yi(t− τ)

p
dτ −

2
∑

i=1

Miωi

∫ ϑi

0
∆i(τ)

p̃ui(t− τ)

p
dτ

− cp + cp̃+ bp̃z −
bµ

ν
z.

From the steady state conditions ofΠ1:

ρi = βis̃i +
λis̃ip̃

1 + αip̃
, (1− qi)Fi

λis̃ip̃

1 + αip̃
= πiỹi, qiFi

λis̃ip̃

1 + αip̃
= ωiũi,

cp̃ =

2
∑

i=1

(NiπiGiỹi +MiωiCiũi) =

2
∑

i=1

γi
λis̃ip̃

1 + αip̃
, cp =

p

p̃

2
∑

i=1

γi
λis̃ip̃

1 + αip̃
,

we obtain:

dU1

dt
=

2
∑

i=1

γi

[(

1−
s̃i
si

)

(βis̃i − βisi) +
λis̃ip̃

1 + αip̃

(

1−
s̃i
si

)

+
λis̃ip̃

1 + αip̃

(

p(1 + αip̃)

p̃(1 + αip)
−
p

p̃

)

+
2NiπiGi

γi
ỹi +

2MiωiCi

γi
ũi

−
NiπiGiỹi
γiFi

∫ li

0
Θi(τ)

ỹisi(t− τ)p(t− τ)(1 + αip̃)

yis̃ip̃(1 + αip(t− τ))
dτ
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−
MiωiCiũi
γiFi

li
∫

0

Θi(τ)
ũisi(t− τ)p(t− τ)(1 + αip̃)

uis̃ip̃(1 + αip(t− τ))
dτ

−
Niπiỹi
γi

∫ ei

0
Λi(τ)

p̃yi(t− τ)

pỹi
dτ

−
Miωiũi
γi

∫ ϑi

0
∆i(τ)

p̃ui(t− τ)

pũi
dτ +

Niπiỹi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ

+

(

NiπiGiỹi +MiωiCiũi
γiFi

)∫ li

0
Θi(τ) ln

(

si(t− τ)p(t− τ)(1 + αip)

sip(1 + αip(t− τ))

)

dτ

+
Miωiũi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

+ b
(

p̃−
µ

ν

)

z.

Using Eqs. (2.8) withφi(si, p) = λisip
1+αip

, s∗i = s̃i, y
∗
i = ỹi, u

∗
i = ũi andp∗ = p̃, then we

have:

dU1

dt
=

2
∑

i=1

[

−γi
βi(si − s̃i)

2

si
− γi

λis̃ip̃

1 + αip̃

(

αi(p − p̃)2

p̃(1 + αip)(1 + αip̃)

)

− γi
λis̃ip̃

1 + αip̃

(

H

(

s̃i
si

)

+H

(

1 + αip

1 + αip̃

))

−
NiπiGiỹi

Fi

∫ li

0
Θi(τ)H

(

ỹisi(t− τ)p(t− τ)(1 + αip̃)

yis̃ip̃(1 + αip(t− τ))

)

dτ

−Niπiỹi

∫ ei

0
Λi(τ)H

(

p̃yi(t− τ)

pỹi

)

dτ

−
MiωiCiũi

Fi

∫ li

0
Θi(τ)H

(

ũisi(t− τ)p(t− τ)(1 + αip̃)

uis̃ip̃(1 + αip(t− τ))

)

dτ

−Miωiũi

∫ ϑi

0
∆i(τ)H

(

p̃ui(t− τ)

pũi

)

dτ

]

+ b
(

p̃−
µ

ν

)

z.

Similar to proof of Eq. (2.12) we can get(p̃−p̄) = 1
Q
(RS

1−1) where,Q1 =
2
∑

i=1

γiλiρiξi
cβi(1+ξip̄)(1+ξip̃)

.

Thus, ifRS
1 ≤ 1 thenp̃ ≤ µ

ν
= p̄.

If RS
1 ≤ 1, then dU1

dt
≤ 0 for all si, yi, ui, p, z > 0 where equality occurs atΠ1. LIP implies

the global stability ofΠ1. �

Theorem 3.3. For system (3.1)-(3.5) ifRS
1 > 1, thenΠ2 is GAS.
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Proof. Define:

U2 =

2
∑

i=1

γi

[

s̄iH

(

si
s̄i

)

+
NiGi

γi
ȳiH

(

yi
ȳi

)

+
MiCi

γi
ūiH

(

ui
ūi

)

+
1

Fi

λis̄ip̄

1 + αip̄

∫ li

0
Θi(τ)

∫ τ

0
H

(

si(t− θ)p(t− θ)(1 + αip̄)

s̄ip̄(1 + αip(t− θ))

)

dθdτ

+
Niπiȳi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ȳi

)

dθdτ

+
Miωiūi
γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ūi

)

dθdτ

]

+ p̄H

(

p

p̄

)

+
b

ν
z̄H(

z

z̄
).

The time derivative ofU2 along the trajectories of system (3.1)-(3.5) is obtained by:

dU2

dt
=

2
∑

i=1

γi

[(

1−
s̄i
si

)

(ρi − βisi) +
λis̄ip

1 + αip
+
NiGi

γi
πiȳi

+
MiCi

γi
ωiūi −

(1− qi)NiGiλi
γi

∫ li

0
Θi(τ)

ȳisi(t− τ)p(t− τ)

yi (1 + αip(t− τ))
dτ

−
qiMiCiλi

γi

∫ li

0
Θi(τ)

ūisi(t− τ)p(t− τ)

ui (1 + αip(t− τ))
dτ

+
1

Fi

λis̄ip̄

(1 + αip̄)

∫ li

0
Θi(τ) ln

(

si(t− τ)p(t− τ)(1 + αip)

sip(1 + αip(t− τ)

)

dτ

+
Niπiȳi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ

+
Miωiūi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

−
2
∑

i=1

Niπi

∫ ei

0
Λi(τ)

p̄yi(t− τ)

p
dτ

−
2
∑

i=1

Miωi

∫ ϑi

0
∆i(τ)

p̄ui(t− τ)

p
dτ − cp + cp̄+ bp̄z − bpz̄ −

bµ

ν
z +

bµ

ν
z̄. (3.6)

Using the steady state conditions ofΠ2:

