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A HOMOTOPY CONTINUATION METHOD FOR SOLVING A
MATRIX EQUATION

JING L1 AND YUHAI ZHANG

ABSTRACT. In this paper, a homotopy continuation method for obtaining
the unique Hermitian positive definite solution of the nonlinear matrix
equation X — 7" A*X~Pi A; = I with p; > 1 is proposed, which does
not depend on a good initial approximation to the solution of matrix
equation.

1. Introduction

In this paper we investigate the Hermitian positive definite (HPD) solutions
of the nonlinear matrix equation

(1.1) X =D AX VA =1,
i=1
where p; > 1 (i =1,2,...,m), 41, As,..., Ay, are n X n nonsingular complex

matrices, I is an n x n identity matrix and m is a positive integer. Here, A}
denotes the conjugate transpose of the matrix A;.

When m = 1, this type of nonlinear matrix equations arises in Nano re-
search, the analysis of ladder networks, dynamic programming, control theory,
stochastic filtering, statistics and many other applications (see [1,5,6,8,18,19]).
There were some contributions in the literature to the solvability, numerical so-
lutions, and perturbation analysis (see [7,9,10,13,14,17] and therein).

When m > 1, Eq. (1.1) is recognized as playing an important role in solving
a system of linear equations. For example, in many physical calculations, one
must solve the system of linear equation
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where  and f are column vectors, and

I 0 - 0 A
0 I - 0 A
M=| oo
0 0 - I A,
AT Ay e A T

arises in a finite difference approximation to an elliptic partial differential equa-
tion (for more information, refer to [3]). We can rewrite M as M = M + D,
where

XPL 0 - 0 A I—XP1 0 0 0

0 XP2 ... 0 A 0 I-XP2 .. 0 0

M= Do , D= : : . : :
0 0 - XPm A, 0 0 e I_xPm ()

Ar Ay - AN T 0 0o - 0 0

M can be factored as

I 0 0 0 XP1 0 . 0 Aq
0 I 0 0 0 XP2 . 0 A,
0 0 I 0 0 0 XPm A'm
ATXTPLAZX P2 . AN XPm ] 0 o0 . o %

if and only if X is a solution of equation X — >~ | AT X P/ A; = I. In the last
few years, matrix equation (1.1) was investigated in some special cases. When
0 < |pi| < 1, Duan-Liao-Tang [4] obtained the existence of a unique HPD
solution by fixed point theorems for monotone and mixed monotone operators
in a normal cone. Lim [12] derived the existence of a unique HPD solution by
using a strict contraction for the Thompson metric on the open convex cone
of positive definite matrices. When p; > 0, Li-Zhang [11] derived a sufficient
condition for the existence of a unique HPD solution by Banach contraction
mapping principle.

The convergence of many iterative methods for the solution of matrix equa-
tions usually depends on a good initial approximation to the solution. Cor-
respondingly, these convergence results only guarantee the existence of a well-
defined convergent sequence of iterates for very restricted sets of starting ma-
trices. To overcome the local convergence of iterative processes, we will use
the homotopy continuation method (see [2] for more details) and the technique
developed in [14] for obtaining the unique HPD solution of (1.1) with p; > 1 in
this paper. Note that the matrix equation (1.1) does not always have unique
Hermitian positive definite solution in the case p; > 1. We will derived some
necessary conditions and sufficient conditions for the existence and uniqueness
of Hermitian positive definite solutions to the matrix equation (1.1) in the case
p; > 1, which differ from the results in [11].

The rest of the paper is organized as follows. In Section 2, we give some
preliminary knowledge that will be used to develop this work. In Section 3,
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we derive some necessary conditions and sufficient conditions for the existence
and uniqueness of Hermitian positive definite solutions to the equation (1.1).
In Section 4, we discuss the homotopy continuation methods for obtaining the
unique Hermitian positive definite solution to the equation (1.1).

The following notations are used throughout this paper. We denote by
Crnxn Hnxn P and U™ the set of all n x n complex matrices, Hermitian
matrices, Hermitian positive definite matrix and unitary matrices, respectively.

