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SOME CONDITIONS ON THE FORM OF THIRD ELEMENT
FROM DIOPHANTINE PATIRS AND ITS APPLICATION

JUNE BOK LEE AND JINSEO PARK

ABSTRACT. A set {a1,a2,...,am} of positive integers is called a Dio-
phantine m-tuple if a;a; + 1 is a perfect square for all 1 <i < j <m. In
this paper, we show that the form of third element in Diophantine pairs
and develop some results which are needed to prove the extendibility of
the Diophantine pair {a,b} with some conditions. By using this result,
we prove the extendibility of Diophantine pairs {Fx_oFk4+1, Fx—1Fky2}
and {Fy_oFk_1, Fxy1Fr4+2}, where F,, is the n-th Fibonacci number.

1. Introduction

A Diophantine m-tuple is a set which consists of m distinct positive integers
satisfying the property that the product of any two of them is one less than a
perfect square. If the set which consists of rational numbers satisfy the same
property, then we called rational Diophantine m-tuple. Diophantus found the
first rational Diophantine quadruple {1/16,33/16,17/4,105/16}. However, the
first Diophantine quadruple {1,3,8,120} was found by Fermat. Many famous
mathematicians made lots of results related to the problems of Diophantine
m-tuple, but still there are many open problems. Especially, the most famous
problem is the extendibility of Diophantine m-tuple.

For any Diophantine triple {a,b, ¢} with a < b < ¢, the set {a,b,c,d+} is a
Diophantine quadruple, where

dy = a+ b+ c+ 2abc £ 2rst
and r, s,t are the positive integers satisfying
ab+1=72 ac+1=s% be+1=1t>

A folklore conjecture is that there does not exist a Diophantine quintuple.
The stronger version of this conjecture states that if {a, b, ¢, d} is a Diophantine
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quadruple and d > max{a,b,c}, then d = d;. These Diophantine quadruples
are called regular.

The reason why the extendibility is important is related to the elliptic curves.
To extend the Diophantine triple {a,b, ¢} to Diophantine quadruple, we have
to solve the equations

ax+1=0,bzx+1=0, cx+1=0.
Hence, we have the equation
E:y? = (az +1)(bx + 1)(cz + 1),

which is the elliptic curve by the product of three equations. Then we have
always the integer points

(0,£1), (d4,£(at +71s)(bs +rt)(cr+ st)), (d—,£((at —rs)(bs —rt)(cr — st))),

and also (—1,0) if 1 € {a,b,c}. The conjecture means it is possible to prove
that there are no other integer points on F for some family of Diophantine
triples. For example, A. Dujella [5] proved that the elliptic curve

Ep:y?=(k—Da+1)((k+ 1)z + 1)(4ka + 1)
has four integer points
(0,+1), (16k3 — 4k, £(128Kk5 — 112k* — 20k* — 1))

under assumption that rank(E(Q)) = 1. Similar results [7] and [13] were
proved for the equation

v = (Fopz + 1) (Fop 2w + 1) (Fogqa + 1)

and
y? = (Fop1@ + 1) (Fopqsz + 1) (Fagys + 1),

respectively, where F), is the n-th Fibonacci number, defined by Fy =0, F; =1
and F,49 = F,41 + F,. Therefore, it is important not only how to prove
the extendibility of Diophantine m-tuple but also which case of Diophantine
m-~tuple is proved.

In 1969, A. Baker and H. Davenport [1] proved that the Diophantine triple
{1,3,8} can not be extended to a Diophantine quintuple, namely, if the set
{1, 3,8, d} is a Diophantine quadruple, then d = 120. This means the Diophan-
tine triple {1, 3,8} is regular.

Let us consider the Diophantine pair {1, 3}. If the set {1, 3, ¢} is a Diophan-
tine triple, then we have the equation

y? — 32% = =2,

since ¢+ 1 = 22, 3c+ 1 = y2. We easily find the form of solutions of the
Diophantine equation above is

(y+2V3) = (yo + 7oV3)(2 + V3)¥.
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If (yo, o) belongs to the same class as either of the solutions (£1,1), then we
have the form of third element

c=cp= é[(2+ V3)(T+4V3)F + (2 — V3)(7T — 4V3)F — 4.

In 1998, Dujella and A. Pethd [9] developed this result, that is, if the set
{1,3, ck,d} is a Diophantine quadruple, then d = d_ = ¢;_1 or dy = cpy1.
This result shows how important the form of third element in Diophantine pair
is. Then we have a question such that how can we find the form of third element
in Diophantine pairs. The form of third element c; in the Diophantine pair
{1, 3} is found by using Theorem 8 in [15]. In fact, for a fixed Diophantine pair
{a,b} with a < b, the theorem shows the form of third element, where b < 4a.
This theorem was also used in [3], [4], [12].

The recent research of third element in Diophantine m-tuple is Lemma 4.1
in [10] which shows the form of third element in the Diophantine pair {a,b},
where a < b < 8a. Unfortunately however, the general form of third elements
are unknown until now.

In this paper, we use the following identity

FooFy1Fyp1Fyypa +1=Fy,

which was proved by E. Cesaro. We can make many Diophantine pairs by using
above identity. However, we consider only two sets

{Fr—oFpi1, Fo1Frq2} and  {Fy_2Fi—1, Fpy1Frio},

since the first set satisfy the condition of Lemma 4.1 in [10], namely, Fj_1 Fyt2
< 8F)_2F)+1, but the second set does not satisfy the condition. Hence, we
need to generalize the Lemma 4.1 for the extendibility of Diophantine pairs
which do not satisfy the condition b < 8a. Also, we develop some results
which need to prove the extendibility of Diophantine pair {a,b} with some
conditions. Through these generalized result, we prove the extendibility of
{Fr—2Fpq1, Fe1Fpy2} and {Fp_oF_1, Fpp1Fpqa}-

2. Preliminaries
2.1. The bounds of each elements of Diophantine triple

We can find the lower bounds of second element of the Diophantine triple
{a,b, c} with a < b using the following lemma.