ρi = βis̄i +
λis̄ip̄

1 + αip̄
, (1− qi)Fi

λis̄ip̄

1 + αip̄
= πiȳi, qiFi

λis̄ip̄

1 + αip̄
= ωiūi,

cp̄ =

2
∑

i=1

(NiπiGiȳi +MiωiCiūi)− bp̄z̄, cp =
p

p̄

2
∑

i=1

γi
λis̄ip̄

1 + αip
− bpz̄, p̄ =

µ

ν
,
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and applying Eqs. (2.8) withφi(si, p) =
λisip
1+αip

, s∗i = s̄i, y
∗
i = ȳi, u

∗
i = ū∗i andp∗ = p̄, we

find:

dU2

dt
=

2
∑

i=1

[

−γi
βi(si − s̄i)

2

si
− γi

λis̄ip̄

1 + αip̄

(

αi(p− p̄)2

p̄(1 + αip)(1 + αip̄)

)

− γi
λis̄ip̄

1 + αip̄

(

H

(

s̄i
si

)

+H

(

1 + αip

1 + αip̄

))

−Niπiȳi

∫ ei

0
Λi(τ)H

(

p̄yi(t− τ)

pȳi

)

dτ

−
NiπiGiȳi

Fi

∫ li

0
Θi(τ)H

(

ȳisi(t− τ)p(t− τ)(1 + αip)

yis̄ip̄(1 + αip(t− τ))

)

dτ

−
MiωiCiūi

Fi

∫ li

0
Θi(τ)H

(

ūisi(t− τ)p(t− τ)(1 + αip)

uis̄ip̄(1 + αip(t− τ))

)

dτ

−Miωiūi

∫ ϑi

0
∆i(τ)H

(

p̄ui(t− τ)

pūi

)

dτ

]

.

Thus, ifRS
1 > 1 thens̄i, ȳi, ūi, p̄, z̄ > 0. ThereforedU2

dt
≤ 0. Applying LIP one can show that

Π2 is GAS. �

4. MODEL WITH GENERAL INCIDENCE RATE

We consider a model with general incidence and neutralization rates as:

ṡi(t) = ρi − βisi(t)− φi(si(t), p(t)), i = 1, 2, (4.1)

ẏi(t) = (1− qi)

∫ li

0
Θi(τ)φi(si(t− τ), p(t− τ))dτ − πiyi(t), i = 1, 2, (4.2)

u̇i(t) = qi

li
∫

0

Θi(τ)φi(si(t− τ), p(t− τ))dτ − ωiui(t), i = 1, 2, (4.3)

ṗ(t) =

2
∑

i=1



Niπi

∫ ei

0
Λi(τ)yi(t− τ)dτ +Miωi

ϑi
∫

0

∆i(τ)ui(t− τ)dτ





− cp(t)− bp(t)ψ(z(t)), (4.4)

ż(t) = νp(t)ψ(z(t)) − µψ(z(t)). (4.5)

All the parameters are positive. Functionφi(si, p), i = 1, 2 represents the incidence rate where,
φ1(s1, p) = (1 − ε)φ̄1(s1, p), andφ2(s2, p) = (1 − fε)φ̄2(s2, p). Also, bpψ(z), νpψ(z) and
µψ(z), represent, the neutralize rate of viruses, the activationrate of B cells and the removal
rate of B cells, respectively. For model (4.1)-(4.5) the initial conditions are given by Eq. (2.6).
Suppose that functionsφi andψ are continuously differentiable such that:

Assumption (A1)Functionφi satisfies:
(i) φi(si, p) > 0, φi(si, 0) = φi(0, p) = 0, for all si > 0, p > 0,
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(ii) ∂φi(si,p)
∂p

> 0, ∂φi(si,p)
∂si

> 0, for anysi, p > 0. Further,∂φi(si,0)
∂p

> 0 for any si > 0,
i = 1, 2.

Assumption (A2)Functionφi satisfies:
(i) φi(si, p) ≤ p∂φi(si,0)

∂p
, for all p > 0,

(ii) d
dsi

(

∂φi(si,0)
∂p

)

> 0 for all si > 0, i = 1, 2.

Assumption (A3). Functionφi satisfies:
(

φi(si,p)
φi(si,p∗)

− p
p∗

)(

1− φi(si,p
∗)

φi(si,p)

)

≤ 0, si, p > 0, i = 1, 2, wherep∗ = p̃ or p∗ = p̄.

Assumption (A4). Functionψ satisfies: (i)ψ(z) > 0, for all z > 0, ψ(0) = 0,
(ii) ψ′(z) > 0, for all z > 0 and
(iii) there is̟ > 0 such thatψ(z) > ̟z for all z > 0.
The non-negativity of the solutions of system (4.1)-(4.5) can easily be shown. Similar to

proof of Lemma 1 we getlim sup t→∞si(t) ≤
ρi
βi
, lim supt→∞ yi(t) ≤ Li, andlim supt→∞

ui(t) ≤ Li for all t ≥ 0, andσi = min{βi, πi, ωi}, i = 1, 2. From (A4)(iii), let T (t) =
p(t) + b

ν
z(t), then

Ṫ (t) =
2
∑

i=1



Niπi

∫ ei

0
Λi(τ)yi(t− τ)dτ +Miωi

ϑi
∫

0

∆i(τ)ui(t− τ)dτ



 − cp(t)−
bµ

ν
ψ(z(t))

≤
2
∑

i=1

(NiπiGi +MiωiCi)Li − σ3

(

p (t) +
b

ν
ψ (z (t))

)

whereσ3 = min{c, µ̟}. Thereforelim supt→∞ T (t) ≤ L3, whereL3 =
2
∑

i=1

(NiπiGi+MiωiCi)Li

σ3
.

The non-negativity ofp(t) ≥ 0 and z(t) ≥ 0 implies that lim supt→∞ p(t) ≤ L3 and
lim supt→∞ z(t) ≤ L4 whereL4 = ν

b
L3 for all t ≥ 0. Hence,si(t), yi(t), ui(t), i = 1, 2,

p(t) andz(t) are ultimately bounded.

4.1. Steady states.

Lemma 4. For system (4.1)-(4.5) there exist two bifurcation parameters RG
0 andRG

1 with
RG

0 > RG
1 > 0 such that

(i) if RG
0 ≤ 1, then the system has only one nonnegative steady stateΠ0,

(ii) if RG
1 ≤ 1 < RG

0 , then the system has only two nonnegative steady statesΠ0 andΠ1,
(iii) if RG

1 > 1, then the system has three nonnegative steady statesΠ0, Π1 andΠ2.