For column vectors ai,as,...,an, A = (a1,...,a,) = (a;;) € C"*" and a
matrix B, A ® B = (a;;B) is a Kronecker product, and vecA is a vector
defined by vecA = (al,...,aT)T. The symbol | - || stands for the spectral

norm. We denote by A1 (M) and A, (M) the maximal and minimal eigenvalues
of M, respectively. For XY € H"*" we write X >Y(X >Y)if X - Y is a
Hermitian positive semi-definite (definite) matrix. For A, B € H"*", the sets
[A, B], (A, B) and (A, B] are defined by [4,B] = {X € H"*"|A < X < B},
(A,B) = {X e H""A < X < B} and (A,B] = {X € H"*"|A < X < B},
respectively.

2. Preliminaries

In this section, we present some lemmas that will be needed to develop this
paper.
Lemma 2.1 ([15, Lemma 2]). (i) If X € P»*™ and r > 0, then X" =
ﬁ JoS e s ds.
(i) If A, B € C"*", then eA+B —e4 = fol 1= ARBt(A+B) gy

Lemma 2.2 ([16, Theorem 3.2.1]). If A,T € C™*™ and T is nonsingular, then

-1
el AT — T—1eAT,

Lemma 2.3 ([16, Theorem 1.9.1]). Let A € C™*" B € CP*4,C € C"*k, D €
C9*". Then

(i) (A® B)(C® D) = (AC) ® (BD);

(ii) (A® B)* = A* ® B*.
Lemma 2.4 ([16, Lemma 1.9.1]). Let A € C™*™ X € C"™*" B € C"**. Then

vec(AXB) = (BT ® A) - vecX.

Lemma 2.5 ([20, Theorem 6.19]). Let A € C"™*™ and B € C™*™ with eigen-
values \; and pj, i =1,2,...,m, j=1,2,...,n, respectively. Then the eigen-
values of A® B are \jpj, t=1,2,...,m, j=1,2,...,n.
Lemma 2.6 ([11, Theorem 3.1, Theorem 3.2]). The nonlinear matriz equation
X =" ATXPiA = Q (pi > 0) always has Hermitian positive definite
solutions. Moreover, if X is a Hermitian positive definite solution of X —
S AIXTPIA =Q (pi > 0), then Q < X <Q+ >0 AF A /NP (Q), where

min
Q is an n X n Hermitian positive definite matriz.
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Lemma 2.7. Suppose thatm >1, p>1and 1< z,y < m’;fl. Then

-1y —-DE"—y") 1

0< ,Y) = < —.
Jy) (z—y)z2y? m
_v/
Proof. Let g1(x) (mxpl/); 2, 1 <z < 2%, p > 1 A calculation gives

)
2

-1
that ¢} (z) = w Note that 1 < z < 725 and p > 1. Then

(I1—-plx+p> (:Z;_l)lp > 0. Therefore gj(z) >0, 1 <z < m’;fl, which implies
g1(z) is monotonically increasing on (1, ;7°57). It follows that
mp (mp —1)P~1 mp
2.1 ST (i UL i S R .
(2.1) 9i(z) < o1 (mp — 1> (mp)P m mp — 1
Let go(z) = 2P, 1 <z < mrgfl, p > 1. By the mean value theorem, there
exists £ € (1, nz’il) such that
-1

92(x) —g2(y) _ mp \? mp
2.2 92%) — 920) _ < , zye(l, .
(2.2) Ty 95(8) <p 1 z,y € ( mp_l)

Combining (2.1) and (2.2), we have

). 92(z) — g2(y) oL

0< f(z,y) =g1(z) g1y c—y m’ O

3. The existence and uniqueness of HPD solutions

In this section, some necessary conditions and sufficient conditions for the
existence and uniqueness of HPD solutions of (1.1) are given.

Theorem 3.1. Eq. (1.1) has a HPD solution if and only if there exist Q; €

crxnli=1,2,...,m, P eU™™", and diagonal matrices I'; A > 0 such that
A =P T2QAP, i =1,2,...,m,

where T' — A2 = I and 2111 Q;Q; = 1. In this case, X = P*T'P is o HPD

solution of Eq. (1.1).