Lemma 2.1 ([11, Lemma 1.3]). Suppose that {a,b,c,d} is a Diophantine
quadruple with a < b < c < dy <d.

(1) If b < 2a, then b > 2.1-10%.
(2) If 2a < b < 8a, then b > 1.3-10°.
(3) If b > 8a, then b > 2-10°.
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Let {a,b, c} be a Diophantine triple, and r, s,t be the positive integers sat-
isfying ab+1 =12, ac+ 1 = 52, bc+ 1 = t2. Then we have
at?® —bs* =a —b.
We easily find the form of solutions of the equation above is
(tva + sVb) = (tov/a + soVd) (r + Vbe).
If (to, s0) belongs to the same class as either of the solutions (+1,1), then s
can be expressed as s = s7, where 7 € {£1} and
sop=80=1, s]=r+7Ta, s,,5=2r5,,1 —5,.
Define ¢f, = ((s7)? — 1)/a. Then, we obtain
c=c, = ﬁ[(a + b+ 2Vab)(2ab + 1 + 2rvVab)”
+ (a4 b F 2Vab)(2ab + 1 — 2rvab)” — 2(a + b)].

First, we have the form of third element ¢ in the Diophantine triple {a, b, c}
by the following theorem.

Theorem 2.2 ([15, Theorem 8]). If a < b < 4a, and b are in Z*, and
ab+1=172 ac+1=s% be+1=1¢>

holds, then ¢ = c; = c: (a,b) for some k or ¢ = c; = c; (a,b) for some j. The
set ¢; is omitted if b =a + 2.

However, it is difficult to apply this theorem in many cases, since the upper
bound of b is small. Hence, there were a lot of researches to generalize the
result. The following lemma generalizes of Theorem 2.2.

Lemma 2.3 ([10, Lemma 4.1]). Let {a,b,c} be a Diophantine triple. Assume
that a < b < 8a. Then ¢ = ¢, for some v and T.

Next, the following theorem gives us the bound of third element ¢ in the
Diophantine triple {a,b, c}.

Theorem 2.4 ([10, Theorem 1.2]). Let {a,b,c} be a Diophantine triple with
a < b. Suppose that {a,b,c,d} is a Diophantine quadruple with d > di and
that {a,b,c,c} is not a Diophantine quadruple for any ¢’ with 0 < ¢ < d_,
where dy and d_ are defined by

dy =a+ b+ c+ 2abc + 2rst,

respectively.
(1) If b < 2a, then ¢ < b°.
(2) If2a < b < 8a, then ¢ < 9.5b%.
(3) If b > 8a, then c < b°.

If ¢ = ¢, then we can find the upper bound of ¢ more specific by the following
theorem.
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Theorem 2.5 ([11, Theorem 1.4]). Suppose that {a,b,c],d} is a Diophantine
quadruple with d > c], ., and that {a,b,c’,c]} is not a Diophantine quadruple
for any ¢ with 0 < ¢ < ¢cf_;.

(1) If b < 2a, then ¢ < cf .
(2) If 2a < b < 8a, thencgc;

2.2. The properties of solutions of Pell equation
We have to solve the system
ad+1=2% bd+1=y> cd+1=2>

to extend the Diophantine triple {a, b, ¢} to the Diophantine quadruple {a, b, c,
d}. One can eliminate d to obtain the following system of Pell equations:

(1) ay® —ba* =a—b,
(2) az? —cx’ =a—c,
(3) b2 — ey’ =b—c

Lemma 2.6 ([6, Lemma 1]). There exist positive integers ig, jo and integers
z(()l) x(()) zi ), y(J) i=1,...,i0,5 = 1,..., o, with the following properties:
(1) (z(() ),xé)) and (zgj),y?)) are solutions of (2) and (3), respectively.

(2) z(() ),xé ),zy),ygj) satisfy the following inequalities

alc—a) s+1
O<x U <4/ < vac,
(s —
0] </ CUeza) e

(])< l 71) /t+1 A
_1 5 < C,

Db ¢
2b 3
(3) If (z,x) and (z,y) are positive integers of (2) and (3), respectively, then

there exist i € {1,...,i0}, 7 € {1,...,jo} and integers m,n > 0 such
that

(4) 2va+ e = (2 Va+ a2l ve)(s + Vao)™
(5) Vb +yve = (Vb +y Vo)t + Vbe).

From now on, we omit the superscripts (i) and (j). By (4), we may write
Z = Uy,, Where

N

C
<§,

g5

'

0< 29 < ) - —<

(6) vy = 20, V1 = 820 + €T, Umio = 28Umi1 — Um,
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and by (5), we may write z = w,,, where
(7) wo = 21, w1 = tz1 + cy1, Wpio = 2W,11 — Wh-
Lemma 2.7 ([8, Lemma 3]). If vy, = wy, thenn—1<m <2n+ 1.

2.3. Congruence relation between solutions of Pell equations

In this section, we give the congruence relations between v,, and w,, and
properties of initial terms of (6) and (7).