Proof. Let Assumptions (A1)-(A4) are valid, andΠ(s1, s2, y1, y2, u1, u2, p, z) be any steady
state satisfying the following equations:

ρi − βisi − φi(si, p) = 0, i = 1, 2, (4.6)

(1− qi)Fiφi(si, p)− πiyi = 0, i = 1, 2, (4.7)

qiFiφi(si, p)− ωiui = 0, i = 1, 2, (4.8)
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2
∑

i=1

(NiπiGiyi +MiωiCiui)− cp− bpψ(z) = 0, (4.9)

νpψ(z) − µψ(z) = 0. (4.10)

From Eq. (4.10) we haveψ(z) = 0 or p = µ
ν

. First, we consider the caseψ(z) = 0, then from
Assumption (A4) we havez = 0. Let z = 0 in Eqs. (4.6)-(4.9) we have:

2
∑

i=1

γiφi(si, p)− cp = 0. (4.11)

Eq. (4.11) has two solutions,p = 0 andp 6= 0. If p = 0 we getΠ0 = (s01, s
0
2, 0, 0, 0, 0, 0, 0)

wheres0i = ρi
βi
, i = 1, 2. If p 6= 0, then we obtain a humoral-inactivated infection steady stat

Π1 = (s̃1, s̃2, ỹ1, ỹ2, ũ1, ũ2, p̃, 0) where the coordinates satisfy the equalities:

ρi = βis̃i + φi(s̃i, p̃), (1− qi)Fiφi(s̃i, p̃) = πiỹi,

cp̃ =

2
∑

i=1

γiφi(s̃i, p̃), qiFiφi(s̃i, p̃) = ωiũi, (4.12)

The other solution of Eq. (4.10) is̄p = µ
ν
. Substitutingp = p̄ in Eq. (4.6) and letting

Ψ(si) = ρi − βisi − φi(si, p̄) = 0. (4.13)

According to Assumption (A1),Ψ is a decreasing function ofsi. BesidesΨ(0) = ρi > 0 and
Ψ(s0i ) = −φi(s

0
i , p̄) < 0. Thus, there exists a uniquēsi ∈

(

0, s0i
)

such thatΨ(s̄i) = 0. It
follows from Eqs. (4.7)-(4.9) that:

ȳi =
(1− qi)Fiφi(s̄i, p̄)

πi
, ūi =

qiFiφi(s̄i, p̄)

ωi
,

z̄ = ψ−1

(

c

b

(

2
∑

i=1

γi
c

φi(s̄i, p̄)

p̄
− 1

))

.

Thus,z̄ > 0 when γi
c

φi(s̄i,p̄)
p̄

> 1. Let us define the parameterRG
1 as:

RG
1 =

2
∑

i=1

γi
c

φi(s̄i, p̄)

p̄
.

If RG
1 > 1, thenz̄ = ψ−1

(

c
b

(

RG
1 − 1

))

and there exists a humoral-activated infection steady
stateΠ2 = (s̄1, s̄2, ȳ1, ȳ2, ū1, ū2, p̄, z̄).
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By studying the local stability ofΠ0, we can easily prove thatΠ0 is locally if
2
∑

i=1

γi
c

∂φi(s
0
i ,0)

∂p
≤

1. Then, the basic reproduction numberRG
0 of system (4.1)-(4.5) can be defined as:

RG
0 =

2
∑

i=1

γi
c

∂φi(s
0
i , 0)

∂p
.

�

Clearly from Assumptions (A1) and (A2), we have:

RG
1 =

2
∑

i=1

γi
c

φi(s̄i, p̄)

p̄
≤

2
∑

i=1

γi
c

p̄∂φi(s̄i, 0)

∂p̄
≤

2
∑

i=1

γi
c

∂φi(s
0
i , 0)

∂p
= RG

0 .

4.2. Global stability analysis.

Theorem 4.1. If RG
0 ≤ 1 and Assumptions (A1) and (A2) are hold true for system (4.1)-(4.5),

thenΠ0 is GAS.

Proof. Construct a Lyapunov functionalK0 as follows:

K0 =
2
∑

i=1

γi

[

si − s0i −

∫ si

s0i

lim
p→0+

φi(s
0
i , p)

φi(ν, p)
dν +

NiGi

γi
yi +

MiCi

γi
ui

+
1

Fi

∫ li

0
Θi(τ)

∫ τ

0
φi(si(t− θ), p(t− θ))dθdτ

+
Niπi
γi

∫ ei

0
Λi(τ)

∫ τ

0
yi(t− θ)dθdτ +

Miωi

γi

∫ ϑi

0
∆i(τ)

∫ τ

0
ui(t− θ)dθdτ

]

+ p+
b

ν
z.

We evaluatedK0
dt

along the solutions of (4.1)-(4.5) as:

dK0

dt
=

2
∑

i=1

γi

[(

1−
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

)

(ρi − βisi) + φi(si, p)
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

]

− cp−
bµ

ν
ψ(z)

=

2
∑

i=1

γiρi

(

1−
si
s0i

)(

1−
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

)

+

2
∑

i=1

γiφi(si, p)
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p
− cp−

bµ

ν
ψ(z)

≤

2
∑

i=1

γiρi

(

1−
si
s0i

)(

1−
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

)

+

2
∑

i=1

γip
∂φi(s

0
i , 0)

∂p
− cp−

bµ

ν
ψ(z)

=

2
∑

i=1

γiρi

(

1−
si
s0i

)(

1−
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

)

+ (RG
0 − 1)cp −

bµ

ν
ψ(z). (4.14)
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From Assumptions (A1) and (A2), we have
(

1−
si
s0i

)(

1−
∂φi(s

0
i , 0)/∂p

∂φi(si, 0)/∂p

)

≤ 0, si, p > 0, i = 1, 2.

Therefore, ifRG
0 ≤ 1, thendK0

dt
≤ 0 and dK0

dt
= 0 atΠ0. Thus,Π0 is GAS. �

Lemma 5. If RG
0 > 1 and Assumptions (A1)-(A3) are valid, then:

sgn (s̄i − s̃i) = sgn (p̃− p̄) = sgn
(

RG
1 − 1

)

.