Proof. If Eq. (1.1) has a HPD solution X, it follows from the spectral decom-
position theorem that there exist P € UY™*™ and a diagonal matrix I" > 0 such
that X = P*T'P. Then Eq. (1.1) can be rewritten as

(3.1) PTP - A;PT P PA; =1
i=1
Multiplying the left side of Eq. (3.1) by P and the right side by P*, we have

(3.2) > PA;PTPPAP =T -1

i=1
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Note that A; (i = 1,2,...,m) are nonsingular matrices. Then X > I, which
implies

(3.3) r>1I
It follows that Eq. (3.2) will be turned into the following form

(3.4) SO -DTEPA;PT M PAPI(T 1) =1,
i=1
Let A= (I' — I)_%, Qi = [—%PAP*A~L. Tt is easy to verify that I — A2 =T
and A; = P*T'% Q;AP. From Eq. (3.4) it follows that Y ;" QrQ; = I.
Conversely, assume there exist P € Y"*"™, Q; € C"*™, 3", QrQ; = I and
diagonal matrices I', A > 0, I' — A% = I such that

A; =P T?QAP, i=1,2,...,m.
Let X = P*T'P, then X is a HPD matrix, and it follows that

X - A;X7PA; =PTP - PA'QT?P(P'TP) " P'T% QAP
=1

i=1

=P TP - P*AQ;Q:AP =P*(I = A*)P =1,

i=1

which implies X is a solution of Eq. (1.1). O

Theorem 3.2. If Eq. (1.1) has HPD solutions on (I, —4=1I), then the HPD

q
’ mg—1

solution is unique, where ¢ = maxi<;<m{p;}
Proof. Suppose that X,Y are two HPD solutions of (1.1) such that I < X, Y <
m:';fll, we will prove X =Y.

Since X is a HPD solution of (1.1), according to Theorem 3.1, there exist
pPeuyU™m Q; e C"*", i=1,2,...,m and diagonal matrices I'y, A; > 0 such
that

(3.5) A; = PITV2QuM P, i=1,2,...,m,
where
m
(3.6) > QiQi=1and 't — A} =1,
=1

In this case, X = PyT'1 Pi, where I'y = diag(Ai1, A2, .., Ain) with {A;} the
eigenvalues of X.

Similarly, since Y is a HPD solution of Eq. (1.1), there exist P, € U™*",
U, eC"*" i=1,2,...,m and diagonal matrices I's, A5 > 0 such that

(3.7) Ay = PiTSPUNPy, i=1,2,...,m,
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where
(3.8) > UjU; =T and Ty — A3 = 1.

i=1

In this case, Y = P2*F2P2, where I'y = diag(/\gl, Aog, .. .,)\Qn) with {)\2]‘} the
eigenvalues of Y.
According to Lemma 2.1, Lemma 2.2, (3.5) and (3.7), we have

(39)  X-Y =) A/(X P -Y A

i=1
m A* o'} 1
- —Z ! / / e~ =Y (X — V)e X dtsPids A,
i1 L(pi) Jo Jo
m 1 9] 1 Py (1_t)sT
= — P*AQUZ»*F76_ stz
i:Zl I'(pi) /o /0 ? 2
Py(X = Y)Pre T D7 QA Pydts™ ds.
Let
(3.10) W ="P(X-Y)P;.
Then Eq. (3.9) can be rewritten as
(3.11)
m 1 (oo} 1 A/2 X i ‘/2
w=-> ) /0 /O AU Th 2 e=(U=sTayyretsthpRi/ 20 A dtsPids.
i=1
From (3.11), Lemmas 2.3 and 2.4, it follows that
(3.12)

- 1 <t —tsDyPi /2 T
VQCW:—;P(}%)/O A(e 1F1 QZAl)

® (AgUi*ng/ze_(l_t)srz)dtspids - vecW

— 1 /oo/l T1pi/2 ,—tsT
- (MQ; I e ™)
;F(pi) o Jo '

® (AgUi*ngme_(l_t)srz)dts’”ds - vecW

m

1 . ) 0o pl
= _ZF( ,)(A1®A2)(Q?®UZ_*)(I‘II’1/2®F12»7,/2)/ / e tsT1
=1 \Pi A

® 6_(1_t)sF2 dtspi ds - vecW.