Lemma 2.8 ([6, Lemma 4]). We have the following properties of v, and wy,.
Vam = 20 + 2clazom?® + szom]  (mod 8¢?),
Vomy1 = 520 4 c[2aszom(m + 1) + 29(2m + 1)]  (mod 4¢?),
Wop = 21 + 2¢[bzin® 4 tyin]  (mod 8c?),
Wopt1 = tz1 + c2btzin(n 4+ 1) +y1(2n +1)]  (mod 4c?).

We have a question such that when does v, = w, have a solution and if
there exists a solution of v, = w,, then what are the values possible for the
solution. The following lemma gives us the answer.

Lemma 2.9 ([8, Lemma 8]). We have the following results.

(1) If the equation vo, = way, has a solution, then zy = z1. Furthermore,
|z0]= 1 or|zo| = er—st or|zp| < min{0.869a=°/14¢%/14,0.9726= 9307},

(2) If the equation vam+1 = way, has a solution, then |zo| = t, |z1| = cr — st
and zpz, < 0.

(3) If the equation vy, = wan+1 has a solution, then |zg| = cr —st, |z1| = s
and zgz1 < 0.

(4) If the equation vam41 = Wapy1 has a solution, then |zo| = t,|z1] = s
and zgz, > 0.

Furthermore, the solution of v, = w, is more specific when ¢ = ¢], < cgr by
the following lemma.

Lemma 2.10 ([11, Lemma 3.1]). Assume that a < b < 8a.
(i) Assume that b < 3a. In the case of ¢ = ¢, we have Vami1 # Wan,
Vom 7 Wapt1 and Vomy1 7# Wont1. Moreover, if vo,, = way,, then zg = z1 = 1.
(ii) In the case of c = cf, we have Vami1 # Wap, Vam 7 Want1 and Vomi1 #
Want1. Moreover, if voy, = way, then 2o = z1 and |z = 1.
(iii) In the case of ¢ = ¢5, we have Vami1 7# Wap and Vami1 F Wapt1-
Moreover, we have the following:
(1) If vop, = woy, then zo = 21 and |20| = 1 or cr — st.
(2) If vom, = want1, then |2o| = cr — st and |z1| = s with zpz1 < 0.
Furthermore, (2) occurs if and only if (1) with |z0| = cr — st occurs.
(iv) In the case of c € {ccj, W cg}, we have Vo1 # Way and Vo, 7# Wapy1-
Moreover, we get the following:
(1) If vom = way, then zo = 21 and |2o| = 1.
(2) If vom+1 = Want1, then |z0| =t and |z1] = s with 29z > 0.
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2.4. Some theorems for applying the reduction method

From (4), (5) and sum of their conjugate, respectively, we get

Um = 27\1/5[(20\/54— 20v/€)(s + Vac)™ + (z0v/a — wo\/c) (s — Vac)"],

1 n n
wa = 5 lEVh+ )t + Voo + (1Vh - y1ve)(t - Ve

Hence, we transform the equation v, = w, into the following inequality.

Lemma 2.11 ([6, Lemma 5]). Assume that ¢ > 4b. If v, = wy, and m,n # 0,
then

Vb(zov/c + 20\/a)
Va(yivec+ 21\/5)

We use the following theorem and lemma to obtain the upper bound for m.

8
0 < mlog(s++/ac)—nlog(t+Vbc)+log < gac(s—l—\/@)_Qm.

Theorem 2.12 (]2, p. 20]). For a linear form
A=pilogar +---+ Biloga; #0
in logarithms of | algebraic numbers ai, s, ...,q; with rational coefficients
81, B2, ..., B, we have
log|A| > —18(1 + 1)1 (32d) 21/ (ay) - - - B () log(21d) log B,
where 8 := max{|f1],..., |01}, d .= [Q(a1,...,a;) : Q] and

B (a) = %max{h(a), |logaf, 1}

with the standard logarithmic Weil height h(a) of .

Lemma 2.13 ([9, Lemma 5]). Suppose that M is a positive integer. Let p/q
be the convergent of the continued fraction expansion of k such that ¢ > 6M
and let € = ||pql| — M - ||kq||, where || - || denotes the distance from the nearest
integer.

(1) If € > 0, then there is no solution of the inequality
(8) 0O<mk—n+pu<AB™
i integers m and n with
log(Ag/e)
— < < M.
logB — =

(2) Letr = |ug+ %j If p—q+r =0, then there is no solution of inequality
(8) in integers m and n with

1 < M.
logB ’ }<m_
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3. The generalized bound for the second element

We can easily know that the form of third elements of Diophantine triple
{Fx—2Fk+1,Fy_1F;12,c} by using Lemma 2.3. However, we can’t apply the
Lemma 2.3 in the case of {Fy_oFy_1, Fr41Fkt2,c}, since

8Fr_oFy—1 < Frp1Fpqo <21F,_oF)_q.

Hence, we need to generalize Lemma 2.3 to find the form of third elements of
Diophantine triple {a, b, ¢} when b > 8a.

Lemma 3.1. Let {a,b,c} be a Diophantine triple and a < b < 24a. Suppose
that {1,3,a,b} is not a Diophantine quadruple. Then ¢ = ¢I, for some n and
T.

Proof. The proof is same as the proof of Lemma 4.1 in [10], except the case of
¢ <b. Ifc’ =0, then s’ =rs—at=1,and ¢ =¢] or¢f. Let ' = s'r —at’ and
b =((r")2—1)/a. Then, b’ = a+b+c + 2abc’ —2rs't’, and thus, [15, Lemma
4] and b < 24a together imply that
, b 24a 6
< 4ac s 4ac’ ¢’

First, we consider the case of ¢/ = 1. Since b’ and ¢ satisfy the condition
b +1=0+1=0, we have b’ = 0. For the other cases, we have the following
results.