Proof. Using Assumptions (A1)-(A2), that for̄si, s̃i, p̄, p̃ > 0, we find:

(φi(s̄i, p̄)− φi(s̃i, p̄)) (s̄i − s̃i) > 0, (φi(s̃i, p̄)− φi(s̃i, p̃)) (p̄− p̃) > 0. (4.15)

By the inequality (4.15) and Assumption (A3) withsi = s̃i andp = p̄ andp∗ = p̃ we obtain:

((φi(s̃i, p̄)p̃− φi(s̃i, p̃)p̄)) (p̃− p̄) > 0. (4.16)

Suppose that,sgn (s̄i − s̃i) = sgn (p̄− p̃). From the conditions of the steady statesΠ1 and
Π2 we get:

(ρi − βis̄i)− (ρi − βis̃i) = φi(s̄i, p̄)− φi(s̃i, p̃)

= φi(s̄i, p̄)− φi(s̄i, p̃) + φi(s̄i, p̃)− φi(s̃i, p̃).

Therefore, from inequalities (4.15) we obtainsgn (s̄i − s̃i) = sgn (s̃i − s̄i), which is a con-
tradiction, hence,sgn (s̄i − s̃i) = sgn (p̃− p̄) . Using Eq. (4.12) and the definition ofRG

1 we
get

RG
1 − 1 =

2
∑

i=1

γi
c

(

φi(s̄i, p̄)

p̄
−
φi(s̃i, p̃)

p̃

)

=

2
∑

i=1

γi
c

(

1

p̄
(φi(s̄i, p̄)− φi(s̃i, p̄)) +

1

p̃p̄
(φi(s̃i, p̄)p̃− φi(s̃i, p̃)p̄)

)

.

Thus, from Eqs. (4.15) and (4.16) we obtainsgn
(

RG
1 − 1

)

= sgn (p̃− p̄). �

Theorem 4.2. For system (4.1)-(4.5), ifRG
1 ≤ 1 < RG

0 and Assumptions (A1)-(A4) are valid,
thenΠ1 is GAS.

Proof. Consider

K1 =
2
∑

i=1

γi

[

si − s̃i −

∫ si

s̃i

φi(s̃i, p̃)

φi(ν, p̃)
dν +

NiGi

γi
ỹiH(

yi
ỹi
) +

MiCi

γi
ũiH(

ui
ũi
)

+
1

Fi
φi(s̃i, p̃)

∫ li

0
Θi(τ)

∫ τ

0
H

(

φi(si(t− θ), p(t− θ))

φi(s̃i, p̃)

)

dθdτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ỹi

)

dθdτ
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+
Miωiũi
γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ũi

)

dθdτ

]

+ p̃H

(

p

p̃

)

+
b

ν
z.

CalculatingdK1
dt

along the solutions of system (4.1)-(4.5) we get:

dK1

dt
=

2
∑

i=1

γi

[(

1−
φi(s̃i, p̃)

φi(si, p̃)

)

(ρi − βisi) + φi(si, p)
φi(s̃i, p̃)

φi(si, p̃)
+
NiGiπi
γi

ỹi

+
MiCiωi

γi
ũi −

(1− qi)NiGi

γi

∫ li

0
Θi(τ)

ỹiφi(si(t− τ), p(t− τ))

yi
dτ

−
qiMiCi

γi

∫ li

0
Θi(τ)

ũiφi(si(t− τ), p(t− τ))

ui
dτ

+
φi(s̃i, p̃)

Fi

∫ li

0
Θi(τ) ln

(

φi(si(t− τ), p(t− τ))

φi(si, p)

)

dτ

+
Niπiỹi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ +
Miωiũi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

−

2
∑

i=1

Niπi

∫ ei

0
Λi(τ)

p̃yi(t− τ)

p
dτ −

2
∑

i=1

Miωi

∫ ϑi

0
∆i(τ)

p̃ui(t− τ)

p
dτ

− cp+ cp̃ + bp̃ψ(z) −
bµ

ν
ψ(z).

From the conditions of the steady stateΠ1, we find:

ρi = βis̃i + φi(s̃i, p̃), (1− qi)Fiφi(s̃i, p̃) = πiỹi, qiFiφi(s̃i, p̃) = ωiũi,

cp̃ =

2
∑

i=1

(NiπiGiỹi +MiωiCiũi) =

2
∑

i=1

γiφi(s̃i, p̃), cp =
p

p̃

2
∑

i=1

γiφi(s̃i, p̃),

and using inequalities (2.8) withs∗i = s̃i, y
∗
i = ỹi, u

∗
i = ũi andp∗ = p̃, we get

dK1

dt
=

2
∑

i=1

[

γiβis̃i

(

1−
si
s̃i

)(

1−
φi(s̃i, p̃)

φi(si, p̃)

)

+ γiφi(s̃i, p̃)

(

φi(si, p)

φi(si, p̃)
−
p

p̃

)(

1−
φi(si, p̃)

φi(si, p)

)

− γiφi(s̃i, p̃)

(

H

(

φi(s̃i, p̃)

φi(si, p̃)

)

+H

(

pφi(si, p̃)

pφi(si, p)

))

−
NiGiπiỹi

Fi

∫ li

0
Θi(τ)H

(

ỹiφi(si(t− τ), p(t− τ))

yiφi(s̃i, p̃)

)

dτ

−Niπiỹi

∫ ei

0
Λi(τ)H

(

p̃yi(t− τ)

pỹi

)

dτ −Miωiũi

∫ ϑi

0
∆i(τ)H

(

p̃ui(t− τ)

pũi

)

dτ
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−
MiCiωiũi

Fi

∫ li

0
Θi(τ)H

(

ũiφi(si(t− τ), p(t− τ))

uiφi(s̃i, p̃)

)

dτ

]

+ b(p̃ − p)ψ(z). (4.17)

Assumptions (A1), (A4), Lemma 5 and the conditionRG
1 ≤ 1 imply that dK1

dt
≤ 0 for all

si, yi, ui, p, z > 0 and dK1
dt

= 0 atΠ1. By LIP Π1 is GAS. �

Theorem 4.3. For system (4.1)-(4.5), ifRG
1 > 1 and Assumptions (A1)-(A4) are valid, thenΠ2

is GAS.