Assume that

A = dia9(0117012a .- 'aaln)7 Ay = diag(021,022, .- 'ag2n)-
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According to (3.3), (3.6) and (3.8) , we have

(313) 0< 015 = \/)\U -1, 0< 025 = \/)\Qj -1, 7=1,2,...,n.
Let
(3.14)

B=MA®A,;, Ji=Ql ®U;,

[Pi/2 o Pi/2 o ol
C;, = W/ / et e_(l_t)srzdtspids, 1=1,2,...,m.
bi 0 0

Then (3.12) can be rewritten as

m

(3.15) vecW + B Z J;C; - vecW = 0.
i=1

By Lemma 2.5 and (3.13), we have

B = (011 'Az)n2Xn2 = diag(ffll : U2j)n2xn2

(3.16) = diag(\/ A — 1-Agj — Dpzsenz, Li=1,2,...,n,
where
diag(\/)\ll —-1- \/)\Qj — 1)n2><n2
011091 0 0 0 0

0 011029 - 0 0 0
0 0 cee 01109, - 0 0
0 0 c O1n0Oa1 0 0
0 0 0 O1n022 - 0
0 O 0 0 01n02n

and

O<ou=+vVAu-1, 0<o9; =g =1, [,j=1,2,....n

(3.17)

pi/2 pi/2 0o ol
Ci = M/ / e*tsrl ® e*(l*t)srgdtspids,
F(pi) 0 0

_ _ I e
— di NPi/2 . \Pi/2 / / —tsAu , o—=(1=t)sA2; gz .oPi
Zag( ! & F(pl) 0 0 ‘ ‘ o n?xn?

/\Pi‘i/\Pi

=di Z u i =1,2 l,j=1,2

= diag PVEINDYE ,i=1,2,...,m, 1,j =1,2,...,n.
(AQj_All)/\ll /\2j n?xn?
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Note that B is nonsingular. Multiplying the left side of Eq. (3.15) by B~!, we
have

(3.18) B! vecW + Z JiC; - vecW = (I + Z JiC;B)B™! - vecW = 0.
i=1 i=1
A combination of (3.14) and Lemma 2.3 gives
Tidi=(QE U (QF o U]) = (i 2 Un)(Q] @ U7)
=(@:Q7) ® (UiU}) = (QiQ7) ® (UiU;).
It follows (3.6), (3.8), and Lemma 2.5 that 0 < ||.J;|| < 1. Then
m

Z.]CB <ZHCB||

By the hypothesis of the theorem, we have I < XY < mq 71, which implies

that 1 < Az, Agj < mrgfl < mTZf’jl, 1=1,2,...,m, l,j = 1 2 ,n. Then it

follows from (3.17) and (3.16) that

u u =T/ — T8 — AT
E | CiB || = E max S 2 2 1)
‘ ‘ 2%}
i=1 i=1 (Aoj — )\ll))\ll )\Qj

(3.19)

(3.20)
=) m ax{f(Au; Ay)}s

=1

where f(z,y) is defined in Lemma 2.7. A combination of Lemma 2.7, (3.19)
and (3.20) gives that

m

> JiCiB

i=1

which implies I+ >"" | J;C;B is nonsingular. It follows (3.18) that vecW = 0.
By (3.10), we have X =Y. O

1
<m-— =1,
m

Theorem 3.3. If \i (Y-, AT A;) < mq ——, then Eq. (1.1) has a unique HPD
solution X € (I, m’;zllh where ¢ = maxy<;<m{pi}-

Proof. Tt follows from Lemma 2.6 that Eq. (1.1) always has HPD solutions.
Moreover, for any HPD solution X of Eq. (1.1), we have I < X < [ +

AxA; < (1+ ) ArA;))I. Therefore, if A\ (327", ATA; Lt
P ( (Z i) (s AT A) <

mq—1"
follows that I < X < mq 71. By Theorem 3.2, we have X is the unique HPD
solution of Eq. (1.1). O
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4. The homotopy continuation method

In this section, by means of the homotopy continuation method (see [2]
for more details) and the technique developed in [14], we derive a numerical
iterative process for solving the matrix equation (1.1).