0 if ¢/ > 6,
¥V={01 ifc =345,
0,1,2 ifc =2.

We need to check only the case (V',¢") = (1,3) except b’ = 0 using the condi-
tion b'¢’ +1 = 0. However, this means the set {1, 3, a, b} satisfies Diophantine
quadruple, which is a contradiction by assumption. In all cases, we obtain
b = 0 which yields ¢ = a+b— 2r = ¢; and ¢ = ¢;. Hence, we proved the
lemma. (I

Assume that a < b < 24a and {1,3,qa,b} is not a Diophantine quadruple.
Then, Lemma 3.1 implies that the positive solutions of the Diophantine equa-
tion

ay? — bz’ =a—b
are given by

yva+ zvb = (£va + Vb)(r + Vab)

with some non-negative integer [. Thus, we may write z = p;, y = V;, where
(9) po=1 pr=rEa, p2=2rp —p,
(10) Vo==1, Vi=bxtr, Vie=2rVi 1 -V,

From equations (4) and (5), we may also write & = ¢, y = W,,, where

(11) do =0, @1 =STo+ a2, gm+2=25¢m+1 — dm.,
(12) WO =Y, W1 == tyl + bZl, Wn+2 == Qth+1 - Wn
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The result of next lemma is similar to Lemma 2.10, but the bound of b is
further extended.

Lemma 3.2. Assume that a < b < 24a and {1,3,a,b} is not a Diophantine
quadruple.

(i) In the case of ¢, we have vayy1 # Wan, Vam # Wont1 and Va1 #
Wapt1. Moreover, if Vo, = way, then zg = z1 and |z9| = 1.

(ii) In the case of ¢ = c5, we have vVomi1 F# Way and Vami1 F Wapt1-
Moreover, we have the following:

(1) If vam = wap, then zo = 21 and |zp| =1 or cr — st.
(2) If vam = want1, then |z0] = cr — st and |z1| = s with zpz1 < 0.
Furthermore, (2) occurs if and only if (1) with |z0| = c¢r — st occurs.
(iii) In the case of ¢ € {c;',cg,cé"}, then we have Vomi1 F# Woyn and Vo, #
Wan+1. Moreover, we get the following:
o If Vo, = way, then zg = z1 and |zp| = 1.
o [f Vo1 = Wany1, then |2o] =t and |z1| = s with zgz, > 0.

Proof. The proof proceeds along the same lines as that of [11, Lemma 3.1].
(i) From (10) and (12), we have y? = 1 (mod b) either n is even or odd in
W,. Since a <b—2and r < b—1, soc:cf =a+b+2r <4b— 7. Hence

t+1 < b(db—T)+1
2 - 2

0< yf < < b.
This means y% =1, that is, y1 = 1 and z; = +1. Hence, the case vo,, = wa,
only occur and zy = z; from Lemma 2.9.

(ii) Suppose that |zg| = t. Then we have ¢ > 4ab® by upper bound of y.
However, this is a contradiction, since

1 _
c=cy =4ab{b— (ZT—a—a> - raba} < 4ab?.

Therefore, we have |zg| # ¢ and this means vo,,1+1 # way, and vVo,+1 # Wapt1
by Lemma 2.9. Also, the last case of |z9| in vo,, = wa, occurs when the
Diophantine quadruple {a, b, ¢,d} is only irregular. Hence, it suffices to show
that any Diophantine quadruple {a,b,c,do} with dy < ¢ is regular when the
cases of ¢ < cf. Assume that the set {a,b,c,do} with dy < d_ is a Diophantine
quadruple. First, since r = vab+1 < v/24a2 +1 < 5a and together with
Lemma 2.1, we have following inequality

. 176 16 184 24 39 9
+ 2.513.5 2.513.5
CSCg < a“’b <b+l)05+l)25+bl5+b35+b25)<a b,

However, we have ¢ > 16a*°b35 by Lemma 15 of [14]. Hence, Diophantine
quadruple {a, b, c,do} with dy < ¢ can not be irregular. It is easy to see that
Vo and wap,41 in (2) are equal to va,, and wayy, in (1) with |zg| = cr — st.
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(iii) Since we show that if ¢ < cgr, then any Diophantine quadruple {a,b,c,
do} with dy < cisregular in (ii), it suffices to show that max{|zo|, |z1]|} < er—st
when ¢ > c; Since ¢ > c; > 4ab? > 32ab, we have

CT_St_c2—(a+b)c—1>(1—a/c—b/c—1/02)c> c
cr+ st 2v/aby/1 + 1/(ab) 2.1vVab’

If max{|zol,|21|} > er — st, then the bounds of |zy| and |z1| show that
4
2.1
c< <) ab® < 5ab?.

V2

However, we have the following inequalities
1 1
¢ >cy > dab(a+b+2r) > 4ab® (24 +1+ \/6) > 5.79ab?,

since b < 24a implies that r» = vab+ 1 > b/(2/6). Hence, this is a contradic-
tion. O

4. The extendibility of {Fyx_2Fk i1, Fr—1Fki2}

In this section, we prove the extendibility of the Diophantine pair { F,_o F. 1,
Fy_1Fii2}. From Theorem 2.5, we only need to check the cases of ¢ < c;r.