Proof. Constructing a Lyapunov functional as:

K2 =

2
∑

i=1

γi

[

si − s̄i −

∫ si

s̄i

φi(s̄i, p̄)

φi(ν, p̄)
dν +

NiGi

γi
ȳiH(

yi
ȳi
) +

MiCi

γi
ūiH(

ui
ūi
)

+
1

Fi
φi(s̄i, p̄)

∫ li

0
Θi(τ)

∫ τ

0
H

(

φi(si(t− θ), p(t− θ))

φi(s̄i, p̄)

)

dθdτ

+
Niπiȳi
γi

∫ ei

0
Λi(τ)

∫ τ

0
H

(

yi(t− θ)

ȳi

)

dθdτ

+
Miωiūi
γi

∫ ϑi

0
∆i(τ)

∫ τ

0
H

(

ui(t− θ)

ūi

)

dθdτ

]

+ p̄H

(

p

p̄

)

+
b

ν

(

z − z̄ −

∫ z

z̄

ψ(z̄)

ψ(θ)
dθ

)

.

CalculatingdK2
dt

along the solutions of system (4.1)-(4.5) we obtain:

dK2

dt
=

2
∑

i=1

γi

[(

1−
φi(s̄i, p̄)

φi(si, p̄)

)

(ρi − βisi) + φi(si, p)
φi(s̄i, p̄)

φi(si, p̄)
+
NiGi

γi
πiȳi

+
MiCi

γi
ωiūi −

(1− qi)NiGi

γi

∫ li

0
Θi(τ)

ȳiφi(si(t− τ), p(t− τ))

yi
dτ

−
qiMiCi

γi

∫ li

0
Θi(τ)

ūiφi(si(t− τ), p(t− τ))

ui
dτ

+
φi(s̄i, p̄)

Fi

∫ li

0
Θi(τ) ln

(

φi(si(t− τ), p(t− τ))

φi(si, p)

)

dτ

+
Niπiȳi
γi

∫ ei

0
Λi(τ) ln

(

yi(t− τ)

yi

)

dτ +
Miωiūi
γi

∫ ϑi

0
∆i(τ) ln

(

ui(t− τ)

ui

)

dτ

]

−

2
∑

i=1

Niπi

∫ ei

0
Λi(τ)

p̄yi(t− τ)

p
dτ −

2
∑

i=1

Miωi

∫ ϑi

0
∆i(τ)

p̄ui(t− τ)

p
dτ

− cp+ cp̄ + bp̄ψ(z) −
bµ

ν
ψ(z)− bpψ(z̄) +

bµ

ν
ψ(z̄). (4.18)

By using the steady state conditions ofΠ2 :

ρi = βis̄i + φi(s̄i, p̄), (1− qi)Fiφi(s̄i, p̄) = πiȳi, qiFiφi(s̄i, p̄) = ωiūi,
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cp̄ =

2
∑

i=1

(NiπiGiȳi +MiωiCiūi)− bp̄ψ(z̄), cp =
p

p̄

2
∑

i=1

γiφi(s̄i, p̄)− bpψ(z̄),

and the inequalities (2.8) withs∗i = s̄i, y
∗
i = ȳi, u

∗
i = ūi andp∗ = p̄, we find

dK2

dt
=

2
∑

i=1

[

γiβis̄i

(

1−
si
s̄i

)(

1−
φi(s̄i, p̄)

φi(si, p̄)

)

+ γiφi(s̄i, p̄)

(

φi(si, p)

φi(si, p̄)
−
p

p̄

)(

1−
φi(si, p̄)

φi(si, p)

)

− γiφi(s̄i, p̄)

(

H

(

φi(s̄i, p̄)

φi(si, p̄)

)

+H

(

pφi(si, p̄)

p̄φi(si, p)

))

−
NiGiπiȳi

Fi

∫ li

0
Θi(τ)H

(

ȳiφi(si(t− τ), p(t− τ))

yiφi(s̄i, p̄)

)

dτ

−Niπiȳi

∫ ei

0
Λi(τ)H

(

p̄yi(t− τ)

pȳi

)

dτ

−
MiCiωiūi

Fi

∫ li

0
Θi(τ)H

(

ūiφi(si(t− τ), p(t− τ))

uiφi(s̄i, p̄)

)

dτ

−Miωiūi

∫ ϑi

0
∆i(τ)H

(

p̄ui(t− τ)

pūi

)

dτ

]

.

According to Assumptions (A1),(A2) and (A4) we getdK2
dt

≤ 0 and dK2
dt

= 0 at Π2. LIP
implies thatΠ2 is GAS. �

5. NUMERICAL SIMULATIONS

We now perform some computer simulations on the following application. The incidence
rate is given by Crowley-Martin (CM) functional response:

φi(si, p) =
λisip

(1 + µisi)(1 + αip)
, i = 1, 2, (5.1)

whereµi ≥ 0, i = 1, 2, andλ1 = (1− ε)λ1, λ2 = (1− fε)λ2. Then, the general model
(4.1)-(4.5) with incidence rate given in (5.1) can be described as:

ṡi(t) = ρi − βisi(t)−
λisi(t)p(t)

(1 + µisi(t))(1 + αip(t))
, i = 1, 2, (5.2)

ẏi(t) = (1− qi)λi

li
∫

0

Θi(τ)
si(t− τ)p(t− τ)

(1 + µisi(t− τ))(1 + αip(t− τ))
dτ − πiyi(t), i = 1, 2, (5.3)

u̇i(t) = qiλi

∫ li

0
Θi(τ)

λisi(t− τ)p(t− τ)

(1 + µisi(t− τ))(1 + αip(t− τ))
dτ − ωiui(t), i = 1, 2, (5.4)
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ṗ(t) =

2
∑

i=1

(

Niπi

∫ ei

0
Λi(τ)yi(t− τi)dτ +Miωi

∫ ϑi

0
∆i(τ)ui(t− τi)dτ

)

− cp(t)− bp(t)z(t), (5.5)

ż(t) = νp(t)z(t)− µz(t). (5.6)

To verify Assumptions (A1)-(A4), we have:

φi(si, p) > 0, φi(si, 0) = φi(0, p) = 0,
∂φi(si, p)

∂si
=

λip

(1 + µisi)2(1 + αip)
> 0,

∂φi(si, p)

∂p
=

λisi
(1 + µisi)(1 + αip)2

> 0,
∂φi(si, 0)

∂p
=

λisi
1 + µisi

> 0,

φi(si, p) =
λisip

(1 + µisi)(1 + αip)
≤

λisip

1 + µisi
= p

∂φi(si, 0)

∂p
,

(

φi(si, p)

φi(si, p∗)
−

p

p∗

)(

1−
φi(si, p

∗)

φi(si, p)

)

=
−αi(p − p∗)2

p∗(1 + αip∗)(1 + αip)
≤ 0, for all si, p > 0.