Define the nonlinear map F : P"*™ C C"*"™ — C"*™ by

(4.1) F(X)=T+> A;XPA;.
i=1
The idea of homotopy continuation method for solving the matrix equation
F(X) = X is to consider a homotopy H : [0, 1] x P™*™ — P™*™ such that there
exists a continuous solution curve X : [0,1] — P™*" of H(¢,X) =0, ¢ € [0,1],
starting at a known point Xy = X (0) and ending at a solution of F(X) = X.
In this section, we define the homotopy H : [0, 1] x P"*"™ — P"*" by
(4.2) Ht,X)=1+tY A;X PA; - X.
i=1
Then at ¢ = 0, the solution of H(t,X) = 0 is a known matrix I, while at
t = 1, the solution X of H(¢,X) = 0 also solves FI(X) = X. To discuss the
numerical method for solving the homotopy equation H (¢, X) = 0, we rewrite
the homotopy equation H(t, X) = 0 as the following fixed point form.
Assume that G : [0,1] x P™*™ C [0,1] x C"*™ — P™*™ is a map such that

X(t)=GE X(¢), tel0,1],

where X : [0,1] — P™*™ denotes the solution of H (¢, X) = 0. Then for each ¢,
we can consider the iterative process

(4.3) Xnt1 =G, X,).
Since for a fixed ¢, this process will converge to X (¢) only for starting values
near that point, to overcome the local convergence of iterative process, we

consider the following numerical continuation process:
A partition of J = [0,1] :

(44) O=to<ti <--- <ty =1,

and a sequence of integers {jx}, k =1,...,N — 1, is chosen with the property
that the points

(45) { Xk,j+1:G(tkan,j)7 ]:0,,]k—17k:17,N—1,
’ Xit1,0 = Xk jy» X1,0 = Xo,

are well-defined and such that
(4.6) Xnj1=G(1,Xn,;5)

converges to X (1) as j — oo.
The main idea is to choose the partition (4.4) so that X (¢j) lies in some
domain of attraction Dy, , for each k, 1 < k < N. Then, if X;o € Dy,_,,
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the sequence generated by (4.3) for ¢ = ¢, must produce an iterate Xy ; €
Dy, ., which in turn can be taken as the starting point X109 = Xy 5, for the
next iteration involving t;4;. Thus with X; ¢ = X, as initial point, the entire
process can be carried out until finally ¢, = ¢ty = 1 is reached. For ¢t = 1,
Xno =Xn is then in D; which ensure that (4.5) converges to X (1) as
j — o0.

To discuss the feasibility of the above numerical continuation process, we
will use the following definition and lemmas which can be found in [2].

WJIN—1

Definition 4.1 ([2]). If a partition (4.4) exists so that with some sequence
of integers {ji} the entire process (4.5)-(4.6) is well-defined and so that (4.6)
converges to X (1), then the numerical continuation process (4.5)-(4.6) is called
feasible.

Definition 4.2 ([2]). Let G : D C R™ — R™ be a given mapping. Then any
nonempty set Dy C D is a domain of attraction of the iterative process

(4.7) Tpt1 = G(xn), n=0,1,...,

with respect to the point z, if for any zy € Dy we have {z,} C D and
lim,,—soo T = Ts.

If z. € int(Dy) for some domain of attraction Dy, then z, is a point of
attraction of (4.7).

Lemma 4.1 ([2]). Let G : D C R™ — R™ be Fréchet differentiable at the
fized point x.. € int(D) of G. If p(G'(x.)) < 1, then x. is a point of attraction
of (4.7) and, more precisely, there is an open ball S(x.,r) with center x. and
radius v > 0 which is a domain of attraction of (4.7) with respect to x.. Here
p(+) denotes the spectral radius of G'(z.).