Lemma 4.1. Suppose that m,n > 2.
(1) If vam = wap, then

(V2F; +1-1)/2, ifcf orc; with |z| = cr — st,

VFEy/2, if c; with |z| =1 or c5.
2) If Vo, = Wapi1 With ¢ OF Uami1 = Want1 With ¢, then
+ 2 + + 2

V2F,+1-1
m> ——.
- 2
Proof. Since cf is divisible by Fy, for all i = 1,2 and
e In the case of ¢,
sf = Fr—2Fk11 = a (mod Fy) and
tf = —Fy_oFkt+1 = —a (mod Fy).
o In the case of ¢;,
sy =2F? | Ff —1= -1 (mod F}) and
ty = 2F,€2(Fk,1Fk + 1) +1=1 (mod Fk)
e In the case of cj,
53 =2F,_oFp ; +1= -1 (mod F},) and
ty =2F2F2,, —1=—1 (mod Fy).

Hence, we have the following lower bounds from Lemma 2.8.

m >
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(1) The case of va,, = Way:
We easily find the relation between vy, and ws, such that

+am? + sm = £bn* + tn  (mod ¢).

First, we consider the case of ¢}
Since kale;+2 = —Fk,QFkJrl (mod Fk) and ng(Fk,QFk+17Fk)
=1, so we have

+(m?+n*+m+n)=0 (mod Fy).

This means 2(m?+m) > m?+n?tmEn >m?+n? —m—n > 0.
Hence 2(m? +m) > Fy.
In the case of ¢ with |zo| = ¢r — st, we get the equation

+am? 4+ am = £bn® + bn  (mod Fy),

since st = —1 (mod Fy) and r = 0 (mod Fj). Hence, similar to
above, we have the result.

Let us consider the other case of ¢, that is, ¢; with |z9| = 1. We
have the equation

+a(m? +n*)=m+n (mod Fy),

and squaring both sides, then a?(m?+n?)? = (m+n)? (mod F}).
Since a? =1 (mod F}), we have

(m? +n?)? — (m +n)* > 0.

This means 4m?* > F},, so we have the desired result.
Lastly, in the case of ¢f with |29| = 1, we have

+a(m?® +n*)=m—n (mod Fy).
Similar to above, squaring both sides and we have
(m?*+n?)—(m—-n)>=0 (mod Fy).

Hence, 4m* > F},, and the result is deduced.

(2) The cases of vg,, = Wa,y1 With ¢; and va,11 = Wany1 With c5 :
From Lemma 2.8, we have

and

+a(—st)m? — astm = F2bstn(n +1) (mod Fy)

+2atsm(m + 1) = £2btsn(n+ 1) (mod Fy),

respectively. So, they become

and

a(m?+n*+n+m)=0 (mod Fy)

+a(m? +n*+m+n)=0 (mod Fy),

respectively, and we have the desired result. Il

Let us find the logarithmic inequality for ¢ = ¢ .

+
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Lemma 4.2. If vy, = wa, with ¢ and m,n # 0, then

Vb(zo\/€ + 20+/a)
0 < 2mlog(s + v/ac) — 2nlog(t + Vbe) + log Ve /et D)
< 3.018(s + Vac)~*™.
Proof. Put
P = (vt 2Va)s+Vad™, Q= e+ avh(t+vie.
Then
Pfl _ \/a(xo\/a B ZO\/E‘) (S _ \/&)m’ Qfl _ \/B(yl\/g - 21\/5) (t _ \/%)n

c—a c—b
Therefore, the relation v, = w,, becomes

b

a C —
pl=Q-"—
@7

p-£—¢ oL
a

Since P > 0, Q > 0 and

c—a

P-Q>

(@-PyP'Q7,
a
it follows that P > . Furthermore, we have
P-Q c—a__, 1 1
I = P =
< <a(c—a)_17()’
since the case of {3,5} is proved by Filipin, Fujita and Togbé [11]. Hence,
P P-Q 171 c¢—a
0<log—=—1log(l — ——= — p—2
<logs og( 7 ) <100
I ca
170 (Ve — va)?
Vetva

Since Vo—va < 3, we obtain the result. O

(8 4 \/&)—Qm'

4.1. The theorem of Baker and Wistholz

Now we apply theorem of Baker and Wiistholz.

(i) First, we consider the equation vy, = wa,. We may assume that k > 2.
Using Lemma 2.11 and Lemma 4.2, and apply Theorem 2.12, then we have
1=3,d=4, 8=2m,

+ b

o) =S+ +Vae, a2 :t+\/%, ag = M.
(Vexvb)va

Let o4 and of be the conjugates of a3 whose absolute values are greater than

one. Then

1 1 1 1
B (ay) = §log(oz1) < §1og(25), B (ag) = Elog(ozg) < ilog(2t),
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h'(asz) < i{log(az(c —0)?) + log(azahaly)}

— L log(bab(v/e + Va) (Ve + VB)(e - a))} < log(1.420).

and

1 1
log|A| > —18 - 413%(32 - 4)55 log(2s)§ log(2t) log(1.42c¢) - log(24) - log(2m).

Since
8
log(gaC(s + Vac) ™4™ < (=2m + 1) log(4ac)
and
log(3.018(s + v/ac)™*™) < (=2m + 1) log(4ac),
we have
2m —1 14

(13) log(@m) < 9.556 - 10 log(2c) log(1.42c¢).