Then Assumptions (A1)-(A3) are valid. Moreover, Assumption (A4) is also valid where
ψ(z) = z.

Next, we shall perform simulation studies for model (4.1)-(4.5) with the incidence rate given
by Eq. (5.1) and particular form of the probability distributed functions as:

fi(τ) = δ(τ − τi), gi(τ) = δ(τ − τi), hi(τ) = δ(τ − τi), i = 1, 2, (5.7)

whereδ(.) is the Dirac delta function andτi ∈ [0, li], κi ∈ [0, ei], ιi ∈ [0, ϑi], i = 1, 2, are
constants. Whenli, ei andϑi → ∞, we have:

∫ ∞

0
fi(τ)dτ =

∞
∫

0

gi(τ)dτ =

∞
∫

0

hi(τ)dτ = 1, i = 1, 2. (5.8)

Using the properties of Dirac delta function we get:

Fi =

∫ ∞

0
δ(τ − τi)e

−miτdτ = e−miτi , Gi =

∫ ∞

0
δ(τ − κi)e

−niτdτ = e−niκi ,

Ci =

∫ ∞

0
δ(τ − ιi)e

−riτdτ = e−riιi , i = 1, 2.

Moreover,
∫ ∞

0
δ(τ − τi)e

−miτ
λisi(t− τ)p(t− τ)

(1 + µisi(t− τ)) (1 + αip(t− τ))
dτ

=
e−miτiλisi(t− τi)p(t− τi)

(1 + µisi(t− τi)) (1 + αip(t− τi))
, i = 1, 2,

∫ ∞

0
δ(τ − κi)e

−niτyi(t− τ)dτ = e−niκiyi(t− κi),
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∫ ∞

0
δ(τ − ιi)e

−riτui(t− τ)dτ = e−riκiui(t− κi), i = 1, 2.

Hence, model (4.1)-(4.5) with incidence rate given by Eq. (5.1), becomes:

ṡi(t) = ρi − βisi(t)−
λisi(t)p(t)

(1 + µisi(t))(1 + αip(t))
, i = 1, 2, (5.9)

ẏi(t) = (1− qi)e
−miτi

λisi(t− τi)p(t− τi)

(1 + µisi(t− τi))(1 + αip(t− τi))
− πiyi(t), i = 1, 2, (5.10)

u̇i(t) = qie
−miτi

λisi(t− τi)p(t− τi)

(1 + µisi(t− τi))(1 + αip(t− τi))
− ωiui(t), i = 1, 2, (5.11)

ṗ(t) ==
2
∑

i=1

(

Niπie
−niκiyi(t− κi) +Miωie

−riιiui(t− ιi)
)

− cp(t)− bp(t)z(t), (5.12)

ż(t) = νp(t)z(t)− µz(t). (5.13)

The parametersRCM
0 andRCM

1 will be:

RCM
0 =

2
∑

i=1

((1− qi)Nie
−niκi + qiMie

−riιi)e−miτiλis
0
i

c(1 + µis
0
i )

,

RCM
1 =

2
∑

i=1

((1− qi)Nie
−niκi + qiMie

−riιi)e−miτiλis̄i
c(1 + µis̄i)(1 + αip̄)

,

where

s̄i =
1

2µi(1 + αip̄)

[

−B +

√

B2 + 4µis0i (1 + αip̄)
2

]

,

p̄ =
µ

ν
, ζi = αi +

λi
βi
, i = 1, 2,

B = (1 + ζip̄)− µis
0
i (1 + αip̄).

Now we are ready to perform some numerical simulations for system (5.9)-(5.13). The data of
system (5.9)-(5.13) are provided in Table 1. We letτe = τi = κi = ιi, i = 1, 2.

TABLE 1. Values of some parameters of system (5.9)-(5.13).

Parameter ρ1 ρ2 m1 m2 µ1 µ2 α1 α2 N1 N2

Value 10 0.03198 1 1 0.03 0.01 0.03 0.01 100 30

Parameter β1 β2 n1 n2 ω1 ω2 r1 r2 π1 π2
Value 0.01 0.005 1 1 0.25 0.05 1 1 0.3 0.03

Parameter M1 M2 q1 q2 b f µ c
Value 50 10 0.5 0.5 0.01 0.3 0.05 3
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• Effect of the parametersλ1, λ2 and ν on the stability of the steady states:The initial
conditions have been considered as:ϕ1(θ) = 600, ϕ2(θ) = 0.1, ϕ3(θ) = 10, ϕ4(θ) =
0.1, ϕ5(θ) = 5, ϕ6(θ) = 0.1, ϕ7(θ) = 50, ϕ8(θ) = 60, θ ∈ [−τe, 0]. Let us address three
cases for the parametersλ1, λ2 andν. We assume thatε = 0 (there is no treatment) andτe
= 0.5.
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FIGURE 1. The concentration
of uninfected CD4+T cells.
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FIGURE 2. The concentration
of uninfected macrophages.
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FIGURE 3. The concentration
of short-lived infected CD4+T
cells.
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FIGURE 4. The concentration
of short-lived infected
macrophages.

Case (I): Chooseλ1 = 0.002, λ2 = 0.0005 andν = 0.0005 which giveRCM
0 = 0.6007 < 1

andRCM
1 = 0.1481 < 1. Therefore, based on Lemma 4 and Theorems 4.1 the system has

unique steady state, that isΠ0 and it is GAS. As we can see from Figures 1-8 that the con-
centration of the uninfected cells is increased and approached its normal value before infection
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that iss01 = 1000 ands02 = 6.396 while concentrations of the other compartments converge to
zero for the initial condition. As a result, the HIV1 is removed from the plasma.
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FIGURE 5. The concentration
of long-lived infected CD4+T
cells.
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FIGURE 6. The concentration
of long-lived infected
macrophages.
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of free virus particles.
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FIGURE 8. The concentration
of B cells.