Lemma 4.2 ([2]). Let G : [0,1] x D C [0,1] x R™ — R™, where D is open and
assume that x : [0,1] = D is continuous and satisfies x(t) = G(t,z(t)). Let G
have a Fréchet derivative with respect to x at (t,x(t)) for every t € [0,1]. If
G (t,z(t)) is continuous on [0,1] x D and p(G.(t,z(t))) < 1 for all t € [0, 1],
then the numerical continuation process (4.5)-(4.6) is feasible.

In what follows, we derive a sufficient condition for the existence of a unique
HPD solution of the homotopy equation H (¢, X) =0 for all ¢ € [0,1].

Theorem 4.1. If \(3°1", AjA;) < ﬁ, then for arbitrary ¢t € [0,1], the
homotopy equation H(t,X) = 0 has an unique HPD solution on [I, 11|,

’mg—1
where ¢ = maxi<;<m{D:}-

Proof. Since t > 0, then the homotopy equation H (¢, X) = 0 can be rewritten
as

X — 3 (VEA)* X P (VtA) = 1.

i=1
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By the hypothesis of the theorem, we have

m

Al(i(ﬂAm(ﬂAi)) = M) tATA) < ZA*

i=1 i=1

It follows from Theorem 3.3 that the homotopy equation H (¢, X) = 0 has a
unique HPD solution on [, mzlfll]. O

mqfll

In next theorem, the local convergence of the iterative process (4.3) is ob-
tained.

Theorem 4.2. If F(X) = X has a unique HPD solution X, on (I, 745 1),

then there exist an open ball N(X,,d) with center X, and radius § > 0 such
that, for any starting value Xo € N(X,,0), X, = F(X,—1) converges to X, as
n — oo, where ¢ = maxi<;<m{pi}.

Proof. According to F(X) = I + ;" A*X PiA; and Lemma 2.1, for any
h € P™*™ we have

(4.8) F(X, +h) — F(X,) = i AM[(X, + )P — XA,
i=1

m A% 0o
— Z 7 / (efs(X,A»h) _ est*)SpifldSAi
, i) Jo

_Z A7 / / —(I=t)s X po=st(Xuth) groPids A,

By the definition of Fréchet derivative, we obtain

m

FI(X)h=-)" (=X pe=stXe 1 gPi s A,

Let A be any eigenvalue of F’(X,). Then there exists nonzero matrix h,
such that F’(X,)h. = Ahy, that is

m A ) 1
(49) F'(X)h. == - / / e~ Xep o=t X dtsPids Ay = Ahs,.
=1

Since X, is the unique HPD solution of F'(X) = X, then by Theorem 3.1, there
exist P € U™, Q; € C™*™, i =1,2,...,m and diagonal matrices I'; A > 0
such that

A; = P TP2QAP, i=1,2,...,m,
where

(4.10) > QiQi=1Iand I —A*=1.

i=1
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In this case, X, = P*T'P, where I' = diag(A1, A2, ..., \n) with {A;} the eigen-
values of X. Therefore (4.9) can be rewritten as
(4.11)

F'(X,)h.

m o) 1 . s
= 72L/ / P*AQIT 7 ¢~ (1=0sT pp, P*e 5T dtsPidsT 7 Q; AP
im L'(pi) Jo Jo
:Ah*u
which implies
P(F'(X,)h)P*
m o) 1 ) .
==Y ! / / AQIT % e~ (=0T pp pre=siT ggpidsT s QA
i—1 L(pi) Jo Jo
= APh,P*.

Let z = PhP*. It follows that

1 ot
— Z — / / AQ;TTe_(l_t)srze_swdtspidsI’TQiA = A\z.
i—1 L(pi) Jo Jo

Define the operator L : C"*™ — C"*" by

m 1 00 1 ; .
(412)  Lz=- Z m/o /0 AQIT % e~ (DT e=sIT D . A dtsP ds.
i=1 g

Then
(4.13) Lz = Az.
Using (4.13), Lemmas 2.3 and 2.4, we can rewrite (4.12) as

(4.14) vec(Lz) Z e / / (e *TTF Q)T

® (AQ} FTe_(l_t)SF)dtsp’ds - vecz

1 _ v,
A2A)(QT©Q))(I? o)

(e @ e~ (=0T dtsPids - vecz
= Avecz.
Let
(4.15) B=A®A, J;,=Q] ®Q;,

[Pi/2 @ ['Pi/?)
Ci= (1"28/ / U @ e (=T gpsPids, i =1,2,...,m.
0
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Then (4.14) can be rewritten as

(4.16) vec(Lz) = — Z BJ,C; - vecz = \ - vecz.
i=1
A combination of (4.11), (4.12), (4.14) and (4.16) gives that

m

(4.17) p(F'(X.)) = max{[A} = p(— 3 BJC,).