Let x = F.

o If c= cf, then
V22 +1—2<4.778 - 10" log(3.172)? - log(2.67x)? - log(2z + 1).
Hence, z < 1.64 - 10*? and ¢] < 1.35- 10%°.
o If ¢ = ¢ with |zg| = cr — st, then
V2 +1—2<4.778 - 10" log(22)° - 1og(1.892)° - log(2x + 1).
Hence, x < 1.72 - 10* and ¢; < 6.22 - 10256,
o If ¢ = ¢ with |z9| = £1, then
Vr —1<2.389 10" 1log(2x)° - 1og(1.892)° - log .
Hence, z < 4.38 - 10%! and ¢; < 1.68- 105,
e If c = cf, then
Vr —1 < 2.389 - 10" log(2.552)° - log(2.41x)° - log .
Hence, z < 4.42 - 10°! and cf < 8.83 - 10°°L.
Since Fy, = (af — a*)/v/5, where a = (1 ++/5)/2 > 1.618, we have the
following inequality from Fibonacci numbers
(14) (1.618)% < (a)* = @* + V5 - F},.
We can find the upper bounds of k and m by using inequalities (13) and
(14), respectively.

e If the case of ¢], then k < 203 and m < 9.04 - 10%°.
e If the case of ¢, , then k < 440 and m < 4.07 - 1022
e If the case of ¢j, then k < 440 and m < 4.08 - 10?2,
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(ii) Let vop, = wonptq withn #0. We have I =3,d=4, 8 =2m + 1,

-1 + — st b

o1 =s+va, az—t+vh, a = {roteVeRler =y aVh
(/e T sVb)a

Let oy and o be the conjugates of y whose absolute values are greater than

one. Then

1 1 1 1
W (o) = ilog(al) < ilog(Qs), W (az) = 3 log(az) < 3 log(2t),

W (0) < llos(a?(c — )?) + log(0saaf))

= i{log(b\/(ﬁ((sr — ta)v/e+ (er — st)va)(rve + svVb) (e —a))}

< log(1.42\/rc),

since (sr — ta)y/c > (cr — st)y/a and sr — ta < r. Hence, we have
2m —1
log(2m + 1)
If c=c;, then
Vo +1-2<4.778-10"10g(1.972)¢ - log(1.72)" - log(z + 1),

where © = FJ,. Hence, we have z < 4.9 - 10** and cy < 3.98- 10269, Again,
by using the inequality from (14) and (15), we get the bound of k¥ < 215 and
m < 1.11 - 1022,

(iii) Let vopt1 = wapt1 with n# 0. We have | =3, d =4, f =2m + 1,

_ _ _ (/e tyavh
a1 =s++ae, ag=t+ Ve, a5_(7“\ﬁ:|:8\/6)\/6.

Let af and af be the conjugates of a5 whose absolute values are greater than
one. Then

(15) < 9.556 - 10 log(2c) log(1.42/7c).

1 1 1 1
W (o) = §log(a1) < §1Og(23), W (az) = §1og(a2) < §1Og(2t)7
1
W (as) < 7{log(a’(c — b)*) + log(asasag)}
1
= {log(bab(rve + tva) (rv/e + sVb)(c — a)}
< log(1.42+/7rc).
Hence, we have
2m
log(2m + 1)
If ¢ = cf , then

Vo +1—1<4.778 10" log(2.532)° - log(2.11z)" - log(z + 1),

(16) < 9.556 - 101 log(2¢) log(1.42v/7c).
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where x = Fy,, 5. Hence, we get x < 4.95-10* and ¢f < 1.91-102". This
means k < 215 and m < 1.12 - 1022,

4.2. The reduction method
Now dividing logarithmic inequalities from Lemma 2.11 and Lemma 4.2 by
log ae, respectively leads us to the inequalities
0<mik—mng+p < A;B™,
0<mik—mng +p < AgB™*,
0<mik —ng+ pus < AyB™,
0 < mok —mng + puz < Ay B™2,
where mq :=2m, mg :=2m+ 1, ny; :=2n, no :=2n+ 1 and
_logay _logas _logay _logas

- , M1 = y M2 = ) M3 = ?
log ao log ao log ao log as
.01
(8/3)ac 4 3.018 B 9

A1: = 0.

logas ' 2 logas’

We apply Lemma 2.13 to the logarithmic inequalities with M; = 2m <
8.16-102%2 and M5 := 2m+1 < 2.24-10%2. We have to examine 2-203+2-440+
2-440+2-21542-215 = 3026 cases. The program was developed in PARI/GP
running with 400 digits. For the computations, if the first convergent such that
q > 6M; with ¢ = 1,2 does not satisfy the condition ¢ > 0, then we use the
next convergent until we find the one that satisfies the conditions. Then we
have the results as the following Table 1.

TABLE 1. Results from PARI/GP running

Case of ¢ Initial values Use the next convergent
n zo=z2 =1 0 case
“ zo=21=—1 99 cases
_ zp=2z=1 330 cases
“2 =2 =—1 352 cases (k = 89,. .., 440)
_ zo =cr —st,z; = —s 0 case
K 2g=8t—cr,z1 =35 0 case
N zo=2 =1 353 cases (k = 88,...,440)
© zo=2z=—1 353 cases (k = 88, ...,440)
4 zo=1,21=3S5 0 case
“ 20 =—t,21 = —s$ 172 cases (k = 44,...,215)

We have the upper bounds 13, 12 and 8 of m in the case of cf‘, c; with
|z0| = 1, and ¢ with |zg| = 1, respectively. If we take M = 2m and continue
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the program again, then we have m < 1. Other cases, that is, ¢; with |zg| =
cr—st, |z1| = s, and ¢f with |29| = t,|z1| = s have the upper bounds 7 and 8 of
m, respectively. Hence, we take M = 2m or 2m + 1, and continue the program
again, we also get m < 1. Therefore, we get the following theorem.