Case (II): We take the following values:λ1 = 0.01, λ2 = 0.001 andν = 0.0005. For
these valuesRCM

1 = 0.6803 < 1 < RCM
0 = 2.9815. Consequently, based on Lemma 4

and Theorems 4.2, the humoral-inactivated infection steady stateΠ1 is positive and is GAS.
Figures 1-8 confirm that the numerical results support the theoretical results presented in The-
orem 4.2. It can be observed that, the variables of the model eventually converge toΠ1

(348.03, 0.76, 6.59, 0.29, 7.91, 0.17, 60.03, 0) for the initial conditions. This case corresponds
to a chronic HIV-1 infection in the absence of immune response.
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Case (III):λ1 = 0.01, λ2 = 0.001 andν = 0.002. Then, we calculateRCM
0 = 2.9815 > 1

andRCM
1 = 1.6544 > 1. We can see from Figure 1-8 that, there is a consistency between the

numerical results and theoretical results of Theorem 4.3.
The states of the system converge toΠ2(550.98, 1.29, 4.54, 0.26, 5.45, 0.15, 25, 196.31) for

the initial conditions. In this case the humoral immune response is activated and can control
the disease.

• Effect of the drug efficacyε on the stability of the steady states:We takeτe = 0.5, λ1
= 0.01, λ2 = 0.001 andν = 0.001. In Figures 9-16 we show the effect of the drug efficacy
ε on the HIV dynamics. Also, we can observe that, as the drug efficacyε is increased, the
concentration of uninfected cells is increased, while the concentrations of free virus particles
and the three types of infected cells are decreased. Table 2 shows that, the values ofRCM

0 and

TABLE 2. Values of steady states,RCM
0 andRCM

1 for system (5.9)-(5.13)with
different values ofε.

drug steady states RCM
0 RCM

1

ε = 0.0 Π2(386.29, 0.84, 6.20, 0.28, 7.44, 0.17, 50, 39.07) 2.9815 1.1302
ε = 0.12623 Π1(457.08, 0.87, 5.49, 0.28, 6.59, 0.17, 50, 0) 2.6064 1.0000
ε = 0.2 Π1(525.97, 0.96, 4.79, 0.27, 5.75, 0.16, 43.66, 0) 2.3873 0.9211
ε = 0.4 Π1(724.23, 1.42, 2.79, 0.25, 3.35, 0.15, 25.42, 0) 1.7930 0.6996

ε = 0.666908 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 1.0000 0.3932
ε = 0.8 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 0.6046 0.2375

RCM
1 are decreased asε is increased. Therefore, the results of Theorems 4.1-4.3 and the results

of numerical simulation are compatible. Thus, we can say that treatment with sufficient drug
efficacy can success to clear the HIV from the plasma.

TABLE 3. Values of steady states,RCM
0 andRCM

1 for system (5.9)-(5.13)
with different values ofτe.

drug steady states RCM
0 RCM

1

τe = 0.001 Π2(620.40, 0.94, 6.32, 0.45, 7.58, 0.27, 50, 269.36) 4.8642 1.8978
τe = 0.1 Π2(620.40, 0.94, 5.72, 0.41, 6.87, 0.25, 50, 167.08) 3.9905 1.5570
τe = 0.3 Π2(620.40, 0.94, 4.69, 0.34, 5.62, 0.20, 50, 13.10) 2.6749 1.0437

τe = 0.321363 Π1(620.40, 0.94, 4.59, 0.33, 5.51, 0.20, 50, 0) 2.5630 1.0000
τe = 0.5 Π1(724.23, 1.42, 2.79, 0.25, 3.35, 0.15, 25.42, 0) 1.7930 0.6996

τe = 0.791955 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 1.0000 0.3902
τe = 0.9 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 0.8057 0.3143
τe = 1.0 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 0.6596 0.2574
τe = 2.0 Π0(1000, 6.396, 0, 0, 0, 0, 0, 0) 0.0892 0.0348
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FIGURE 9. The concentration
of uninfected CD4+T cells.
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FIGURE 10. The concentra-
tion of uninfected
macrophages.
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FIGURE 11. The concentra-
tion of short-lived infected
CD4+T cells.
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FIGURE 12. The concentra-
tion of short-lived infected
macrophages.

• Effect of the time delay on the stability of the system: Choosingε = 0.4, λ1 =
0.01, λ2 = 0.001 and ν = 0.001. Figures 17-24 and Table 3 show the effect of the time
delay parameterτe on the stability ofΠ0, Π1 andΠ2. Clearly, the parameterτe has similar
effect as the drug efficacy parametersε.

5.1. Conclusion. In this paper, we have proposed and analyzed three HIV infection models.
We have considered four types of infected cells: short-lived infected CD4+T cells, long-lived
chronically infected CD4+T cells, short-lived infected macrophages and long-lived chronically
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FIGURE 13. The concentra-
tion of long-lived infected
CD4+T cells.
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FIGURE 15. The concentra-
tion of free virus particles.
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FIGURE 16. The concentra-
tion of B cells.

infected macrophages. We have incorporated three distributed time delays into the models. We
have represented the HIV-target incidence rate by bilinearand saturation functional response
for the first two models while, for the third model, we have considered more general nonlinear
functions for both the HIV-target incidence rate and neutralization rate of viruses and we have
derived a set of conditions on these general functions. We have proved the nonnegativity and
ultimate boundedness of the model’s solutions and the existence and stability of the model’s
steady states. We have determined two threshold parameters: the basic reproduction number
and the humoral immune response activation number. Using Lyapunov functionals, we have
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FIGURE 17. The concentra-
tion of uninfected CD4+T
cells.
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FIGURE 18. The concentra-
tion of uninfected
macrophages.
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FIGURE 19. The concentra-
tion of short-lived infected
CD4+T cells.
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FIGURE 20. The concentra-
tion of short-lived infected
macrophages.

established the global stability of the three steady statesof the models. We have presented an
example and performed some numerical simulations to support our theoretical results.
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FIGURE 21. The concentra-
tion of long-lived infected
CD4+T cells.
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FIGURE 22. The concentra-
tion of long-lived infected
macrophages.
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FIGURE 23. The concentra-
tion of free virus particles.
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FIGURE 24. The concentra-
tion of B cells.

REFERENCES

[1] M. A. Nowak and R. M. May,Virus dynamics: Mathematical Principles of Immunology andVirology, Oxford
Uni., Springer Verlag, Oxford, 2000.

[2] A.S. Perelson and P.W. Nelson,Mathematical analysis of HIV-1 dynamics in vivo, SIAM Rev., 41 (1999),
3–44.

[3] D. S. Callaway and A. S. Perelson,HIV-1 infection and low steady state viral loads, Bull. Math. Biol., 64
(2002), 29–64.