=1

It is easy to verify that

p(—= Y BJC)) < || > BLCi|| <Y _|IiBCi|| < Y IBCi.
=1 =1 =1 =1

Therefore
(4.18) p(F'(X.)) <) |IBCil|.
i=1

In what follows, we will estimate the upper bound of Y ;" | ||BC;].
Assume that

A =diag(oy1,09,...,04).
By (4.10), we have

(4.19) 0<oj=N—1, j=1,2,...,n.
According to Lemma 2.5 and (4.19), we have

(4.20) B = diag(ol . O'j)nzxnz = diag(\/ )\l —1- \/)\j - 1)n2><n2,

where
diag(v/ N —1-/Aj — D)p2xn2
o101 0 0 0 0
0 ooy - 0 0 0
0 0 e O Oy e e 0 0
0 0 T 0 0
0 0 : 0 OOy - 0
0 0 0 0 B
and

0<0j: )\j*l, j:1,2,...,n.
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(4.21)

]_"PL/2 I‘pz/z
Ci _ ( ® / / —tsT ®e (1- t)sl—‘dtsplds

— diag ()\fim.)\?’i/Q. / / e—tsxl.e—u—t)sxjdtspids)
L(pi) Jo Jo n2 xn2
Pi

= di XN i=1,2 Lj=12
rag - - , 1 gy ey Uy ] N 1)
N — NN )

Since I < X, < 451, then 1 < A, \; < oy < 0P i = 1,2,...,m,
Lj=1,2,....,n. It follows from (4.21) that
(4.22)

i | CB = érr;;;x AT

oY —w%

/\Pq m
Py = Zn}%x{f()‘lv)\])}v
i=1

I)
]
)\7

where f(z,y) is defined in Lemma 2.7.
Combining Lemma 2.7, (4.18) with (4.22) gives that

<Z||BC||_Zmax{f Ao A} < m- %:1.

According to Lemma 4.17 there exist an open ball N(X,, ) with center X, and
radius > 0 such that, for any starting value Xy € N(X.,9), X,, = F(X,—1)
converges to X, as n — oo. O

The next theorem is the main result of this section.

Theorem 4.3. If \{(3°1", A A;)
process (4.5)-(4.6) is feasible, where ¢ = maxi<;<m{p:}

Proof. Define the map G : [0, 1] x P> — P"*" by

1 7, then the numerical continuation

Gt X(t)=I1+tY A;X VA,
i=1
In the following, we will prove the numerical continuation process (4.5)-(4.6) is
feasible.
By Lemma 2.1, for any h € P"*™ we have

(4.23) G, X(t)+h) — _tZA* TP X ()P A;

_ ti Aj Oo(e—s(X(t)+h) — et X W) pi-1gga,
= Tm) Jo '

Z A / / —(1— v)sX(t)h 7sv(X(t)+h)d,U8pLdSA
=1
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By the definition of Fréchet derivative, we obtain

G'(t, X (t tz e / / =0 X W) pesvX (D) gy 5Pi ds A;.

Using the same technique described in Theorem 4.2, we have that

m / / P )\pz
p(G'(t, X (¢ <thaX &],,7
: ()\ f)\l))ﬂ)\?
- 1
= . . <
t;Hll%X{f()\l»)\g)}<t mfl

where 0 < A, Aj < 0 < M i =1,2,...,m,1,7=1,2,...,n,and f(z,y)
is defined in Lernma 2 7

mp;—17

According to Lemma 4.2, the numerical continuation process (4.5)-(4.6) is

feasible. 0

References

(1] W. N. Anderson, Jr., T. D. Morley, and G. E. Trapp, Positive solutions to X = A —

BX~1B*, Linear Algebra Appl. 134 (1990), 53-62.