Theorem 4.3. Let k > 3 be an integer and the set {Fy_oFy11, Fx—1Fg+o,c,d}
be a Diophantine quadruple with ¢ < d, then d =d .

Corollary 4.4. The set {Fy_oFy i1, Fx—1Fk12,c} can be extended only to reg-
ular.

5. The extendibility of {Fk—ZFk—la Fk+1Fk+2}

In this section, we show that the set {Fy_oF)_1, Frr1Fkt2,c} can be ex-
tended to only regular, where ¢ > max{Fy_oFy_1, Frt1Fri2}. We can eas-
ily show that the Fibonacci numbers Fy_oFy_1 and Fii1Fio do not satisfy
the Diophantine quadruple with {1, 3}, by considering the period of Fibonacci
numbers in modulo 4. Hence, we can find the form of third element in the
Diophantine triple {Fy_oF;_1, Fxt1Fk+2,c} by Lemma 3.1.

Lemma 5.1. Let {Fy_oFk_1, Fx41Fk12,c} be a Diophantine triple. Then ¢ =
c], for some v and T.

The small values of ¢], are listed below.

cf = 4FFjqq,

ey = AFP(AF3Fy_q + 1),

cy = AFZ(4F} Fyy1 — 1),

c; = Fy[64F7 JFp  F  FRy o+ 16F,_oFy 1 FyFl1 Fyyo
+ 96F)_oF_ 1 Fiop1 Fiopo + 12F) + 36 F,_1],

cf = FRl64F} o By Fi 1 By + 96Fs 2 Fy 1 FR Y Fivo
— 16F),_oF? | Fy1Fyyo + 24F), + 36F,_4].

By Theorem 2.4 and Lemma 3.1, we have the upper bound of third elements
¢ in the Diophantine triple {a, b, ¢} with a < b < 21a.

Lemma 5.2. Let {a,b} be a Diophantine pair with a < b < 2la. Suppose that
{a,b,c,d} is a Diophantine quadruple with d > ¢}, and that {a,b,c,c} is not
a Diophantine quadruple for any ¢’ with 0 < ¢’ < cT Then ¢ < cg'.

n—1-

Proof. Since ¢; = 64a®b3(a+b—2r) + 64a%b*(2a + 2b — 3r) + 80ab(a+ b —r) +
8(2a+2b—r), it suffices to show that 64a®b®(a+b—2r) > b°, by Theorem 2.4.
We have

cy S 64a>(a + b — 2r) S 64a3(a + b — 2r)
bo b2 (21a)2

Hence, this completes the proof of lemma. (I

>1.16 > 1.
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Lemma 5.3. Suppose that m,n > 2.
(1) If va, = way, then
(VFe/2, if ¢y with |z] =1 or cf,

m >

V2F, +1—1)/2, if the other cases.

(2) If vam = Wapt1 with ¢ Or Vami1 = Want1 With cér, c3 and cg', then

. V2F,+1-1
2
Proof. We have the following relation between c], and Fj.
In the case of ¢: s =a (mod Fy), t7 =b= —a (mod Fy).

In the case of ¢; : s5
In the case of ¢j: s]
In the case of ¢3: s3
In the case of c3: s}

—1 (mod Fy), t; =1 (mod Fy).

—1 (mod Fy), t =1 (mod F}).

a (mod Fy), t; = —b=a (mod Fy).
—a (mod Fy), tf = —b=a (mod Fy).
We can also easily find the relation between v, and w,.

(1) The case of va,, = way:
+am?® + sm = +bn* +tn  (mod Fy).
(2) The case of ve,, = wapt1:
+a(—st)m? — astm = F2bstn(n +1) (mod Fy).
(3) The case of Vo 11 = Wapy1:
+2atsm(m + 1) = £2btsn(n + 1) (mod Fy).

Since Fq1Fgio2 = —Fr—2Fr—1 (mod F) and ged(Fy_oFg—1, Fi) = 1, we can
prove the lemma by the same procedure as in the proof of Lemma 4.1. O

Lemma 5.4. If vy, = wa, with cf and m,n # 0, then

—2nlo c) + lo Vh(zoVe + 20v/a)
0 < 2mlog(s + vac) — 2 lg(tJr\/lT)Jrlg\/E(ylﬁJrzl\/B)

< 2.09(s + ac) ™.

Proof. The proof follows along the same line as that of Lemma 4.2. In this
case, we have

P-Q c—a__, 1 1
P — < .
< <a(c—a)*23
Hence,
P P-Q 24 c—a, o 24 c—a 9
0<log—==—-log(l-——) < —= P — m.
< ogQ og( 5 ) < 23( - ) <33 (ﬁ—\/a)Q(s—i_\/ac)

Since ﬁfﬁ < 2, we obtain the result. O
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5.1. The theorem of Baker and Wiistholz

By the theorem of Baker and Wiistholz again, we have the equations (13),
(15) and (16) for va,, = wap, Vam = Wapt+1 and Vo1 = Wapt1, respectively,
since 2.09(s + v/ac) =™ < (—=2m + 1) log(4ac).

Let x = F},. First, let us consider the cases of the equation vs,, = ws,. We
have the following inequalities for each ¢}, i = 1,2, 3.

e If c=cf, then
V2 +1—2 < 4.778 - 10" log(4x)? - log(3.38z)? - log(2z + 1).