[4] V. Herz, S. Bonhoeffer, R. Anderson, R. M. May and M. A. Nowak, Viral dynamics in vivo: Limitations on
estimations on intracellular delay and virus delay, Proc. Natl. Acad. Sci. USA,93 (1996), 7247–7251.



STABILITY OF HIV INFECTION MODELS 61

[5] J. Wang, J. Lang and F. Li,Constructing Lyapunov functionals for a delayed viral infection model with multi-
target cells, J. NonlinearSci. Appl.,9 (2) (2016), 524–536.

[6] N. M. Dixit and A.S. Perelson,Complex patterns of viral load decay under antiretroviral therapy: influence
of pharmacokinetics and intracellular delay, J. Theoret. Biol.,226(2004), 95–109.

[7] C. Connell McCluskey and Y. Yang,Global stability of a diffusive virus dynamics model with general inci-
dence function and time delay, Nonlinear Anal. Real World Appl.,25 (2015), 64–78.

[8] Z. Yuan and X. Zou,Global threshold dynamics in an HIV virus model with nonlinear infection rate and
distributed invasion and production delays, Math. Biosc. Eng.,10 (2) (2013), 483–498.

[9] S. Liu and L. Wang,Global stability of an HIV-1 model with distributed intracellular delays and a combination
therapy, Math. Biosc. Eng.,7(3) (2010), 675–685.

[10] A. M. Elaiw and N. H. AlShameani,Global analysis for a delay-distributed viral infection model with anti-
bodies and general nonlinear incidence rate, J. Korean Soc. Ind. Appl. Math.,18(4) (2014), 317–335.

[11] A. M. Elaiw, Global threshold dynamics in humoral immunity viral infection models including an eclipse
stage of infected cells, J. Korean Soc. Ind. Appl. Math.,19:2 (2015), 137–170.

[12] A. M. Elaiw, I. A. Hassanien and S. A. Azoz,Global stability of HIV infection models with intracellular
delays, J. Korean Math. Soc.,49(4) (2012), 779–794.

[13] A.M. Elaiw and S.A. Azoz,Global properties of a class of HIV infection models with Beddington-DeAngelis
functional response, Math. Methods Appl. Sci.,36 (2013), 383–394.

[14] A.M. Elaiw, Global properties of a class of HIV models, Nonlinear Anal. Real World Appl.,11 (2010), 2253–
2263.

[15] A. M. Elaiw and N. A. Almuallem,Global properties of delayed-HIV dynamics models with differential drug
efficacy in co-circulating target cells, Appl. Math. Comput.,265(2015), 1067–1089.

[16] A. M. Elaiw and X. Xia,HIV dynamics: Analysis and robust multirate MPC-based treatment schedules, J.
Math. Anal. Appl.,356(2009), 285–301.

[17] B. Buonomo and C. Vargas-De-Le,Global stability for an HIV-1 infection model in cluding an eclipse stage
of infected cells, J. Math. Anal. Appl.,385(2012), 709–720.

[18] A. M. Elaiw, R. M. Abukwaik and E. O. Alzahrani,Global properties of a cell mediated immunity in HIV
infection model with two classes of target cells and distributed delays, Int. J. Biomath.,77(5) (2014), 25
Pages.

[19] B. Li, Y. Chen, X. Lu and S. Liu,A delayed HIV-1 model with virus waning term, Math. Biosci. Eng.,13
(2016), 135-157.

[20] C. Monica and M. Pitchaimani,Analysis of stability and Hopf bifurcation for HIV-1 dynamics with PI and
three intracellular delays, Nonlinear Anal. Real World Appl.,27 (2016), 55–69.

[21] C. Lv, L. Huang and Z. Yuan,Global stability for an HIV-1 infection model with Beddington-DeAngelis
incidence rate and CTL immune response, Commun. Nonlinear Sci. Numer. Simul.,19 (2014), 121–127.

[22] R. Xu,Global stability of an HIV-1 infection model with saturation infection and in tracellular delay, J. Math.
Anal. Appl.,375(2011), 75–81.

[23] J. A. Deans and S. Cohen,Immunology of malaria, Ann. Rev. Microbiol, 37 (1983), 25–49.
[24] T. Wang, Z. Hu and F. Liao,Stability and Hopf bifurcation for a virus infection model with delayed humoral

immunity response, J. Math. Anal. Appl.,411(2014), 63–74.
[25] A. M. Elaiw and A. Alhejelan,Global dynamics of virus infection model with humoral immune response and

distributed delays, J. Comput. Anal. Appl., 1
¯
7 (2014), 515-523.

[26] A. M. Elaiw and N. H. AlShamrani,Global stability of a delayed humoral immunity virus dynamics model with
nonlinear incidence and infected cells removal rates, Int. J. of Dynam. Control, (2015), DOI: 10.1007/s40435-
015-0200-3.

[27] A. M. Elaiw and N. H. AlShamrani,Dynamics of viral infection models with antibodies and general nonlinear
incidence and neutralize rates, Int. J. of Dynam. Control, (2015), DOI: 10.1007/s40435-015-0181-2.

[28] A. M. Elaiw and N. H. AlShameani,Global stability of humoral immunity virus dynamics modelswith non-
linear infection rate and removal, Nonlinear Anal. Real World Appl.,26 (2015), 161–190.



62 ELAIW, ELNAHARY, SHEHATA, AND ABUL-EZ

[29] T. Wang, Z. Hu, F. Liao and W. Ma,Global stability analysis for delayed virus infection model with general
incidence rate and humoral immunity, Math. Comput. Simulation,89 (2013), 13–22.

[30] A. M. Shehata, A. M. Elaiw, E. Kh. Elnahary and M. Abul-Ez, Stability analysis of humoral immunity HIV
infection models with RTI and discrete delays, Int. J. of Dynam. Control, (2016), DOI 10.1007/s40435-016-
0235-0.

[31] R. Larson and B. H. Edwards,Calculus of a single variable, Cengage Learning, Inc., USA, 2010.
[32] J. K. Hale and S. M. V. Lunel,Introduction to functional differential equations, Springer Science & Business

Media 99, 2013.
[33] X. Yang, L. Chen, and J. Chen,Permanence and positive periodic solution for the single-species nonau-

tonomous delay diffusive models, Computers & Mathematics with Applications,32 (4) (1996), 109–116.