(2] J. H. Avila, Jr., The feasibility of continuation methods for nonlinear equations, SIAM

J. Numer. Anal. 11 (1974), 102-122.

[3] B. L. Buzbee, G. H. Golub, and C. W. Nielson, On direct methods for solving Poisson’s

equations, STAM J. Numer. Anal. 7 (1970), 627-656.

[4] X. Duan, A. Liao, and B. Tang, On the nonlinear matriz equation X —y 1%, Az‘X‘si A =

[5]
[6]
[7]
(8]
[9]
(10]
(11]
(12]
(13]

14]

Q, Linear Algebra Appl. 429 (2008), no. 1, 110-121.

J. C. Engwerda, On the existence of a positive definite solution of the matriz equation
X +ATX 1A = I, Linear Algebra Appl. 194 (1993), 91-108.

C.-H. Guo and P. Lancaster, Iterative solution of two matriz equations, Math. Comp.
68 (1999), no. 228, 1589-1603.

V. 1. Hasanov, Positive definite solutions of the matriz equations X + A*X ~9A = Q,
Linear Algebra Appl. 404 (2005), 166-182.

P. Lancaster and L. Rodman, Algebraic Riccati Equations, Oxford Science Publications,
The Clarendon Press, Oxford University Press, New York, 1995.

J. Li, Solutions and improved perturbation analysis for the matriz equation X —
A*X~ PA=Q (p>0), Abatr. Appl. Anal. 2013 (2013); DOI 10.1155/2013/575964.

J. Li and Y. Zhang, Perturbation analysis of the matrix equation X — A*XPA = Q,
Linear Algebra Appl. 431 (2009), no. 9, 1489-1501.

, On the existence of positive definite solutions of a nonlinear matriz equation,
Taiwanese J. Math. 18 (2014), no. 5, 1345-1364.

Y. Lim, Solving the nonlinear matriz equation X = Q+ Y i~ M; X% M} via a contrac-
tion principle, Linear Algebra Appl. 430 (2009), no. 4, 1380-1383.

X.-G. Liu and H. Gao, On the positive definite solutions of the matriz equations X° +
AT X—tA = I,,, Linear Algebra Appl. 368 (2003), 83-97.

Y. C. Mei, Uniqueness and numerical method for Hermitian positive definite solutions
of nonlinear matriz equation X — A*X~9A = I (¢ > 1), Master’s Thesis, Shandong
Universiteit, Jinan, 2013.




342 J. LI AND Y. ZHANG

[15] J. F. Wang, Y. H. Zhang, and B. R. Zhu, The Hermitian positive definite solutions
of the matriz equation X + A*X~9A = I(q > 0), Chinese J. Numer. Math. Appl. 26
(2004), no. 2, 14-27; translated from Math. Numer. Sin. 26 (2004), no. 1, 61-72.

[16] S. F. Xu, Matriz computation from control system, Higher education press, Beijing, 2011

[17] X. Y. Yin and S. Y. Liu, Positive definite solutions of the matriz equations X =+
A*X79A =Q (¢ > 1), Comput. Math. Appl. 59 (2010), 3727-3739.

[18] X. Zhan, Computing the extremal positive definite solutions of a matriz equation, STAM
J. Sci. Comput. 17 (1996), no. 5, 1167-1174.

[19] X. Zhan and J. Xie, On the matriz equation X + AT X1 A = I, Linear Algebra Appl.
247 (1996), 337-345.

[20] F. Zhang, Matriz Theory, Universitext, Springer-Verlag, New York, 1999.

JinGg L1

SCHOOL OF MATHEMATICS

SHANDONG UNIVERSITY

JINAN 250100, P. R. CHINA

AND

SCHOOL OF MATHEMATICS AND STATISTICS
SHANDONG UNIVERSITY

WEIHAI 264209, P. R. CHINA

Email address: x11jing@sdu.edu.cn

YUHAI ZHANG

SCHOOL OF MATHEMATICS
SHANDONG UNIVERSITY

JINAN 250100, P. R. CHINA

Email address: yhzhang@sdu.edu.cn