Hence, z < 1.65 - 10*2 and ¢} < 2.18 - 10%°.
o If c =c¢;, then

Vr —1 < 2.389 - 10" log(1.85z)% - log(1.75x)° - log z.

Hence, x < 4.36 - 10°! and ¢; < 1.1-10%%.
o If c = cf, then

Vo —1 < 2.389- 10" log(2.04z)5 - 1og(1.932)° - log .

Hence, = < 4.38 - 10°! and cj < 2.26 - 105°L.
o If c =c;, then

V2 +1 -2 < 4.778 - 10 log(2.392)° - log(2.312) % - log(2z + 1).

Hence, z < 1.52-10% and c¢; < 2-10%5.
o Ifc= c;’, then

V2 +1—2 < 4.778 - 10" log(2.562) 0 - log(2.47x)'° - log (22 + 1).

Hence, x < 1.52-10*° and ¢ < 3.84 - 10%%.

From (14), we get the upper bound of k for each c¢. Also from (13) and the
upper bound of ¢, we get the upper bound of m.

e If c =], then k <203 and m < 9.08 - 10%°.
If c=c5, then k <440 and m < 4.07 - 10%2.
Ife= cg, then k < 440 and m < 4.07 - 1022.
If c=c;, then k <217 and m < 2.76 - 10%2.
Ife= c;f, then k < 217 and m < 2.76 - 1022,

Next, we consider the case of va,, = way, 1 with cg with |z9| = ¢r — st and
|z1| = s. Then we have the inequality from (15).
V2 +1—2<4.778 - 10" log(1.852)° - log(1.62x)7 - log(x + 1).

Hence, z < 2.34 - 10* and ¢, < 3.29 - 1027, This means k < 213 and m <
1.09 - 1022.

Lastly, consider the case of vap,41 = wapy1. There are three cases c;, cy
and ¢f. We have the following inequalities from (16).
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e In the case of ¢ = ¢, then

Vo +1—1<4.778 10" log(2.04z)° - log(1.762)" - log(z + 1).
Hence, z < 4.91-10* and ¢f < 5.05 - 102%.

e In the case of ¢ = 5, then
Vr+1—1<4.778-10"10g(2.392)'° - log(2.142)" - log(z + 1).
Hence, z < 3.81 - 10% and c¢; < 1.95 - 10159,

e In the case of ¢ = c?{, then
Vo +1-1<4.778 10" log(2.56x)'" - log(2.28x)"" - log(z + 1).
Hence, x < 3.82-10% and ¢ < 3.86 - 10%%.

Also, using the inequality (14) and upper bounds of ¢, we have the following
upper bound of k and m for each cases.

e In the case of ¢ = cj, then k < 215 and m < 1.11 - 1022,
o In the case of c = c; , then k£ < 219 and m < 3.09 - 1022,
e In the case of ¢ = cgf, then k& < 219 and m < 3.09 - 1022,

5.2. The reduction method

We again apply Lemma 2.13 about diving logarithmic inequalities from
Lemma 2.11 and Lemma 5.4 by log ae, that is,
0<mik—mng +p < A;B™,
0<mik—mny +p < AgB™*,
0<mik —ng+ pg < A;B™,
0 <mgk —ng + pug < A1 B™2,
where mq :=2m, mo :=2m+ 1, ny :=2n, ny :=2n+ 1 and

log aq log a3 log ay log as
K= y M1 = y H2 = y M3 = )
log o log ae log ae log ae
8/3 2.09
_ ( / )G/C7 A2 _ ; — Oé%.
log ava log cvg

Let M, := 2m < 5.52-10%2 and M, := 2m + 1 < 6.18 - 10?2. We have to
examine 2-203+2-4404-2-440+2-217+42-2174+2-213+2-215+2-219+2-219 = 4766
cases. Similar to Section 4.2.2, we have the result as the following Table 2 by
using the program PARI/GP running with 400 digit. We have the following
upper bounds of m in Table 2 for each cases. Use these upper bounds and

continue the program again, then we have m < 1. Hence, we get the following
theorem.

Theorem 5.5. Let k > 3 be the integer and the set {Fy—2F_1, Fr+1Fi12,¢,d}
be a Diophantine quadruple with ¢ < d. Then d = d.

Corollary 5.6. The set {Fy_2F)_1, Fit1Fkt2,c} can be extended only to reg-
ular.
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TABLE 2. Results from PARI/GP running

Case of ¢ Initial values Use the next convergent Upper bound of m
i zp=21=1 0 case 15
“ 2o=2z1=—1 0 case 14
B =2z =1 353 cases (k = 88,...,440) 10
©2 =2 =-1 353 cases (k = 88, ... ,440) 10
_ zo =cr —st,z1 =—s 169 cases (k =45,...,213) 10
2 o =8t—cr,z1 =s 0 case 10
w=z=1 354 cases (k = 86,88, ...,440) 9
‘2 zo=21=—1 0 case 8
=1tz =35 200 cases (k = 16,...,215) 8
K 2=tz =—s 171 cases (k = 45,...,215) 8
B zo=2z=1 0 case 6
“ 20 =2 =-1 0 case 6
B z0=1t,21 =358 204 cases (k =12,...,215) 6
€ z0 = —t,z1 = —8 0 case 7
20=17z =1 174 cases (k = 44, ...,217) 6
‘s z0=21 = —1 0 case 6
Zo=t,z1 =5 0 case 6
s 20 =—t,21 = —s 197 cases (k = 23,...,219) 6
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